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Statistical Errors in Measurements on Random Time Functions* 


W. B. DAveENporT, JR. 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


AND 


R. A. Jonnson AND D. MIDDLETON 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 


(Received August 29, 1951) 


The statistical errors in time-average measurements of various 
properties of (stationary) random time functions are analyzed for 
their dependence on the averaging interval, the method of 
averaging, and the statistics of the particular time function under 
observation. The specific averaging processes considered here are 
as follows: 


. , ‘ 1 -. 
(1) The continuous time average GS. z(dt), 
(2) The 
i: 
(5 LY ZinT,) }, and 


Av n=l 


summation (by discrete sampling techniques) 


(3) The smoothing accomplished by various low-pass filters (for 
example, a dc meter). 

Here Z(t) may represent the output of a linear or nonlinear 
device. As a particular example, the measurement of the power in 
a random noise voltage of band width we is analyzed in detail. The 
expected root-mean-square error approaches asymptotically the 
value (K/wrT)!, where K is some numerical constant, depending 
on the device in question. For (1) and (2) T is the total observation 
time while for (3) it is proportional to a relevant time constant of 
the low-pass filter. A short discussion of the relative merits of 
correlators and spectrum analyzers is included, together with a 
brief treatment of the distribution function of the error in the 
measurement. 





1. INTRODUCTION 


Mo progress has been made in recent years on 
the statistical description of signals and random 
noise in communications systems.'~* Theoretical analy- 





* The research reported in this paper was done independently in 
the Electronics Research Laboratory at Harvard University and 
the Research Laboratory of Electronics at Massachusetts Institute 
of Technology. When it was discovered that duplication had 
occurred, it was decided to publish the results jointly. The work 
done at Harvard was supported jointly by the ONR, the Signal 
Corps, and the U. S. Air Force under ONR Contract N5ori-76, 
T. 0. 1. The work done at M.L.T. was supported in part by the 
Signal Corps, Air Materiel Command, and ONR. 

'S.O. Rice, Bell System Tech. J. 23, 282 (1944); 24, 46 (1945); 
27, 109 (1948). 
le H. Van Vleck and D. Middleton, J. Appl. Phys. 17, 940 
(1946). 

*D. Middleton, Quart. Appl. Math. 5, 445 (1948) ; 7, 129 (1949) ; 
8, 59 (1950). : 

‘James, Nichols, and Phillips, Theory of Servomechanisms, 
(M.LT. Radiation Laboratory Series No. 25, 1948) (McGraw-Hill 
Book Company, Inc., New York, 1947). 

*N. Wiener, The Extrapolation, Inter polation, and Smoothing of 
Stationary Time Series (John Wiley and Sons, Inc., New York 
and Technology Press, New York, 1951). 


an Cheatham, and Wiesner, Proc. Inst. Radio Engrs. 38, 1165 
{ ). 


sis makes it possible to calculate the probability dis- 
tributions and spectra of random noise at the output of 
linear filters and nonlinear devices (with resistive loads) 
provided certain assumptions are made concerning the 
origin of the noise at the input. Up to now, theory has 
progressed much more rapidly than experimental tech- 
nique. This is not surprising, since once certain basic 
assumptions are made the problems are amenable to 
mathematical treatment, while the measurement of 
even the simplest statistic of a random time function 
requires rather complex equipment and a considerable 
amount of care and foresight in its application. 

The statistical properties of a noise wave, message, or 
even a periodic wave are contained in an appropri- 
ate probability distribution density W,(y1, ¢1; ye, fs; 
-*+*Ynyln), m1, where in general W,dy dy2---dy, 
specifies the joint probability that the variable y 


7D. Middleton, Proc. Inst. Radio Engrs. 36, 1467 (1948); J. 
Appl. Phys. 17, 778 (1946) ; 20, 334 (1949). 

8J. L. Lawson and G. E. Uhlenbeck, Threshold Signals, 
(M.I.T. Radiation Laboratory Series No. 24, 1950) (McGraw- 
Hill Book Company, Inc., New York, 1950). 
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(representing the noise, message, etc.) lies in the range 
(y1, yit+dy;) at time ‘=, in the range (y2, y2+dyz) at 
t=t,... and in the range (yn, yntdy,) at /=/,. Since the 
underlying mechanism which produces the voltage or 
current y(¢) does not change with time for most prob- 
lems of interest, the origin of time is of no consequence 
and the system is said to be stationary. Therefore, we 
may arbitrarily set any of the times ¢, to ¢, (t, for con- 
venience) equal to zero and consider only the time 
differences. For many noise problems the second-order 
distribution density W2(y1; 2, f2) gives an adequate 
statistical description of y(#). More general cases, how- 
ever, require higher order distributions. Since the 
totality (n=1,2,---0) of these functions W, com- 
pletely describes the statistical behavior of y(t), we 
should like to be able to measure and calculate them. 
Difficulties arise because W, is a function of 2n—1 
parameters (when stationarity is assumed). Practically, 
this forces us to be content with simpler, less complete 
statistical descriptions such as the time and ensemble 
averages, defined respectively by 


(yr * ye" oe yn**) me 


1 T 
tim = fy Myn(et te) -yl btn) a 
Too T ® 


(yr *Yye*?- e* yn**) 


f eee J yiktye*- . -yn**W aly13 ¥2, te; lid * Yn, tn) 


. dy,dy2° e* dyn. 


These moments are equivalent for ergodic processes, f 
which are the subject of the present investigation. Note 
that a moment derived from an mth-order distribution is 
a function of at most n»—1 parameters. Several of these 
moments are of special importance: the quantity (y), or 
(y)m, represents the mean value or steady component of 
y(t); <y), or (y")w, is the mean square value of y, which 
is proportional to the power in y(¢). Similarly, (y(¢:)y(¢2)), 
or (y(t1)y(te))m, is called the (auto-)correlation function 
of y and is written R,(t2.—¢,) or R,(r), (r=t2—4). The 
autocorrelation function is particularly important: It 
contains as special cases (y) and (y*), and from it may be 
determined the power-frequency spectrum, since, by the 
theorem of Wiener and Khintchine,® R,(r) and the 
spectral density W(f) are each other’s (cosine) Fourier 
transforms. Thus, the measurement or calculation of 


t In more mathematical language, if an ensemble is ergodic—i.e., 
stationary, and containing no stationary subsets of probability dif- 
ferent from 1 and 0—time and ensemble averages are equal, with 
probability unity. Then (G(y1- - -yn))=(GLyi(6-+-4i) - - -yn(t-+tn) Dav, 
with probability 1. It should be emphasized that the random 
functions that are considered in practice are assumed to be 
ergodic; actual proof of this appears to be impossible. 

* N. Wiener, Acta Math. 55, 117 (1930); A. Khintchine, Math. 
Ann. 109, 604 (1934). 


R,(r) is in principle equivalent to finding the spectrum 
of y(t). 

The theory for calculating the moments at the output 
of a nonlinear device is in principle complete if the 
statistics of the input disturbance are known or can be 
assumed. The need for experimental measurement arises 
(1) when the statistics of the input are not known, (2) 
when the mathematical description of the linear o, 
nonlinear device is not adequate, and (3) when, as is 
frequently the case, the analytic treatment, although 
possible in principle, is so complex as to be impractical, 
For instance, the correlation function for voltages 
representing speech or music cannot be calculated, since 
explicit statistics (W2, Ws, etc.) of speech and music are 


unknown.” Similarly, the effect of the actual rounded | 


characteristic of a diode rectifier on the spectral output 
cannot be determined precisely from the simplified 
theoretical calculation based on a perfect linear rectifier. 
The development of experimental techniques capable of 
measuring moments of time functions accordingly ex- 
tends the statistical treatment to many problems of 
interest in communication engineering. 

As examples of the experimental approach, several 
correlators of two general types have been constructed. 
The first type"-” periodically samples the voltage or 
current wave y(/) and computes the correlation function 
by averaging a large number of products of pairs of 
samples which are separated by the time interval r. The 
second type'*—'® delays y(t) to obtain y(t—7), which is 
next multiplied by y(#) with the help of some form of 
analog-multiplier to yield y(¢)y(t‘—7). The product is 
then averaged by an analog-integrator (or a dc meter) to 
give a measure of the correlation function. 

The present paper analyzes the statistical errors in- 
troduced in the measurement of time averages when the 
time available for the measurement is not infinite. 
Practically, it is desirable to complete the measurement 
in as short a time as possible, consistent with desired 
accuracy, in order to minimize the effects of drift in the 
measuring apparatus and of gradual changes in the 
characteristics of the process under investigation; in 
other words, to insure stationarity during the measure- 
ment. In general, it will be shown that the mean square 
error in the measurement of the mean of Z(#), where Z(t) 
is some linear or nonlinear function of the original 
variable y(t), depends only on the correlation function 
of Z(t). Formulas are given relating the mean square 
error to the number of samples (for the discrete sampling 
case) and to the averaging time (for the continuous 
analog device) when the statistics of Z(#) are known. 


_”W. B. Davenport, “A study of speech probability distribu- 
tions,” M.I.T. Research Laboratory of Electronics, Technical 
Report No. 148, August, 1950. 

" H. E. Singleton, Proc. Inst. Radio Engrs. 38, 1422 (1950). 

2 J. F. Reintjes, “Single-channel correlator,”” M.I.T. Research 
Laboratory of Electronics, Quarterly Progress Report, April, 1951. 

3H. R. Seiwell, Rev. Sci. Instr. 21, 481 (1950). 

4 A, E. Hastings and J. E. Meade, Naval Research Laboratory 
Report 3679, June, 1950. 

16K. N. Stevens, J. Acoust. Soc. Am. 22, 769 (1950). 
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STATISTICAL ERRORS 


When the statistics of Z(/) are not known, the expected 
mean square error cannot be rigorously obtained, since 
it depends explicitly on the statistics of Z. However, by 
evaluating the dependence of the error on system 
parameters for cases in which Z(t) possesses known 
statistics, some useful knowledge of the behavior can be 
gained when only partial information (such as band 
width) is available concerning Z((). 

Part 2 gives an outline of the theory. In Part 3 the 
expected mean square error in measuring power is 
discussed as a function of the observation time for 
several types of averaging devices, and Part 4 com- 
pares correlators and spectrum-analyzers in the light of 
the preceding results. The paper concludes with two 
appendices. The first gives a short discussion of the 
problem of determining the first-order distribution of 
the error. The second treats the optimum filter response 
for minimization of the rms error in finite time. 


2. STATISTICAL ERRORS 


We consider first the statistical errors to be expected 
when a finite time average is used in the measurement of 
various statistical properties of a random time function 
y(t), properties which are defined mathematically by 
infinite time and ensemble averages. Here we examine 
the time average only, since practical measuring devices 
work on a single member of the ensemble for a long (but 
not infinite) time rather than instantaneously on a large 
number of members of the ensemble. The time average 
(Z(t))» of any function of y(t) is defined by 


Z li 7 d. 2.1 
ZO)n= lim = [20a (2.1) 


where Z(t) has been derived from the original voltage or 
current wave y(/) by some previous operation. For ex- 
ample, to measure the mean value (y)\, we set Z(t) 
=y(). If we wish to determine the mean square value 
(y*)w, we must first put y(¢) through a squaring device 
and then into the integrator (i.e., we set Z()=~y"(t)). To 
find: the correlation function for a delay of 7-seconds 
we set Z(t)=y(t)y(t—r). In a similar way, to measure 


W(y)dy we could put y(¢) through a clipping device 


vo 
which has an output Z(/)=1 for y(t)>~yo, and Z(/)=0 
for y(¢)<yo. From the series of measurements for various 
values of yo we can then obtain the first-order distribu- 
tion density W,(y) by numerical differentiation. 

To compute the mean square error in a sample mean 
based on a time average over the finite observation 
interval, T, we define the sample mean as a random 
variable according to 


1 4 
M(T)=— J Z(t)db. (2.2) 


Following the methods used by Rice and others!:'*-!” in a 


16S. O. Rice, J. Acoust. Soc. Am. 14, 216 (1943). 
fo also M. Kac and A. J. F. Siegert, J. Appl. Phys. 18, 383 
( ; 
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similar problem we can derive many of the statistical 
properties of M(T) in terms of the properties of Z(é). 
Assuming that the operation indicated in Eq. (2.2) is 
repeated a large number of times, generating an en- 
semble of values of M(T), we can calculate the (sta- 
tistical) moments associated with this ensemble as 
follows: 


(u(n)=M=— f " (ao) 
-u=— f 


1 T 
=(2)- J dt=(Z). (2.3) 


We have removed (Z(/)) from under the integral sign, 
since Z(t) belongs to a stationary random process, and 
its mean value is therefore independent of the time of 


observation. Correspondingly, for the second moment 
we find 


1 T T 
(M(T)?)=— f f (Z(ts)Z(s))dbydts, 


T2 

1 7 T 
pe f f Rz(te—t)dtydte, (2.4) 
T? 0 0 

2 T 
ain f (T—x)Re(x)dx, (2.5) 
T? Jy 


where Rz(x) is the autocorrelation function of Z.{ The 


expected mean square fluctuation in the measurements 
of M(T) is therefore 


To calculate the expected error in the mean value of 
M(T), we must know Rz(x) or calculate it from the 
statistics of the original wave y(t). Usually, such a 
calculation requires greater knowledge of the statistics 
of y(t) than is to be found from the measurement of (Z). 
In other words, to determine a priori the expected error 
in the measurement of a statistic, (Z), we must know the 
more complicated statistic, Rz(x)—(Z)*. The situation 
is similar to that encountered in the measurement of 
most physical quantities; we cannot specify the ex- 
pected error by a theoretical calculation without first 
knowing the distribution of the quantity under observa- 
tion. However, certain simple limiting relations may be 
obtained: For very short observation intervals (i.e., for 
T—0) the value of Rz(x) in (2.6) is very nearly equal to 
Rz(0). In this case (2.6) accordingly becomes 


2 ¢t x 
om?(T)={Rz(0)—(Z) a (1-—)as 
= Rz(0)—(Z)*= oz". (2.7) 


t The step from (2.4) to (2.5) is accomplished by setting x=t.—f, 
and noting that Rz(x) is always an even function of x. 
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On the other hand, for very long observation intervals 
(i.e., for T—+ ) we have from (2.6) 


nef Re(x)—(Z)")d 2.8 
om a J, eae (Z)*}dx. (2.8) 


By the theorem of Wiener and Khintchine, the spectral 
density Wz_<z>(/) is given by 


x 


Wecor(f)=4 f Rz-<z>(t) coswidt, w=2rf, 
0 


. (2.9) 
-4f {Rz(t)—(Z)*} coswédt. 


Thus for very long observation intervals we have 


__ Wz-<z>(0+) 
ou?(T)=> : (2.10) 
2T 





and the expected value of the mean square error thus 
varies inversely with the duration of the observation 
interval as To, 

Returning to Eq. (2.6), we observe that for a given 
Rz(x)—(Z)*, ou°*(T) can be made arbitrarily small by 
choosing T sufficiently large. Unfortunately, circuits 
capable of performing the operation, fo" Z(/)dt, where Z 
is a voltage or current, can be built for only limited time 
intervals. Therefore, we must consider other measures 
of the mean value. 

Costas'* has derived the expected mean square error 
in a mean value computed by sampling Z(¢) periodically 
(with period To) and then finding 


1N 
M(N, To) =— ¥ Z,(nT»). (2.11) 


lV n=1 


The moments of the distribution of M(N, To) can be 
calculated in the manner outlined in (2.2) to (2.6): 
namely, 


ou*(N, To) = (M(N, To)*)- (M(N, To))* 


R2(0)—(Z)?> 2 y= 
2——————+— F W~K) 
N N? k=1 


X {R2(KTo)—(Z)*}, (2.12) 


which, as shown by Costas, reduces to our Eq. (2.6) in 
the limit (V-«, Ty—di), such that N7)>=T and 
KT =«x. Here the expected mean square error is always 
larger for a finite number of samples in the sampling 
time T than for the continuous sampling as outlined in 
(2.1)-(2.6). This is to be expected, since discrete 
sampling does not take advantage of all the information 


‘8 J. P. Costas, “Periodic sampling of stationary time series,” 
M.I.T. Research Laboratory of Electronics, Technical Report 
No. 156, May, 1950. 
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concerning Z(t) that is given in the time T. We also note 
that for purely random inputs, if the sampling period is 
much larger than the reciprocal of the mean frequency 
of Z(t), Rz(KT»)—(Z> is essentially zero and the result 
reduces to the well-known expression for the variance of 
the sum of N independent samples, viz., o4=0z/N}. 
For inputs containing periodic components with periods 
commensurable with the sampling period To, Rz(KT») 
—(Z)* does not approach zero for large K. Therefore, oy 
will be essentially independent of N and can be of the 
order of oz. 

Another common way to measure mean values in the 
laboratory is to use meters or low-pass filters of various 
types.'® Thiede*® has calculated the expected mean- 
square fluctuation in the reading of a hot-wire ammeter. 
Also, Fano! has investigated the smoothing accom- 
plished by a low-pass RC filter in obtaining correlation 
functions with an analog machine. 

In our present case, the operation of averaging is 
performed by passing the general input, Z(/), through 
some low-pass filter. The output, M(T7), of the averaging 
filter may be related to its input by means of a convolu- 
tion integral involving the filter’s unit impulse response, 
or weighting function, /(¢). Specifically, 


T 
u(r)= f h(u)Z(T—u)du, (2.13) 


where T is the duration of the observation interval. 
Throughout this paper we assume that the averaging 
filter is either passive, or absolutely stable, thus re- 
quiring that the filter impulse response be zero for 
negative values of its argument. 

At this point, it is convenient to define a new filter 
impulse response, h(t, T), which is equal to the low-pass 
filter’s unit impulse response throughout the observation 
interval and is zero thereafter. One has then 


h(t), (O<t<T) 
h(t, T)= (2.14) 
0, (t>T and ¢t<0). 


The corresponding system function, H(w, T), is given by 
the Fourier transform of h(t, T): 


+00 
H(w, T)= J h(t, T)e-#¢dt. (2.15) 


—@ 


The new filter impulse response, h(t, T), (and hence also 
the system function H(w, T)) thus combine the effects 
both of the low-pass averaging filter and of the finite 
observation interval. In terms of this new impulse re- 
sponse, the averaging filter input-output relation may 


”R. R. Bennett and A. S. Fulton, J. Appl. Phys. 22, 1187 
(1951). 

” H. Thiede, Elc. Nackr. Tek. 13, 84 (1936). 

*1R. M. Fano, “Signal-to-noise ratio in correlation detectors,” 
M.L.T. Research Laboratory of Electronics, Technical Report No. 
186, February, 1951. 
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be written 


M(T)= f h(u, T)Z(T—u)du. 


7m 


(2.16) 


Following the steps used in obtaining (2.3) and (2.4), we 
have for the first and second moments of the sample 
mean : 


aecr))= f h(u, T)(Z(T—u))du 


+0 
=) f h(u, T)du (2.17) 


and 


+00 +2 
ary= ff maw, TH, 7) 


<(Z(T—u)Z(T—2v))dudv 


+o +2 
-{ f h(u, T)h(v, T)Rz(u—v)dudv. (2.18) 


-—-=z _—s 


It therefore follows that 


ou = (M*(T))— (M(T))? 


+ +00 
-{ J h(u, T)h(v, T) 


X {Rz(u—v)—(Z)*}dudv. (2.19) 


Substituting x="—v gives 


+00 


ou'= f R,(x){ R2(x)—(Z)*}dx, (2.20) 


—e@ 


where 


Ria)= f h(v, T)h(v+-x, T)dv. (2.21) 


An interpretation of R,(x) may be made as follows: 
Direct application of Parseval’s theorem to (2.21) 
results in 


1 pt 
Ry(s) =— f | H(w, T)|%e*de 


T V_w 
-{ 2|H(w, T)|* coswxdf. (2.22) 
0 


Then by considering the Wiener-Khintchine theorem, 
we see that R,(x) may be thought of as the autocorrela- 
tion function of the output of the averaging filter when 
the filter input is “‘white” noise with a spectral density, 
W(f), of magnitude 2. 

The expected value of the relative rms error is 
defined by the ratio of-ay to (M). From Eqs. (2.16) and 
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(2.13) we accordingly obtain 
+00 j 
If Ra(s)(Re(s)—(2)"\ds] 
om —o2 ‘9 23) 
dame (2. 
(M) 


+00 
(Z) J h(x, T)dx 


The expected value of the relative rms error may also 
be expressed in terms of the system function H(w, T) 


and the spectral density Wz_<zs(f). We have alter- 
natively, 


If |H(2rf, T)|*W2-ce>()af| 


(M) 





(2.24) 
(2Z)H(0, T) 


Equation (2.24) is obtained by applying Parseval’s 
theorem to the numerator of (2.19) and by using (2.15) 
in the denominator. As in the case of averaging by 
integration, we must either know Rz(x) or calculate it 
from the statistics of the original wave, y(¢), in order to 
calculate the expected value of the relative rms error. 
However, certain simple limiting expressions follow as in 
the previous instance. 

For observation intervals of very short duration (i.e., 
for T—0), the effective filter response H(w, T) becomes 
wide compared to the spectral density Wz_<z(f). In 
this case, therefore, 


| H(2ef, T)|*H2(0, T) (2.25) 


over the range of significantly nonzero values of 
W z_<z>(f). Using the result in (2.24) we obtain 


: | f ° We<o(Naf] 


(M)~ (2) 





_[Re)-@P_ oz 
(Z) 


At the opposite extreme, for very long observation 
intervals (i.e., T+»), the effective band width of the 
averaging filter is very narrow compared to the effective 
width of Wz_<z>(f). By our assumption that T>~, 
we have 





(2.26) 


h(t, T=h(d), (2.27) 


and consequently, 


H(w, T)=H (a). (2.28) 


By virtue of the assumption concerning the relative 
band widths, we therefore find that 


W z-<z>(f)=Wz-<z>(0+) (2.29) 
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Fic. 1. The relative rms error in measuring the total power 
in a noise wave of band width, wr, (see text) as a function of the 
averaging time 7. The averaging device is a low-pass filter with 
RC=1/a. The corresponding curve for an ideal integrator is 
identical to that for wr/a=. 


over the range of significantly nonzero values of H(w, T). 
Using these results in (2.24) we then obtain 


a 4 
[W2<ao(0+) f |nenf)|*as| 
(M) (Z)H (0) 


If we now define the effective band width, B,, of the 
averaging filter as 





(2.30) 


f |H(2nf)| df 








B,= . 2.31 
HO) (2.31) 
it follows from (2.30) that 
om [Wz-<z>(0+)B,]} 
> (2.32) 
(M) (Z) 


as the limiting expression for the expected value of the 
relative rms error in the case of very long observation 
intervals and very narrow filter band widths. Thus it is 
seen that in the case of fixed filter characteristics, the 
expected error approaches a constant value as the 
observation time is increased indefinitely. 

However, under certain conditions, the error to be 
expected may be less than that indicated. For example, 
in practice a meter can be read more accurately than the 
mathematics indicates, since an observer will auto- 
matically average the reading over a period of time and 
thus read closer to the true mean than the meter indi- 
cates at any particular instant. If a recording meter is 
used, this “second averaging” can be performed from 
the recorded M(T7). 


3. APPLICATION TO PARTICULAR MEASUREMENTS 


As a specific application of the expressions developed 
in Part 2, we now calculate the expected relative rms 
error in the measurement of the mean power in a nor- 


mal random noise voltage, y(¢), at the output of a low- 
pass RC filter.* To accomplish the measurement we 
square y(/) with an analog-multiplier and pass the re. 
sulting Z(¢)=-y*(¢) into our averaging device. The rele. 
vant correlation functions are 


R,(7)=R,(O)eer'", 
R2(r)=R/O){1+2e- FI"), (3.1) 
(Rz(r)—(Z)*)/{Z)? = 2e-*o FI", 


where wr=1/RC is the band width (to the half-power 
point) of the original wave, y(¢). If we use for the 
averaging device a simple RC filter with impulse re. 
sponse (for finite time measurements), 


ace" O<u<T 
h(u, T)= | (3.2) 
0 u<0, u>T, 


the expected value of the relative rms error is then 
evaluated by substitution in Eq. (2.19): 


o 3 
2 R,, 2w Fi zid 
- | f (x)e~ “| 
al f h(u, T)du 


The denominator is simply 


f h(u, T)du= a f ‘ e~*"du 34) 


=i-—¢<. 





(3.3) 


The function R,(x) is determined by substitution in 
Eq. (2.17). Changing the limits of integration to show 
explicitly the finite range over which h(u, T) is non- 
vanishing, we have 


(0, x>T 


T—z 
f h(v)h(v+-x)dv, O<x<T 
Ria)=4 (3.5) 
f h(v)h(v+-x)do, —T<x<0 





LO, a< =— 7. 


Evaluating this expression, with h(u)=ae~°", yields 


a 
—e- ali 1 —g-2eTettalzl)} O<|x|<T 
R, (x)= 2 (3.6) 


0, |x| >T. 


By substituting the foregoing expressions into Eq. (3.3) 
and performing the indicated integration over x, we 
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have for the expected value of the relative rms error 


oM 


— = 


(M) 





1 e72eT 
$+(wr/a) 4—(wr/a) 
1 


~ 4=(or'/a?) 


Obviously, the error depends only on the ratio of the 
sample length T to some relevant time constants of the 
input wave and of the averaging filter. Therefore, in 
Fig. 1 we have plotted o4/{M) as a function of the 
dimensionless integration “time” wrT with wr/a, the 
ratio of the band width of the input wave to the band 
width of the averaging filter, as a parameter. 
If we use an ideal integrator, for which 


4 
coven /a-e=), (3.7) 


1, O<u<T 
h(u, T)= | (3.8) 
0, u<0, u>T, 


as a smoothing device, we obtain (for the same input) 


Race)=| 
0, |x| >T, 
(3.9) 
T 
f h(u, T)du=T 
0 
and 
a tr Tier} (3.10) 
—=—_[2w pT — 1.6“? }, 
(M) wrT 


This result is also shown in Fig. 1. 
In Appendix B the relative rms error for the 
optimum filter in this instance is found to be 


OM 2 j 
~~ ~|——_]_ 3.11) 
(M) Li+wrT 

Note that in this example the rms error obtained by 
the ideal integrator is only slightly greater than that for 
the optimum filter, particularly in the region of practical 
interest when oy/(M) is of the order of 10 percent or 
less (see Fig. 4). 

Equation (2.32) is convenient for comparing the ex- 
pected value of the rms error of several types of low- 
pass filters in the limit of very long observation intervals 
and very narrow filter band widths. For the problem 
discussed above Wz_<z>(0+)=4(Z)*/wr, from the 
transform of Rz_<z>(r) (see Eq. (3.1)). Inserting this in 


(2.32) gives 
Om B, 4 
sft} 
(M) lupe 


The effective band widths (B,) for several filters are 
included in Table I. This limiting expression is suffi- 


(3.12) 
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TABLE I. The effective band width, B,, of several common types 
of low-pass filters as defined by Eq. (2.31). 














Filter h(t) Ba 
Integrator 1/T, 0<t<T 1/2T 
RC filter ae! a/4 
Critically damped meter vte—™' 7/2 
Underdamped meter (Ftee)_-s sinwot eter 

wo 8wo 
Aire —hit_ ,—)et Aid2 
Overdamped meter wa? Cc) FOa+dd) 











ciently accurate for design use in the practical cases 
where the relative rms error is desired to be of the 
order of 10 percent or less. 


4. CORRELATORS AND SPECTRUM-ANALYZERS 


We now turn to a more detailed analysis of the 
measurement of the autocorrelation function and the 
power-frequency spectrum. Phillips” shows that if the 
spectrum is to be obtained numerically from recorded 
data, it is often less work to calculate the correlation 
function and perform a numerical Fourier transform, 
than it is to calculate the spectrum directly from the 
record by a direct Fourier expansion. 

Tukey* has analyzed the propagation of error in 
taking transforms of experimentally determined correla- 
tion functions and finds Phillips’ treatment too simpli- 
fied. In any case, the problem of whether to measure the 
correlation function and take its transform, or to make 
a direct measurement of the spectral density, is not 
easily resolved. Here, the expected error in a specific 
measurement as a function of the averaging time is 
discussed for both methods. We have used the minimum 
time required for the measurement as a criterion for 
choosing between the two approaches in order to 
minimize the inevitable instability of the measuring 
equipment. Before comparison is made, brief descrip- 
tions of the methods used to obtain correlation functions 
and spectra are included. 

Several correlators of two general types have been 
constructed in recent years. The first type"-” samples 
the voltage or current wave y(/) periodically. From Eq. 
(2.12) we see that the correlation function measured in 
this way approaches the mathematically infinite time 
average as N (for fixed sampling period) is increased 
without limit, provided there are no components of y(?) 
which have the same period at which the samples are 
taken. The second type of measuring device™~'® first 
delays y(t) to obtain y(¢— 7), and then multiplies this by 


2 James, Nichols, and Phillips, Theory of Servomechanisms, 
M.I.T. Radiation Laboratory Series No. 25 (McGraw-Hill Book 
Company, Inc., New York, 1947), pp. 284 et seq. 

%J. W. Tukey, “The sampling theory of power spectrum 
estimates,” “Symposium on applications of autocorrelation 
analysis to physical problems,” June, 1949. (Published by the 
ONR, May, 1950.) 
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y(t) in an analog-multiplier to obtain y(t)y(t—7). The 
resulting product is next averaged by an analog- 
integrator (or a dc meter) to provide a measure of the 
correlation for a delay time r. As the integration time 
(or the meter time constant) is increased without limit, 
the measurement approaches the mathematically infinite 
time average. Equation (2.6) or (2.19) gives the ex- 
pected mean square error as a function of the integra- 
tion time T [or the meter response h(é) ]. In either case 
the error is found to depend on the explicit form 
of Rz(x)—(ZP=(Z(t)Z(t+-x))—(Z)*, where now Z(t) 
= y(t)y(t+-7), since we are measuring a correlation func- 
tion. Therefore, to evaluate the expected mean- 
square error we must know (or assume) the form of 
(y(t) y(t+ 7) y(t x) y(t4- 7+-)) — (y(t) (t+ 7)’, which is a 
moment from the fourth-order distribution of the input 
variable. Since this moment is not known in general, we 
must resort to evaluations for which the specific form of 
the fourth moment is given and then use this informa- 
tion to estimate errors when the exact statistics of the 
input variable are unknown. For the special cases of 
normal random noise and periodic signals the expected 
(absolute) error in the measurement of R(7) is found to 
be less than or equal to the expected error in the 
measurement of R(0). For more general inputs (such as 
speech or music) this is not known to be true, although 
it seems reasonable that the expected (absolute) mean 
square error in the measurement of R(r) should not 
change by orders of magnitude as 7 is varied (when the 
integration time is maintained constant). 

To determine experimentally the power-frequency 
spectrum, y(/) is fed into an appropriate selective 
circuit. The output is connected to a mean square meter 
which reads the average power in the narrow band of 
frequencies about the central frequency of the filter. As 
the band width is decreased indefinitely and the 
averaging time (for the meter) is increased, the meas- 
urement yields in the limit the mathematically defined 
quantity W(/)d/. The selective circuit may be one of the 
following : 


1. A tuned circuit which is moved along the frequency 
axis by changing the values of its components. 

2. A heterodyne system” in which the frequencies of 
the original wave y(/) are mixed with a tunable, strong 
local oscillator in a frequency-converter, fed into a fixed 
tuned circuit, amplified, detected, and then averaged. 

3. A feedback amplifier in which the feedback loop 
contains a tuned circuit that is highly degenerative at all 
but a narrow band of frequencies. Changing the tuning 
of the feedback loop thus changes the frequencies that 
are not attenuated in the amplifier. 


The first and third methods employ a filter which 
must be tuned in order to vary the frequency fin W(/). 
Since the other properties of the filter, such as the 
midband attenuation and band width, may change 


* J. D. Cobine and J. R. Curry, Rev. Sci. Instr. 17, 190 (1946). 
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with tuning, the measured value of W(f) is subject to 
errors that are not easily compensated. With the second 
method, the filter is not changed, since the local 
oscillator frequency determines what part of the spec- 
trum we are “looking” at. 

The mean square value of the fluctuations in the 
reading of a spectrum-analyzer can be obtained from the 
results of Part II;§ Z(/) is set equal to the square of the 
filtered wave y(/). Once again, analytic answers follow 
only for periodic waves and for those cases in which (2) 
has a specified statistical structure. 

The following example indicates the main features to 
be considered when one decides whether to use correla- 
tion or spectral analysis for a particular problem: Let 
us suppose that y(¢) is a normal random noise voltage at 
the output of an i—/f stage. We wish to determine 
experimentally the spectral distribution of y(¢) with the 
help of a correlator or a spectrum-analyzer. The band 
width of the filter in the analyzer must be the order of 
one-tenth (or less) the band width of the input y(¢) for 
suitable definition. Assuming here that the filter is a 
single-tuned circuit and that the input spectrum is flat 
over the narrow band, we easily find the correlation func- 
tion of the output of the filter to be R,(0)e~°4!7! coswor, 
where w4/2z is the band width of the filter and wo/2r is 
its center frequency. The correlation function of the 
square of the output of the filter is 


Rz(r)= R,2(0)(1+2e-2#4!7! cos*wor) 
= R,?(0) [1+ 24! 14 e244! 71 cos2wor J. 


The first term is the desired total average power passed 
by the filter; the second is the low frequency continuum 
which causes the fluctuation in the reading of the 
analyzer. The third term represents power at a high 
frequency, which is easily removed by filtering and may 
be neglected. We note that the rms error (as a function 
of the averaging time 7,4 and the band width wa) is 
given by Fig. 1 (except for a factor 1/vV2), since Rz(r) 
—Z? in the expression for o? is the same here as that used 
in the derivation of Table I, except for a factor 3. (The 
factor 4 arises because in this present instance the low 
frequency spectrum contains only half of the total 
fluctuation.) We therefore find that the rms error for 
each point on the measured spectrum is equal to some 
numerical constant divided by (wa74)!. If now we wish 
to increase the definition by using a still narrower filter 
and taking more points, we must also. increase the 
averaging time, 7'4, in order to keep the fluctuations in 
our measurements at the same relative amplitude. 
Thus, to double the number of points and double the 


§ If the frequency-selective element in the analyzer is swept 
along the frequency axis too rapidly, an additional error, which 
may be of considerable amplitude, will be introduced. This error 
can. be calculated from the rate of change of W(f), the sweeping 
speed and the impulse response of the recording device. The above 
analysis gives only the statistical error in determining W(f) for 
fixed f. Similarly, there is an additional error in analog-correlators 
in which R(r) is recorded continuously as 7 is varied continuously. 
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resolution, four times the original total time of measure- 
ment is needed. 

If a correlator is used instead, we find that the rms error 
in R,(0) depends on wrT¢, where now wr is the total 
band width of the i— f strip and T¢ is the effective av- 
eraging time of the correlator for a single observation. 
The correlation function R,(r) has the form R,(0)p(r) 
coswoT, Where p(0) is unity and p is a slowly varying 
function of r. If we assume that the error in the measured 
p(r) is of the same order of magnitude as the error in p(0), 
the total time necessary for the measurement is equal to 
the number of points of p(7) that are required, multiplied 
by Tc. To double the resolution effectively, twice as 
many points of p(r) are needed. These are obtainable 
(with the same accuracy) in twice the original total time, 
since the necessary smoothing time per point remains 
unchanged. Note that the total time required for a meas- 
urement of the entire correlation function, R,(7), 
with a specified accuracy varies as N/wr, where N 
is the number of points and wr is the band width 
of y(t). The total time needed for the measurement of 
M points on the corresponding spectrum W/(f) re- 
quires a total time of the order of M?/we, if we assume 
the analyzer’s filter width w4 to be comparable to wr/M. 

The preceding discussion is not intended as a rigorous 
exposition of the advantages of correlation analysis over 
spectrum analysis but serves merely to indicate some of 
the general arguments in favor of the correlator vis-a-vis 
the spectrum-analyzer. It is not clear, however, how the 
errors in a measured (or numerically computed) correla- 
tion function are propagated when its Fourier transform 
is taken; nor is it certain that N points describing a 
correlation function give as much information as the 
same number of points describing a spectrum. The 
apparent saving in time, mentioned in the preceding 
paragraph when a correlator is used, is related to the 
fact that the correlator operates on all the information 
concerning y(¢) that is available during a given observa- 
tion time, while the spectrum-analyzer filters out only a 
small portion of the information (that contained in the 
band width of the analyzer, which is necessarily much 
smaller than the total band width). Finally, it should be 
remarked that the criterion by which we distinguish the 
two methods is not suitable for every problem. Fre- 
quently we are concerned less with the amount of time 
necessary to make the measurement (although this has 
been found to be an important factor in machines which 
have been built) than with the feasibility and simplicity 
of the equipment. 


APPENDIX A. FURTHER STATISTICAL PROPERTIES 
OF THE SAMPLE MEAN 


It is of interest to inquire further as to the statistical properties 
of the sample mean as a function of the observation time 7, the 
statistics of the input Z(#), and the type of measuring device 
employed. Applying the methods of Part II, we can derive the 
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correlation function of M(T) as follows: 
Ru(r) =(M(T)M(T+7)) 
=f" f- ku, Tye, TZ(T—w)2(T +1—2))dudo 


= f™ Ri(e)Relr+2)dx, (A.1) 


in the notation of Part II. Clearly all the higher moments of M can 
be evaluated in terms of the moments of Z(#). For the particular 
measurement of noise power described in Part III [Z(¢) =y*(é)], 
the moment Rz(r+<) can be determined from the normal distribu- 
tion of y(t), yielding 

Rz(r+x)= (y*)*f 1 +2¢—2F | t+2| ) 
and 


.  (A.2) 
Ruz) =(Z)?f Raa) 1+ 2e-24F I +21) dx 


Since the statistical behavior of a random variable is completely 
described by the distributions of the variable, a discussion of the 
distributions of the sample mean is of some interest. Unfortu- 
nately, the calculation of these distributions in closed form seems 
impossible in the general case, as is apparent from the following 
discussion of the first-order distribution of M(T). 

The method of characteristic functions is the straightforward 
approach to the problem: Let Fi(£) be the characteristic function 
of M, which is related to the distribution density W,(M) of M by 


) * d 
Wit) = fe ERO 
Fi(e) v= (e# #) = f™ et “W\(M)aM 


- Sf cxolit f27-whtu, Thu] wy(Z)az (A.3) 


-2 (fr zr—aomt ryau]"), (A.4) 


The various moments can be calculated from 
ae” 
(M*) = (—i)X— Fu?) . (A.5) 

dt a 


which incidentally leads to the formulas for (M) and (M”) already 


derived in Part II. The coefficient of (i¢)"/n! in (A.A) is, in fact, the 
nth moment, (M™”), which can be rewritten 


(| f. ZT —u)h(u, r)du|") 
=f duh(u, T) f~ dush(ue, T)--- 


XJ duenh un, THZ(T—m)Z(T us) +-Z(T—n)). (A.6) 





Therefore, if the m-fold distribution of Z is known or assumed, the 
indicated multiple average (Z(T—m)Z(T—)---Z(T—u,)) is 
obtained and the n-fold integration performed. Consider first the 
particular case in which the input to the meter is shot or thermal 
noise which has previously been passed through a linear filter. 
Then it can be shown that Z(t) belongs to a stationary random 
process with normal statistics. For this particular example (Z 
distributed normally) the present approach is unnecessarily 
complicated. Since the meter is merely a second linear filter and 
the input is distributed normally, the output is distributed nor- 
mally, with (M) and (M?) as calculated in Part II. However, in the 
more interesting cases (such as the measurement of power spectra 
or correlation functions) the input variable Z(¢) is not normally 
distributed and the explicit evaluation of the distribution, W:(M), 
is not possible in general. The approach outlined in (A.3)-(A.6) 
remains valid, nevertheless, because no specific assumptions as to 
the statistics of Z(#) have been made. However, the evaluation of 
these moments and integrals is far more difficult and in general not 
possible in closed form. 

As an example, consider the calculation of W,(M) by the method 
outlined in (A.3) to (A.6), when we attempt to measure the mean 
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power of a normal random noise voltage or current. We then set 
Z=y’ and the moments 


(Z2(T—m)Z(T —m)- - -Z(T—tn)) 
= (9°(T—m)y°(T—m) - - -9°(T—ttn)) 


can be derived from the n-fold multivariate normal distribution of 
y(t). The integrals indicated in (A.6) are carried through (with 
difficulty) and the moments evaluated. Since the resulting infinite 
series for F,(£)a¢ usually cannot be summed, however, we are 
unable to find W:(M) explicitly. 

A physical approach to the problem of measuring the mean 
square of y(t) is perhaps more enlightening. Consider the expression 
for M(T): 


M(T)=a f * P(T—u)e-2"du, 


where we have assumed the smoothing filter to be a low-pass RC 
network with RC=1/a. This can be rewritten as 
n=T/To 


M(T)=a 2 


nTo 


opm e  v(T—w)du — (A.7) 


if the intervals 7) are long compared to the reciprocal of the 
band width of the frequencies of y(¢). Then if a is small enough so 
that a large number, N, of the terms of the summation are of 
the same order of magnitude, M(T) is the sum of N essentially 
independent samples. Under these conditions the central limit 
theorem of probability®® tells us that the distribution of the 
standardized variable m=(M—(M))/om apgengchas a stationary 
normal distribution of the form W(m) =[1/(2x)*Je—™”/? as N~, 
or, correspondingly a—0. 

We are interested in the distribution when a is very small, but 
not actually zero. Since the moments can be evaluated in terms of 
a and the statistics of the input wave, the distribution W,(m) is 
next developed in an Edgeworth series” of the form, 


wiya{ ¢(m) — Fa ~ ¢(m) 


+ [F(4:-3)oom +5 = (m)| +: +}. (A.8) 


Here ux is the Kth central moment ((M—(M))*), and o*)(x) 
= (d* /dx®)g (x) =(—1)*H x(x)o (x) where Hx(x) is the 
Hermite polynomial of degree K and ¢ (x) is the normal dis- 
tribution, [1/(2x)!]e—**/*. The coefficients have been evaluated in 
the case where we measure the mean power associated with a 
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Fic. 2. The distribution of the standardized variable 
(M —(M))/om, showing the approach to the normal distribution as 
poo. M=af,” Z(ti— we**du, where Z(t) = y*(t) is the square of 
the normal a noise passed by a low- ve RC filter with 
RC=wr. B=wp/a is the ratio of the band width (wp) of the input 
noise to the band width (a) of the smoothing filter. 








26H. Cramér, Mathematical Methods of Statistics (Princeton University 
Press, Princeton, 1946), p. 213. 

6 Hi. Cramér, Mathematical Methods of Statistics (Princeton University 
Press, 1946), p. 228. 
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normal random noise voltage y(¢), which has the correlation func. 
tion R,(r)=R,(0)e*? I7l corresponding to the spectrum of a 
thermal noise passed through a low-pass RC network with 
RC=1/wp. The coefficients up to and including those involving 
the fourth moment of the distribution (for wrT>>1, i.e., after the 
transient has decayed) are given by 


1 us _V2(1+2wr/a)! 
3! mt 3 1+wr/a 
1 a. * 3+Swr/a 
4! od 2 (14+-wr/a)(3+2wr/a) 
*(45)= 1 1+2wr/a a 
~ 9 (1-Fwr/a)? 
Inspection of these terms shows that as the ratio, 8, of the band 
width (wy) of the input to the band width (a) of the filter, is made 
very large, e.g., B—©, the distribution of the standardized 
variable m=(M—(M))/om approaches the normal distribution 


¢(m). For sufficiently large values of 8B=wr/a, Eq. (A.8) can be 
reduced specifically to 


WM e+ { 9m) -40° (m) 


=0(wr/a)~, 





=O(wr/a)'. (A9) 


MS om 1 6 = 
+3159 (m) +50) v(m) | + \. (A.10) 


A typical distribution is shown in Fig. 2. 

The justification for using an Edgeworth series must be of a 
heuristic nature. Cramér?’ has shown that the series is convergent 
under certain strict conditions and asymptotic for less stringent 
conditions. Because of the similarity between our expression and 
Edgeworth series for the sum of N independent quantities, it is 
believed that the series is asymptotic in the ratio B=wr/a (for 
fixed M) although a proof of this is undoubtedly difficult in our 
example. In any case, the Edgeworth series with these coefficients 
gives the correct first four moments of the distribution of M. In 
practice, the ratio 8 is very large in order to obtain good smoothing, 
and the distribution is therefore very nearly normal. Obviously, 
the same type of argument can be offered for other linear filters, 
although the evaluation of the higher moments is even more 
difficult. Similar remarks apply for the distribution of M(T) 


=5 f ” Pde. 


APPENDIX B. REMARKS ON OPTIMUM LINEAR 
FILTERS FOR FINITE-TIME INTEGRATION 


As has been seen from Eqs. (2.17) and (2.19), the relative mean 
square error in the measurement of a wave after it has been 
smoothed for a finite time T by a low-pass filter, is represented by 


(M(T)*)—(M(T)? 
(M(T))? 


Sf 2 \u—v|)a(u, T)h(o, T)duds 
(2 [™ nu, T)k(o, T)dude 


where ¢z is the autocorrelation function of the input wave to the 
integrating network, after the steady component (Z)* has been 
removed, i.e., ¢z(|u—v])=Rz(u—v)—(Z)* (see Eq. (2.19)). As 
explained earlier in the text, h(u, T) is the weighting function of 
the smoothing filter, whose explicit optimum form we wish, such 
that L above is minimized. 

To determine the optimum /(u, 7), the following variational 
principle is invoked 





L= 





(B.1) 


sL=0, subject to f-_ h(u, T)du 
=)(>0), an arbitrary constant. (B.2) 


7H. Cramér, Mathematical Methods of Statistics (Princeton University 
Press, 1946), p. 223. 
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Because the kernel $z is symmetric, one easily finds on applying 
(B.2) to (B.1) that 


lam J sh(o, Tao f~ (2 \u—v|) —(ZPL)(w)du=0 


or 


[oe(lu—v|)h(u, Tdu= LZ)? hu, Tdu 
=)(Z)L=I(>0), a constant. (B.3) 


Equation (B.3) is the integral equation which specifies h(u, T), the 
optimum filter’s time response. Before a solution of (B.3) can be 


attempted, we must know ¢z(|u—v|), the kernel, observing that 
the complete statement of (B.3) is 


Bi(2), T<v 
f o2(|u—v|)h(u, T)du= | A 0<v<T, (B.4) 
Br), O>v 


where 6;(v) and #2(v) are as yet undetermined functions of ». 

As a specific example, let us examine from this point of view the 
problem considered in Part III: The measurement of the power 
in the normal random noise wave y(t) at the output of a low-pass 
RC filter with 1/RC=wy. The autocorrelation function of the 
fluctuating part of this wave is 


$z(|u—v|)=Rz(u—v) —(Z)*=2(Z)re 2 Fl eI | 


(see Eq. (3.1)), where 2(Z)* is the mean intensity of the noise 
continuum.|| Because the kernel is continuous for all (real) values 
of w and 2, it is evident that 6,(v)=a,e~*“F” for v>T and fo(v) 
=ae“F”, when v<0. The arbitrary constants a), a2 are easily 
determined from the continuous nature of the kernel at »=0 and 
o=T to be a,= Te’? and a.=T. The integral equation (B.4) now 
becomes specifically 


Te re—T), T<y 
Z)2 i oF u(y T)du=i TP, O<0<T. 
— Tet2ore »<0 


The solution follows directly upon successive Fourier transforma- 
tions of both members of (B.5), with the help of the fact that 


h(u, T)=h(u), O<u<T; h(u,7)=0, elsewhere, (B.6) 
by the definition of h(u, 7), (Eq. (2.14)). One finds, finally, on 


(B.5) 





e 
|| This expression (¢ ~we-ale-ul) is known as Picard’s kernel [see 
iesco, Introduction a la Théorie des Equations Intégrales, Hermann et Cie 
(1912)} . and is one for which our integral equation (B.4) can be solved. (We 
are indebted to Professor Mark Kac for this reference, and to Dr. James 
Storer, whose solution we follow in part here.) 





multiplying both sides of (B.6) by e~**” and integrating, that 


H(w,T) =f h(u, Te*"du 


r ; 
= qt te #7 + 2wr(1—e~ #7) fia). (B.7) 


The inversion of (B.7) then yields for the desired optimum filter § 


Mu, Toe tte 


Toa tygale-O+8u-7)), 


O<u<T; =0, elsewhere. (B.8) 


There remains the evaluation of I and L for this optimum case: 
I follows at once from the condition fo? h(u)du= x, and L is ob- 
tained in a straightforward way from (B.3). Summarizing these 
results, we write 





2 
2 a = 2 i 
L=O 1+-epT” Tr=XZ)*(1+wrT)™, an 
- wp r r " a F 
h(u, ‘°F us re 0)+5(u—T)}. 
The frequency response obtained by rewriting (B.7) is found to be 


AwrT [| . wT / wT 
sin— 


iterT ; a cos / orl |e-iern, (B.10) 
PF 


Figure 3 shows the frequency characteristic for some typical 
values of wrT. 

Since we do not know the phase of the random wave relative to 
the instant ¢=0 at which integration is begun, our solution that the 
best weighting of the input is a uniform one within the interval 
(0, T) is not surprising. Physically, we expect under these circum- 
stances that all points in the interval are to be given the same 
emphasis, there being no a priori reason for preferring one set of 
times over any other in the range (0, 7). 

The delta-functions at the beginning and end of the smoothing 
period are somewhat more difficult to account for physically: A 
possible explanation is that they are needed for this “equal 
weighting.” At #=0 the first observed value is completely un- 
correlated with any other value of the wave (which is assumed to 
be stationary and present for all time). From the filter’s point of 
view this point then belongs to a purely random process, whereas 
the actual random wave observed in (0<#<7) [and existing for 
all ¢, but unobserved outside this interval and hence of no concern 


H(w, T)= 





§ The delta-functions are assumed here to be symmetrical, 


e.g., 
ST 5(u —0)du =}, etc. 
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Fic. 4. A comparison of the relative mean square errors obtained 
from an ideal integrator, L’, and the optimum filter, L. 


to us ] must belong to a Markoff or higher-order process, since the 
autocorrelation function ¢z is finite. The delta-function “weight- 
ing” at ¢=0, as compared with the uniform, finite weighting within 
(0, T), is needed to compensate for the filter’s “interpretation’”’ of 
the initial value. Similarly, at = 7, the filter interprets the wave 
as being more highly correlated than it actually is, and a corre- 
sponding compensation is required and we interpret the delta- 
function here as reducing the influence of this final point. 

The relative importance of these end points can be estimated in 
the case of noise through an RC filter by comparing the effects of 
the optimum and ideal filters** on the relative rms error. Here 
we have specifically 


h(u, T)=d/T, (O<u<T); =0, elsewhere. 
The relative error is then found from (2.3) and (2.6) to be 


,_(M(T))—(M(T)?_ ZIP OPT, 8\ oe 
~~ MD) “Ta, (1-7) — 


(B.11) 





1 
- —2u rT ver 
saqle eh + 2ueT—1}, (B.12) 





and this is to be compared with L=[2/(1+wT)], Eq. (B.9). 
Figure 4 shows L and L’ as a function of wr7; only when w rT is 
0(10°) is there a noticeable difference between the two, and even 
this difference is quite small, since 

lim L-2(1—wrT), and lim L’-2(1—3wrT). (B.13) 

wrT-0 wr T-0 

On the other hand, when wreT—, both L and L’ approach zero 
(as expected) at the same rate, viz.: 0(2/wrT), and even for 
smovthing intervals (7) but a few multiples of the time constant 
(wr'), the ideal filter (B.11) gives results essentially identical 
with those obtained by the true optimum filter (B.9). 

Remarks on the optimum filter for a general kernel: Even though 
the precise form of the kernel in the defining equation (B.4) may 
not be known, we can prove that for integration times long (by a 
factor 10 at least) compared to the correlation timett T. of the 


** By ideal filter is here meant one which smooths according to the 
weighting function \/T in the interval (0, 7), and zero outside this range. 

tt The correlation time (for entirely random waves, containing no 
periodicities or dec component) is here defined as the time required for the 
correlation function to fall to one-half its (maximum) value at ¢ =0. 


random wave in question, the optimum smoothing filter is always the 
one whose weighting function is a (nonvanishing) constant in the 
integration period (0, T), in other words, the “ideal” filter (B.11) 

From the fact that all filters must give the same result (L=0) 
in the limit [a7—«, aT.-+0, where a=band width (effective 
time constant of filter)~'], without any loss of generality we can 
write with the help of (B.9) for the weighting function of the 
general optimum filter, 


h(u, T)=¥"/24+W(u, T), (B.14) 


where the “end effect,” &(u, T), depends of course on the specific 
form of the kernel ¢z. Let 


(0)= f° oz(u)du, where Jr oz(u)du=0(0) =«, (B.15) 


in which « is for the moment an arbitrary constant. Then from 
(B.4) we find for the interval (O0<v<T) that 


¥ ox(|u—0) [5 +4(u, 1) |du= r, (B.16a) 


or, on setting u—v=w’, 


I’ T—v D 
r=3{f, $z(u')du'+ f ox(w)du' } 


T—v , 7 
+f 2(u')¥(u'+v; T)du’, (B.16b) 


which reduces finally to 
T 
f oz(|u—v|)¥(u, T)du 


Yr’ 
=F lh) +2(T—2)}+(P—I"«)  (B.17a) 


=" (a) +07»), (B.17) 
when the arbitrary constant « is set equal to I'/T” (see (B.10) and 
(B.14)). We have accordingly transformed the original integral 
equation for h(u) into one which defines the end effect W. Setting 
v’ =T—vand u’=T—xu alternately in (B.17b), we find after a little 
manipulation that 


T T 
J, o2\u—v])W(T—u)du= f° o2(\u—-0]) Huan 


=(F)2@+4(7-0)} (O<v<7). (B.18) 


If now the smoothing time T is required to be long compared to the 
correlation time 7, i.e., 7>>7T-., then for all v such that T.<«<v«T 
—T-., &(v) and &(7 —») are negligible, since ¢z (and therefore ¥ by 
(B.18)) falls off rapidly for times longer than 7,. Only for values of 
v=0(T.) =0(T—T-.) is the end-effect of the same order of magni- 
tude as the constant part of the response I’/2; for the vast 
majority of the interval (0, 7), then, the weighting function is a 
constant. The cumulative effects of the “‘end-correction” W are 
always small, if @z is continuous, and vanish rapidly relative to the 
contribution of the constant part of the weighting function when T 
increases. The RC kernel discussed above offers a specific example: 
W(u, T) here is \/(1+wrT)[8(u—0) }. 
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The elastic constants of nickel have been determined by the pulsed ultrasonic method. Wave velocity 
measurements on four nickel single crystals of general orientation which were magnetically saturated were 
combined by the approximation method leading to values of the elastic constants Cy =2.53, C= 1.52, 


Cu= 1.24, all in units of 10'* dyne cm~. 





INTRODUCTION 


THER investigators have previously measured the 
elastic constants of nickel. Two of these measure- 
ments!? were made by combining Young’s modulus as 
a function of crystal direction with the measured value 
of the cubic compressibility of polycrystalline nickel. 
Other determinations*:* were made by measurement of 
the three acoustic wave velocities (one longitudinal and 
two transverse waves) of nickel single crystals cut with 
their axes in the [110] direction. In this special direction 
the wave velocities are all different, and furthermore, 
any one wave may be excited singly by an appropriately 
oriented transducer. 

Until recently most acoustic measurements on cubic 
crystals have been made on single crystals cut in special 
directions. However, single crystals with no special 
orientation were used by Arenberg® to determine the 
elastic constants of silver chloride. The present authors® 
have shown how this method may be extended to 
higher orders of approximation. 

The present paper shows how the approximation 
method may be applied to combine in a simple manner 
the wave velocity measurements of several single 
crystals of different orientation. The elastic constants 
of nickel have been determined using this method and 


are compared with the previously determined values in 
Table I. 


EXPERIMENTAL PROCEDURE 


Nickel single crystals were prepared by slowly cooling 
a hydrogen atmosphere furnace containing the nickel 


charge through the melting point of nickel, the nickel 
charge being placed in a region of high temperature 
gradient. A high temperature gradient was obtained 
by supporting the charged crucible (Norton Company 
extraction thimble No. 20408, RA-84) on the lip of a 
3-in. countersunk hole drilled in a lavite disk. The 
crucible bottom was allowed to radiate through this 
hole, thus ensuring an axial heat flow in the charge. 

The furnace is a Lindberg CF-1 glowbar heated com- 
bustion tube furnace which was mounted so that the 
combustion tube is vertical. Cooling the furnace was 
accomplished by slowly decreasing the power supplied. 
A reduction of temperature from 1600°C to 1450°C in 
two hours was found to give good results. 

The ingots obtained are about 3 in. in diameter and 
2 in. long with a weight of approximately 80 grams. 
Usually there were several single crystals in each ingot, 
but on two occasions the entire ingot was one single 
crystal. 

A spectrographic analysis of the ingots. from which 
the single crystal cylinders were obtained showed no 
evidence of impurities except for aluminum, which was 
estimated to be present in amount less than one-tenth 
percent. This trace of aluminum is not present in the 
original nickel charge.’ Presumably the aluminum was 
picked up from the Alundum crucible. 

The densities as measured by the method of hydro- 
static weighing agree with the x-ray value within the 
experimental error. The lattice constant determined for 
each crystal is in good agreement with the accepted 


TABLE I. Elastic constants of nickel and derived quantities. All measurements were made on magnetically saturated nickel. 








’ Cu Cu 
Investigator (dyne cm~?) (dyne cm~?) 


C=Ciu—Ci2—2Cus 
(dyne cm~) 


Compressibility Anisotropy 
3 factor 


Cir+2Cie2 2Co 


(cm? dyne™) 


Cu—-Ciw 


K= 








Ci2 2 
(dyne cm~?) Cu—Ci2 (dyne cm~) 





Bell Telephone Laboratories 2.53 X 10” 1.22 10” 
Bell Telephone Laboratories 2.524 1.23 
Bell Telephone Laboratories 2.523 1.23 


This paper 2.52s 1.235 


— 1.50 10" 1.58 10" 0.528 x 10-" 2.57. 0.47510" 

— 1.47 1.538 0.536 2.49 0.493 

— 1.50 1.566 0.531 2.57 0.479 

— 1.47; 1.52 0.538 2.46 0.502 
0.535* 








* Experimental compressibility. 


'K. Honda and Y. Shirakawa, Sci. Rep. Res. Inst. Tohoku Univ. 1, 9 (1949). 


*M. Yamamoto, Phys. Rev. 77, 566 (1950). 


3 Bozorth, Mason, McSkimin, and Walker, Phys. Rev. 75, 1954 (1949). 


*Bozorth, Mason, and McSkimin, “Frequency dependence of elastic constants and losses in nickel,” Bell System Tech. J. 
(October, 1951). The authors are grateful for the opportunity of seeing this paper in manuscript form prior to its publication. 


*D. Arenberg, J. Appl. Phys. 21, 941 (1950). 


* J. R. Neighbours and Charles S. Smith, J. Appl. Phys. 21, 1338 (1950). 


"Supplied by Mr. E. M. Wise of the International Nickel Company. 
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TABLE II. Measured lattice constants and densities of 








four nickel single crystals. 
Lattice constant Density 
Specimen (A) (g cm~) 
A 3.5240 8.88 
B 3.5238 8.86 
Cc 3.5237 8.89 
D 3.5235 8.87 
Accepted value 3.5240 8.90 








value from which the x-ray density is computed. The 
authors feel that this is sufficient reason for using the 
x-ray density (8.90 g cm) to compute values of pV? 
which were subsequently needed. Table II shows the 
measured densities and lattice constants for four 
crystals. 

After removal from the furnace, the ingots were 
electropolished and electroetched in nitric acid until 
the crystal boundaries, if present, were visible. The 
ingot was then mounted in a collet chuck and a single 
crystal cylinder was sawed from the ingot using a thin 
water-cooled abrasive wheel. The end surfaces of the 
crystal cylinder were then carefully surface ground on 
a standard machine tool until flat and parallel. The 
resulting crystal cylinders were about 8 mm long. 
Acoustic measurements were then made on the crystals 
with no further attempts to remove the cold-worked 
layer produced by surface grinding. After the acoustic 
measurements had been completed, one of the flat 
surfaces of the cylinder was electropolished to remove 
the cold-worked layer. 

The orientation of the surface normal with respect to 
the crystallographic axes was then found by the back 
reflection x-ray method. About ten Laue spots were 
indexed and measured, and the method of least squares 
was used to find the direction cosines of the surface 
normal. The least squares method is quite easy to apply 
in the case where the direction cosines are regarded as 
the variables since the coefficients in the observation 
equations are simply the Miller indices of the reflec- 
tions. A criterion for these direction cosines is that the 
sum of their squares should equal one. The greatest 
error of closure found was 0.001. 

The longitudinal and transverse acoustic wave veloci- 
ties were measured by the pulsed ultrasonic method. 
The electronic apparatus is similar to that used by 
Lazarus’ with the exception that separate quartz crystal 
transducers are used for sending and receiving. An 
appropriately cut quartz crystal was attached to each 
face of the crystal cylinder using pheny! salicylate as a 
cement. The transmitting quartz was then pulsed to 
send a short group of 10-mc acoustic waves through 
the specimen. Because of the poor acoustic impedance 
match between quartz and nickel, a wave in the nickel 
crystal was reflected back and forth giving a series of 
pulses in time. Measurement of the transit time T 
between echoes and the length L of the crystal cylinder 


* David Lazarus, Phys. Rev. 76, 545 (1949). 


then enables one to calculate the apparent wave 
velocity, V4=2L/T. 

In general, two transverse waves with different 
velocities were excited in the nickel crystal by a Y-cut 
quartz crystal. However, by rotating the plane of 
polarization one of these could be made very small, 
The velocity of the predominant wave was then 
measured. By further rotation, the dominant and minor 
roles were interchanged, and the velocity of the other 
wave was then measured. 

Attenuation in the nickel crystals is so large that 
first attempts to measure wave velocities were incon- 
clusive. However, when the nickel crystal was placed in 
a transverse saturation magnetic field, the attenuation 
was diminished so that upwards of twenty echoes could 
be seen on the measuring oscilloscope (Dumont 256D) 
screen. All velocity measurements were made in a 
transverse magnetic field conveniently supplied by an 
Alnico magnetron magnet. The cylindrical face of the 
nickel crystal was magnetically held in contact with 
one pole face of the magnetron magnet. The field in 
the gap was determined to be 5 kilo-oersted which value 
is roughly double that of the demagnetizing field for 
the specimens. Qualitative experiments conducted here 
in a variable magnetic field (and quantitatively carried 
out elsewhere*) showed that the damping “saturated” 
at very low field strengths. It was therefore assumed 
that the nickel crystals were magnetically saturated 
and that the elastic constants to be derived were 
characteristic of such material. 

In these qualitative experiments involving the mag- 
netic field it was not possible to observe the AE effect 
(appearing as about a 1.5 percent effect in velocity) 
because of the low precision of our no field velocity. 
The second-order AE effect? (about 0.1 percent in 
velocity) was not observed either, but its magnitude is 
on the edge of the precision of the present work. 

Other investigators” in measuring transit times, state 
that they have measured to the front of the echo, thus 
assuring that the acoustic path involved was contained 
entirely within the specimen. Lazarus,* however, men- 
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Fic. 1, Ratio of apparent to true velocity as a function of 
reciprocal transit time for magnetically saturated polycrystalline 
nickel. The upper curve (crosses) is for longitudinal waves and 
the lower (circles) is for transverse waves. 


*W. P. Mason, Phys. Rev. 82, 715 (1951). 
10H. B. Huntington, Phys. Rev. 72, 321 (1947). 
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tions finding a small transit time error which is ascribed 
to the travel time in the cement and transducer. This 
laboratory has followed the procedure of measuring to 
the front of the pulse and has also found a transit time 
error which in the present case is particularly important 
because of the short length of the specimens. Extensive 

rimentation has not led to a clear understanding of 
the origin of the error and so the policy of experi- 
mentally determining it has been adopted. 

The transit time error was determined by measuring 
transit times for both longitudinal and transverse 
waves in magnetically saturated polycrystalline nickel 
for several different specimen lengths. Except for the 
material being polycrystalline the experimental condi- 
tions were the same as those used for the nickel crystals. 
The observed transit times were plotted against the 
measured lengths and a least squares line was fitted to 
the data. The intercept of this line is the assumed 
transit time error AT, and the reciprocal of the slope is 
proportional to the true velocity Vr. The values of AT 
are found to be AT=0.061++0.005 usec for longitudinal 
waves and ATJ=0.106+0.024 for transverse waves. 

The true velocity is given by Vrp=2L/(T—AT), and 
we note that the ratio of apparent velocity to true 
velocity is V4/Vr=1—AT/T. This relation, shown in 
Fig. 1 for the measurements on polycrystalline nickel, 
is more convenient for graphically displaying the sys- 
tematic effect than the simpler relation used for the 
least squares determination. 

The precision of the determination of an apparent 
velocity is estimated to be of the order of 0.2 percent. 
The systematic transit time error amounts to about 
2.5 percent in the case of both the longitudinal and 
transverse velocities. Applying the probable errors 
quoted above leads one to the conclusion that the 
“true” velocities are uncertain because of the systematic 
error alone by +0.3 percent in the longitudinal case 
and by +0.6 percent in the transverse case. Combining 
these figures with the estimated precision in the usual 
way and converting the probable errors to those in pV? 
leads to the expected probable errors of +0.6 percent 
in longitudinal pV? and +1.2 percent in transverse pV*. 

Calculation of the true wave velocities in nickel 
crystals was made assuming that the polycrystalline 
values of AT applied. Table III is a listing of orientation 
function, IT, and the corrected values of pV? for the 
four single crystals. 


TABLE III. Measured orientation functions and values of pV?. 
The values of pV? are computed using the x-ray density. The 
subscript 1 refers to longitudinal waves, subscripts 2 and 3 refer 
to transverse waves. 








Longitudinal 





Transverse Transverse 
Speci- Orientation eV? p eV? 
men function, ® (dyne cm~) (dyne cm~?) (dyne cm~) 
A 0.3253 3.482 10" 0.655 X 10” 0.843 X 10% 
B 0.1096 2.942 1.185 0.888 
C 0.2138 3.225 1.050 0.754 
D 0.3044 3.431 0.943 0.617 








CALCULATION OF ELASTIC CONSTANTS 


One faces a peculiar problem in determining the 
elastic constants of a cubic crystal from measurements 
of wave velocities in an arbitrary general direction. The 
values of pV? (where p is the density) are the roots of 
the secular equation for the given direction. Various 
combinations of the three elastic constants make up 
the coefficients of the secular equation, and the problem 
is to determine a set of elastic constants such that the 
solution of the secular equation then gives the experi- 
mental values of pV?. 

The authors have recently given such a method® 
applicable to measurements on one single crystal. If two 
or more crystals are available, the labor may be con- 
siderably reduced by the following modifications. From 
this previous paper, Eq. (6), the roots of the secular 
equation as given by the perturbation method are 


Cis” Cie? 
aif 
Cu’—Cos’ Cur’ — Cos 


2Cis'Ci6'Cse’ 
al 
(Cu — Css’) (Cuy’ ait Cee’) 


Cie? Cre? 
, - , | 
Co —Cu° Coe —Css 


2C1s'Ci6'Coe’ 
a , ; , + is 
(Coe’ — Cur’) (Coe’ — Cos’) 
Cre? Cis? 
pV? =Cos + | ; a : | 
Cs —Cee Cs —Cu 


2Cis'Ci6'Coe’ 
+ fee]. 
(Css’— Coe’) (Cos’ — Cur’) 


and the primed elastic constants as given by Eq. (4) are 
Ci’= Cu- 20 2my?+1,2?+ mn, |C 
Cie = Lymm? —1,? Lh?+- m2 FC 
Coe’ =Cut 2h?m2[ 12+ m,? }-1C 





pV= Cu’+ 








pV2?=Cee' + it 

















Cis’ = — mht my — ny? (h?+m?) h?+me SiC ¢ (2) 

Css’ = Cut 2ny(h,+h2m?+ my! }[1 v+ my? JC 

Cre” = Lymn? -_ my? |[h)?+ m,? |- iC 

C= [Cu—Cr— 2C us |. 
For simplicity we may rewrite Eqs. (2) 

Cr’ = Cu- 2TC | 
Cee’ = Cyut+ aC 
C5’ =Cut+aCc 
Cu! —— biC (3) 
Cie’ = b2C 
Coe’ = b5C. 


It may be shown that a;+a.=2T. 








A rough calculation quickly shows that the third- 
order perturbation term for nickel is negligible. Adding 
the last two of Eqs. (1) and neglecting perturbation 
terms of higher order than second we may write 


pV;2=Cy—2TC 1 
Cy”? Cis? 
| / — , 
Cu —Cg Cu ee Coe’ 
pV2?+ pV3?= 2Cyu+2TC 
Cul? 
as | , a 
Cu —Cr 





r (4) 








Cie”? ! 
Cu’—Ce’ ‘ 


We may neglect the perturbation corrections where 
they appear in the denominator of the perturbation 
corrections themselves in Eqs. (4). That is, we may 
use the approximate equalities, 











63°C? } 
Cu’ — Cos'~ pV 1?— pV 324+ 
pV3?—pV2? 
b.?C? 2b,;°C? 
pVi—pV2? pVi?—pV;? 
> (5) 
f b3°C? 
Cy’— Ce’ ~ pVP2— pV2?+ 
pV2?— pV;? | 
b,2C? 2b.?C? 
pVi—pV;? pVi?— pV2? 


which are derived by combining Eqs. (1) and (3). 

Then substituting Eqs. (5) into the denominators of 
Eqs. (4) and expanding by the binomial theorem, we 
arrive at the formulas used to compute the elastic 
constants. 


F(P)= pVi2?— {AC?+- BC} = Cy —27C 
G(T) = pV 2?+ pV3?+ {AC?+ BC} = 2C y+ 27C 
b;? b,? 
A= + 
pVi—pV3? pVi°—pV2? 
b;? [ b;? 
(epV2— oV3*)4L pV3?— pV2? 








(6) 





b,* 2b;? 
pVi?— pV? pVi?— pV3? 
by? b;? 
+ [ * 
(pV?— pV2?)L pVs2— pV;? 











b,? 2b.” 
j 


pVi2—pV;?_ pV,?—pV:2? 
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The constants A and B’are computed for each crystal, 
The measured values of pV,* and (pV2?+ pV;) are then 
plotted against I’. These are the first approximations 
for F([) and G(I). The slopes of these lines give a trial 
value for C. This value of C is then used to compute the 
correction term {AC?+ BC*} which then allows one to 
calculate a second approximation for F(T) and G(P), 
These new values of F(T’) and G(T) are then plotted 
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ORIENTATION FUNCTION f 


Fic. 2. The functions F(T) and G(T) vs T: The A points are 
one-half the sum of the three values of pV?. The upper X points 
are measured values of pV? (longitudinal waves), the first approxi- 
mation to F(I'). The nearby O points are final corrected values 
of F(T) or Cy’. The lower X points are measured values of 
(opV?+ pV;*) (transverse waves), the first approximations to G(T). 
The nearby © points are final corrected values of G(T), or 
(Css’+Cee’). 


against I’. The slopes of these lines then give a cor- 
rected value for C. 

This process may be repeated until the values of C 
obtained approach a self-consistent value. The constants 
Cy, and Cy may then be determined from the intercepts 
of the two lines. Usually the line through the F(T) 
points will not have the same slope as the line through 
the G(T) points. However, since the material has only 
one constant C, it is proper to impose the condition 
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that the two slopes be equal. It is convenient to impose 
this condition, and in fact to carry out the whole 
iterated computation, by using the least squares method 
from the beginning. The results have actually been 
computed in this way, employing eight observation 
equations to give three normal equations which may 


. be solved for the least squares adjusted values of Cn, 


Cu, and ih 

Figure 2 is a plot of F(T) and G(I) vs L. The initial 
plot of pV:? and (pV.*+pV;?) are shown as crosses. 
The final corrected points pV;?—{AC?+BC‘} and 
(pV2?-+ pV 3?) + {AC*+ BC*} are shown as circles. The 
two lines represent the least squares solution. 

We note that the sum of the roots of the secular 
determinant is a constant. 


F(T)+G(T) = pV1?+ pV2?+ pV3?=Cut+2Cy. (7) 


This equation affords a useful check on the internal 
consistency of the wave velocity determinations on 
different single crystals. The experimental values of 
one-half this sum are exhibited as triangles in Fig. 2. 
The probable error of these experimental values is 
+0.3 percent. 


RESULTS AND DISCUSSION 


The results of the data reduction of the previous 
section are displayed in Fig. 2, and numerical values of 
the adiabatic elastic constants at 25°C of magnetically 
saturated nickel are entered in Table I. There Cy, Cus, 
and C may be regarded as directly determined, and 
the other entries as derived quantities. The internal 
consistency shown on Fig. 2 justifies the method of 
data reduction that has been followed and the approxi- 
mations that have been made in the process. Two 
things may be noted in connection with Fig. 2. The 
“perturbation corrections” (the distance between circles 
and crosses) are not in general a simple monotonic 
function of I as would appear to be the case here. 
Also there is a slight but definite difference between the 
longitudinal and transverse points with regard to the 
slopes of the lines which would pass through each set 
alone. 


Apart from the internal consistency of the present 
measurements on four crystals is the question of the 
accuracy of the derived constants. The uncertainty of 
the values of Cy, Cu, and C arises almost entirely from 
the uncertainty of the two transit time corrections 
which have been made. Starting from the probable 
errors specified in the experimental section a lengthy 
but straightforward calculation" formally yields for the 
probable errors: Cu, +0.02; Cu, +0.01; C, +0.03 all 
in units of 10!* dyne cm-*. 

In Table I are quoted for comparison values of Cy, 
Cu, and Cy recently determined at the Bell Telephone 
Laboratories. The other entries have been computed by 
the writers from these values. These constants are also 
the adiabatic constants of magnetically saturated crys- 
tals and so may be directly compared with the present 
ones. The Bell Telephone Laboratories experiments 
differ from the present ones in two respects; their three 
crystals were oriented with their surface normals in the 
[110] direction, and their velocities were measured in a 
different manner but at the same frequency (10 mc). 
The agreement between the determinations from two 
different laboratories is seen to be good and certainly 
well within the combined experimental error. 

The experimental isothermal compressibility of nickel 
as determined by Bridgman’? and modified by Slater'* 
is also shown in Table I. The agreement between the 
experimental compressibility and that computed from 
the four sets of elastic constants is satisfactory. 

The results of Yamamoto* and of Honda and 
Shirakawa! on unmagnetized crystals cannot be com- 
pared directly with the present results as discussed 
elsewhere.‘ 

The authors wish to thank Dr. L. L. Foldy for his 
many suggestions and J. W. Burns for his assistance in 
measuring the wave velocities. 
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Research Fund of Case Institute of Technology. 
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Effects of thermal-velocity spread on the noise figure of a traveling-wave tube have been computed by 
extending a method of Hahn. To accomplish this, it has been necessary to work out a new theory for the 
diode-drift tube and traveling-wave tube that includes the effect of the thermal-velocity spread at very high 
frequencies. Some computations are given for conditions met in practice. 





ALCULATION of the noise figure of a traveling- 
wave-tube amplifier may be reduced to the com- 
putation of the current- and velocity-modulation fluc- 
tuations in three distinct regions (Fig. 1). Region J 
is a diode with a heated cathode, region // is a field-free 
drift region, and region J// is the traveling-wave-tube 
amplifier. 

A detailed analysis will be given of the fluctuations 
in each region, which includes the effect of the thermal- 
velocity spread. Inasmuch as this theory applies rigor- 
ously only to an infinite rectilinear electron beam, it will 
be necessary to apply certain correction factors to ac- 
count for the finite beam and the surrounding conduc- 
tors. Approximations for these correction factors may 
be obtained from the simpler computation for a mono- 
velocity beam. 

Of the three regions, the diode region is the most 
difficult to handle since it is in a dc accelerating field. 
As is well known, the dc theory of the diode by Lang- 
muir' is at best a numerical theory, and certainly not 
much more can be expected for an ac theory. To attempt 
to work out an ac theory by Langmuir’s method does 
not seem fruitful for microwave frequencies. However, 
such theories have been worked out for low frequencies 
by North et al.2 and Rack.’ 

Rack has extended his theory to higher frequencies 
by using Llewellyn’s‘ theory of diodes in an approxi- 
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Fic. 1. Nomenclature for noise-figure calculations on a 
traveling-wave tube. 


* This work was sponsored by the Signal Corps Engineering 
Laboratories, Fort Monmouth, New Jersey. 

11. Langmuir, Phys. Rev. 17, 441 (1921). 

2 North, et al., RCA Rev. 5, 106 (1940). 

* A. J. Rack, Bell System Tech. J., 17, 592 (1938). 

4F. B. Llewellyn, Electron Inertia Effects (Cambridge Uni- 
versity Press, London, England, 1941). 


mate manner. On the basis of the Rack theory Peter. 
son® has computed the fluctuations in the drift tube. 
This was utilized by Pierce* to compute the fluctuations 
in the traveling-wave amplifier. Subsequently, this 
theory was extended to include the effect of the space- 
charge waves discussed by Hahn? and Ramo.® This 
method of calculation of the fluctuations in the travel- 
ing-wave amplifier will hereafter be designated as the 
RPHP (Rack-Peterson-Hahn-Pierce) method. In view 
of the many approximations made, it is not possible to 
assess the accuracy of this theory except by comparison 
with experiment. The agreement is very good for large 
noise figures. 

For noise figures of the order of 10 db or less, how- 
ever, one cannot expect experimental agreement within 
1 db with this theory, unless it be fortuitous. It is ex- 
pected that the weakest link of the RPHP theory is the 
diode region. Thus a high frequency theory of diode 
impedance and fluctuations including the effect of a 
multivelocity beam would be quite useful. 

Another method of attack is to base the ac theory on 
the dc theory of Hahn.® Hahn has shown that it is 
possible to discuss the effect of the thermal velocities 
on the dc behavior of diodes in terms of a monovelocity 
electron beam whose acceleration is determined not 
only by the applied electric field but also by a hydro- 
static-pressure term, which accounts for the multi- 
velocity beam. The ac theory will be worked out as a 
perturbation of the dc properties determined by the 
Hahn theory. 


1. AC THEORY OF DIODE IMPEDANCE AND 
FLUCTUATIONS 


1.1 General 


The diode consists of two infinite parallel planes; the 
space between is traversed by an infinite rectilinear 
beam. The diode is connected either to an ac gener- 
ator or a load Z1z (Figs. 2 and 3). 


5 L. C. Peterson, Proc. Inst. Radio Engrs. 35, 1264 (1947). 

*J. R. Pierce, Traveling-Wave Tubes (D. Van Nostrand Com- 
pany, Inc., New York, 1950), p. 109. 

7™W. C. Hahn, Gen. Elec. Rev. 42, 258 (1939). 

8S. Ramo, Proc. Inst. Radio Engrs. 27, 757 (1939). 

*W. C. Hahn, Proc. Inst. Radio Engr. 36, 1115 (1948). 
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Then, following Hahn, the basic equations are 


e_ kT 
D+ d0,=>—E-—-—A,, (1) 
m mn 
J .+en,=0, (2) 
E,=en/e or J+e2,=/, (3) 
J =end. (4) 


The subscripts ¢ and x denote the partial derivatives 
with respect to ¢ and x. A bar over the letter denotes 
total unnormalized quantities, i.e., dc+ac. e and m 
are the charge and mass of an electron. n, v, J, and E 
are particle density, mean velocity, convection-current 
density, and electric field, respectively. €o is the dielec- 
tric constant of free space. J is the total current density, 
ie., convection plus displacement. T is the temperature 
of the electron gas’® that constitutes the electron beam. 
kis Boltzmann’s constant. Meter-kilogram-second units 
are used. 

All field quantities are functions of « and ¢ except I, 
which is a function of ¢ only and T which is assumed to 
be constant. Thus 7’= To, which is assumed to equal the 
cathode termperature. The major justification for this 
assumption is that the dc potential distribution is ap- 
proximately the same as derived by Langmuir, who 
assumes an adiabatic process. So far as the ac potential 
distribution is concerned, it remains an assumption. 
It is seen that the equation of motion Eq. (1) has been 
augmented with a hydrostatic pressure term. 


1.2 Small-Signal Approximations 


According to the small-signal approximations, one 
puts 


J=Jot+J expjut; JKJIo (5) 


and similarly for all other field quantities. The sub- 
script zero indicates dc quantities and w is the applied 
frequency. It is also assumed that the ac temperature 
is zero. The ac and dc equations separate out. 


Ac equations 


: é kT»5 kT 
(jw+92)0-+0902= —E———n —ts + ——noat, (1a) 
m mMmNo MN? 


J+ jwen=0, (2a) 
J+ jweE=I, (3a) 
= e(ngv-+ nr). (4a) 
Dc equations 
é kT, 1 
VoV0z = —Eot+— —Vz, (1b) 
m mM Vo 
Eo:= J o/€0vo, (3b) 
J o= enovo. (4b) 


 P. Parzen and L. Goldstein, J. Appl. Phys. 22, 398 (1951). 























© 


Fic. 2. Diode connected to 
an ac generator. 


Fic. 3. Diode connected to 
a load Zr. 


The ac quantities are all functions of x except / 
which is a constant. The dc quantities are all functions 
of x except Jo and J» which are constants. It is now 
possible to solve for all the ac quantities in terms of 
J and J,. Thus, 








1 
r—(voI+- mn a ), (6) 
“- jw 
1 
n= — - (7) 
Jweo 
I y 
E=——-—, (8) 
Jwe€o Jweo 
Vo kT 
—(—-w J. 
jwJ o m 
1/1 kT> 3 
+—-(— ——e —V9'Vor— an). 
Jo jw m jw 
2v0 Vo e l 
fo eee 
mM JWEo Jo m Jweo 


These equations can be somewhat simplified by 
normalizing the units of distance, velocity, and current 
density. Let 


y= (x—x.)/D, (10) 


where x, is the position of the virtual cathode, and let 
the unit of velocity a be such that 


oe (11) 


where D is the unit of distance for normalization and J» 
is the unit of current density. Then, in terms of these 


normalized units 
2 
0 


v=1J+—VJ,, (12) 
70 


Vo(u?— 007) yyt (u*V0y— 300°V0y— j2000) J, 
+[—(2/9)—2jOvevoy+ Pro JJ = —(2/9)7, (13) 


where 
6=wD/a and pw?=kTo/mo’. (14) 
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P= yp? 


Fic. 4. Merging of Child’s law region in the cathode region. 


For different regions one may choose different values 
of D and a subject to Eq. (11). Hereafter, only normal- 
ized quantities will be used unless otherwise specified. 


1.3 Solution of the dc Equations 


It follows immediately from Eq. (1b) that at the 
virtual cathode, at which y=0, Eyo=0, 29= uw. In general, 
v Satisfies the following integral equation 


oe e( 1416 ras [io f= (15) 


This equation cannot be solved without lengthy 
numerical computations, except for the two following 
special cases: For | y| «1 


matt 6487/2 iit (16) 
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which is obtained by assuming for v a power series 
expansion around y=0. For those values of y for which 
(v0/u)*>>1+ log(v0/p)*, 
vo= yl. (17) 
This will occur for sufficiently large positive values of 
y, and it corresponds to the region in which Child’s law 
is valid. Inasmuch as there is no simple expression for 
the region in between, it has been decided to fill in this 
region by matching Eq. (16) to Eq. (17). It is seen 
from Fig. 4 that they intersect at y=yn=2.4y! at 
which v9= 1.76. Thus the dc solution, of which the ac 
solution is a perturbation, will be taken as follows: 


for y<2.4y!, v is given by Eq. (16) 


for y>2.4y!, v is given by Eq. (17). (18) 


All these assumptions will be approximately satisfied 
if the ratio of current density to saturation current 
density is not too small. The voltage, V, relative to the 
virtual cathode in the region y<0 is 


4Vosy 1 1 
V=- —( + eee ) 
9uw\2 18y3 08,3 


Vo=moe/2\e|. (19) 





Let subscripts 1 and 2 denote conditions at the cathode 
and anode, respectively. 


eV ,/kT=logJo/J:, (20) 


J, being the saturation current density. 
Choosing a such that 4eV»/9kT = —1, it follows from 
Eq. (20) that 


n= —(210¢~) [1- 0. 12(2 tog |: (21) 
“() (2): 
o(s)] 


With this choice of D and a, y is the same as Hahn’s s 
and Langmuir’s ¢=1.583y. Also, 1.=0.61. Thus given 
To, Jo, and d, one may compute y; from Eq. (21), D 
from Eq. (22), and hence x,. Then knowing ys, one 
computes V2 from Eqs. (16) and (17), and V, from Eq. 
(20). Thus V2—V, is the required voltage. Hahn has 
already shown that for y>0, V computed from his 
theory agrees fairly well with that obtained by Lang- 
muir. The agreement in the region y<0 between this 
theory and that of Langmuir is shown in Fig. 5 in 
which y, is plotted against J,/J». It is seen that for 
J ,/Jo<3, the agreement is fairly good. An exact solu- 


tion of the dc equation is given in the appendix. It will 
not be used here. 
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1.4 Solution of the ac Equation 
The ac equation is 


(ee — 00°) J yy + (u*v0y— 300*r0y— jr?) Jy 
+[— (2/9) —276v0v0y+ Pr JJ = —(2/9)I. (13) 


It should be noted that this differential equation has a 
singularity at y=0. In view of this, the homogeneous 
differential equation (J=0) possesses only one regular 
solution at y=0. Thus there are only two constants to be 
determined, J and the arbitrary constant of the regular 
solution. The required initial conditions will be given 
later. 

An approximate solution of Eq. (13) is obtained as 
follows. Rewriting Eq. (13) in the form 


fZA vt wt yZBiy'J yt y2Cuy'J = —(2/9)Iy. (23) 


From Eq. (16) 


Ao= — 3! 


A,;=—} 

Bo= w(— 3 —j2e) 

By= —3(1+j2€) 

Co= —2/9[1— (9/2) 2+ j3e] 


21 
C= —-—0(-4et-) 
9 yw! 


e= Ou'=0.47 w/w» 


1 
4 


=2X10-%e—— (24) 


Jo| Snptent 


where w, is the plasma frequency at the virtual cathode. 
One assumes a power-series solution. 


J= Zany" (25) 
0 


in the region y,;<y<2.4y}. Equating coefficients of 
powers of y, one has 


C 271 
4 ——ag—-- —, 


Bo 9Bo 


ao Co 
| —ct B+C)—| 
2(Ao+Bo) Bo 


Byt+Cy 271 


aman, (35 
2(Ao+Bo) 9 Bo 


This expansion will not be carried out further here. 

It will be assumed that in view of the smallness of y 
the first three terms of the series suffice to approximate 
J in this region. In the region y>2.4y! a solution is ob- 
tained in the following manner. In this region 1 is 


given” by Eq. (17), which implies physically that the 
effects of the initial thermal-velocity spread may be 
neglected. It will be assumed that this is still true for 
the ac process, since it is a perturbation of the dc 
process. This is equivalent to putting »=0 in Eq. (13). 
The solution of Eq. (13) is now 





C1 C2 21 
J= (+5) exp(— 730Z) —-——_, (27) 
Z22 OFZ? 
L=y, (28) 
Ci 2¢2 
v= — (+ ) exp(— 730Z) 
— AG3@ 7302 
2I 2Z 
ome n-—). (29) 
9FZ? 730 


c, and cz are computed by matching the value of J,, and 
Imy at y=ymn=2.4u! of this solution to that derived 
from Eq. (25). Thus 

J m= At 1Ym+ A2Ym’, 


30 
J my= 1+ 242m, (30) 


and 


27 
€1= (22 mJ m+ j300m) exp(730Z m) — exp(j30Zm), (31) 


J 
C2= (—Z mJ m— J30Z mdm) €XP(730Z m) 


Za. 1 
of 21(—+ =) exp(j30Zm), 
730 98 


Bais 
t= Zi( Jut—), (32) 
730 


The transit angle B,,2 from matching point to anode is 
equal to 
30(Z2—Zm) = 3.9e(Z2—Zm). (33) 


Thus the solution of the ac problem has been re- 
duced to the determination of a» and J. It is here that 
the problems of ac impedance (Fig. 2) and fluctuations 
(Fig. 3) diverge. It is to be noted from Eq. (24) that 
the frequency appears only in the quantity «. For a 
given set of dc conditions, the ac behavior of a diodet 
is determined solely by the ratio of the applied fre- 


CURVE | 


RVE 
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Fic. 5. Variation of position of virtual cathode with anode cur- 
rent. Curve 1 is computed from equations in this paper and curve 2 
from Langmuir’s curves. y; is the normalized coordinate of the 
cathode, Jo is the anode direct-current density, and J, is the 
saturation-current density. 


t This is not an approximate relation and may be shown to be 
always true by replacing vm by Y =2?/y? in Eq. (13). 
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quency to the plasma frequency at the virtual cathode. 
Thus ¢ plays an important role and determines whether 
the process is to be classified as high or low frequency. 
For electron guns as used in microwave tubes, the 
process is definitely one of high frequency, as will be 
shown later. The initial conditions that J must satisfy 
will now be given. 


1.5 Initial Conditions for Current Density J 
As mentioned previously, the initial conditions are 


different for the cases of ac impedance (Fig. 2) and 
fluctuations (Fig. 3). They will be treated separately. 


1.5.1 Case 1: ac Impedance 
At y=¥y, the initial conditions are 
J= Ji, (34a) 
J,=0. (34b) 
The second initial condition corresponds to the state- 
ment that the ac density is zero at the cathode. This 
will be so, since the density at the cathode, which is the 
source of electrons, is determined solely by conditions 
inside the metal and the image forces. These correspond 
to forces that are much greater than those applied by 
external means. 
From Eq. (25) 
dot ayitayr=Ji, - 
(35) 
a;+ 2axzy,=0. 
Equations (35), (26), and (27) may now be solved for 


the coefficients and J. The ac voltage drop, V, may be 
computed as follows: 


V=— ‘ite 
jweo 


“U- I)dy. (36) 


The ac saan 
Zac= —(V/I). (37) 


While the problem of the calculation of ac impedance 
has, been solved in principle, it is not possible to obtain 
results for a particular case without lengthy numerical 
computations. Only the case of y,=0 will be considered 
here. 

It is of interest to digress for a moment to observe 
how Eq. (27) may be used to solve the complete-space- 
charge diode of Llewellyn." Here, the dc relation Eq. 
(17) holds up to y=0 at the cathode. The values of ¢,, 
¢2, and J are determined solely by the initial condition 
J=J, at y=0 and J; is finite. Thus, for J to be finite 
at Z=0, it follows immediately that 





2I 
G8 oom, 
jBu 
21 
¢e=— : (38) 
PB? 


‘See reference 4, p. 45. Here the thermal-velocity spread is 
entirely neglected, giving for this case Z,,=0. 





Hence, 
2I ‘heme JBw2Z exp(— jB12.Z) —exp(—jB2Z) 

J= } (39) 
PBL z 


Using the initial condition in Eq. (39), 


[= J). (40) 


It will also follow automatically that at Z=0, v and E 
are both zero. It should be noted that Llewellyn was 
forced to assume that »>=0 or E=0 at the cathode, but 
actually this follows automatically from Maxwell’s 
equations for a complete-space-charge region. 


1.5.2 Case 1A: Calculation of ac Impedance for y,=0 


Here 
ag = Ji, 


a\>= 0, 
T=(1—(9/2)é+ j3eVi, 


a2= Ji. (41) 
125/2 





It is to be noted that J is not equal to J, 
lyn’s case. 
The value of the other constants are 


as in Llewel- 


2J 
c= ——[1—(9/2)¢+ j3e](1+ p) exp i. 136, 
js 


2J 
= act) — (9/2)é+ j3€](1+-9) expj4.13e, (42) 


_ 4. 13+-4.25¢) 
p=<— (43) 
a” — (9/2)é+ j 3€ 





€ 
reer Tne Ma 35e— 17.28+ 7(15e— 
1+ j3e— (9/2) 


The modulation at the anode and ac impedance is 
given by 


2 1—(9/2)é+ 73¢ 


J2=——pJ) 
9 


4.13) ]. (44) 





e 


X{1—[jBm2(1+ p)+1+¢] expj(4.13e—Bns)}, 
2  1—(9/2)e-+ j3¢ 


va= ——pJ 
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[7Bm2(1+ p)+2+ 29] 
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Xexpj(4.13e—Bms)}, (45) 
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where Bn2=30(Z2—Z,,), the transit time in the Child’s 
law region. 
Zec= Zac +Za0, 


d 
Za”= —| 1+ 


Jweo 





J m2 


Xexp[_j(4.13e—Bm2) ]+2—jBm2}}, (46) 


kT, 4 Ge 6d 
ae-F Es 


m Jeqw* JweoB m2? 
X{(—jBm2p— p—q) expLj(4.13e— Baz) ] 
+ p(j4.13¢+ 1)+4.13e+94+71.35Bmou*} 
2.5—j0.435e  2.5—12.5e+ je(—8+-2¢) 
G= = : 
1—(9/2)é+- 73¢ 1+-(81/4)e 
For small ¢, Ze“ reduces to Llewellyn’s formula. 
For large Bn2 these formulas may be simplified some- 
what. It may be noted that for large Bno there will 
always be a resistive component, while the Llewellyn 
formula predicts a purely capacitative component. 


Physically, this is to be expected in view of the velocity 
spread. The value of the impedance at high frequencies, 


| 
kTo ¥Ge 1 
Zo= |- (— —+d|—. (48) 


™m™ (7) | WEo 








(47) 


It is seen that for &>0.2 there is always a positive 
resistive component of the impedance. Also, it is 
possible to conceive values of €, w, To, and d for which 
Z. has a considerable resistive component. This could 
possibly be checked experimentally by methods similar 
to those employed by Robertson.” 


1.5.3 Case 2: Fluctuations in Diodes 
At y=y, the initial conditions are 
J=J;, (49) 
and the circuit equation is 
V=1Z1, (50) 


in which V is given by Eq. (36). 

Sufficient conditions are now known to determine the 
constants in Eqs. (26) and (27). Unfortunately, the 
work required to compute the fluctuations for all values 
of Z;, is very great. Thus, only the case of the open cir- 
cuit, Z,= © and J=0, will be discussed here. This is 
the case of interest for the diode region in the electron 
gun of the traveling-wave tube. Furthermore, it is seen 
from Eqs. (27) and (29) that for large transit angles, 
J_and v2 will not depend on J. Hence, for large transit 


*S. D. Robertson, Bell System Tech. J. 28, 619 (1949). 


angles the open-circuit case will be a good approxima- 
tion for all diode terminations. 

For the open-circuit case, J=0, the constants are 
given as follows: 


ao 1 


a 1+-y1(a1/a0)+:2(a2/a0) 
a, 1—4.52+ 736 


a  1.41(1+73e)’ 





a2 1 ay 
me —— 2.12et (4+ js] (51) 
5.65 


ao ao 


From these the current modulation J; and velocity 
modulation v2 at the anode can be computed as follows: 





J: 1 C 1 Ce 

— =( ——+—— ) exp—jBm, (52) 
Jy Z2J, Z2J; 

V2 ( Ze (1 2 ™ (53) 
_—_— . —_ , _ exp— 7 m2) 

Ji IB m2 Ji IB m2 Ji 


and 


1 J ms Um 
—_—= (212-4397) expj4.13e, 











Jy 1 1 
" ( 112-7 54.13 =) 4.13 
—=f{ —1.12—— 74.13e— } expj4.13e, 
Ji 1 J; 
Sea a a2\ ao 
Sa (1.13 41.28— _, 
1 do ao/ Jy 
Ses Fa S om 
ai.11(=+ ), 
Ji Jy 73.9 Ji 
J ue a a2\ a 
=3.35(—+2.26— —_, (54) 
Ji ao ao Jy 
Also at the virtual cathode 
J = 
0.61+-2.75é ap 
v¢.= ———_- —. (55) 
9?—j3e Ji 


To convert to unnormalized units (denoted by a sub- 
script ) one uses the following: 


Ju=(F/IiSIiu 


V.= (-)—(—) 1.65, (56) 
J; Jo m 


(JrwS)?= eI oSdf, (57) 


where S is the cross-sectional area of the beam under 
consideration. 


and 
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Io be the total beam current, and I';* and g? be the 
corresponding factors at the anode. These noise factors 
have the following values in the RPHP theory: 


g?=q?=0.86 
T'?=2.2(€/Z,)*. 


These noise factors have been plotted versus ¢ in 
Figs. 6 through 9. It is seen that the noise factors de- 
crease as y becomes more negative and that they vary 
with y, ¢, and Z2. Furthermore, there is no question as 
to the coherence of the various fluctuations, since they 
are all derived from the shot-noise fluctuations at the 
cathode. The phase angle between the current and 
velocity fluctuations at the anode (62) and virtual 
cathode (6,) is plotted against ¢ in Fig. 10. It is seen 
that 4 is almost 90 degrees for large Z2. However, it is 
not exactly 90 degrees and does deviate about 3 degrees, 
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Fic. 6. Current fluctuation at the virtual cathode as a function of 
frequency, e=0.47 w/wyp. (JoS*)4=T22el od f. 





Thus, with the use of Eqs. (52) through (57), one 8 
may compute the value of all fluctuating-field quanti- 6 
ties. The corresponding equations derived from the 
RPHP theory are: At the virtual cathode 6 

Vu =0.655(RkTo/m)*J 1u/Jo, (55a) 
2 

and at the anode® 
kTo\* Siw ma 

Ve,= — 0.655 (— — exp—j3.%Z2, (53a) 
m Jo . 
2.36¢ ° 
Jou=j (0.655) J 14 exp— 3.9€Z>. (52a) 4 


To convert from Pierce’s notation to the one used 
here, one uses the fact that By,» (transit angle from 
virtual cathode to anode) = 3.9eZ2. An important deduc- 


tion from the RPHP theory is that J2, and v2, are 90 10 
degrees out of phase and that 8 
Tou/V2u= — §2.36€] o/Z2(kTo/m)}. (58) . 


This ratio is still true for large Z2 in our theory, as 

can be seen from Eqs. (52) and (53). Thus for large Z2 

it is necessary only to compute 22. 2 
Let the following noise factors be defined: At the 

virtual cathode let “a 


(J ewS)*) w= P22el df, ° Os mg S 2.0 


e kT Fic. 7. Current fluctuation at anode i 
» Be plotted against frequency 
(Deu?) w= Ge— —Adf, €=0.47 w/wy, (J2S?)4=T?2elodf, and Z2=10. The dashed line is 
m Io for the RPHP theory. 
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1.6 Conclusions 


It is possible to work out a theory of ac impedance 
and fluctuations in diodes by accounting for the thermal- 
velocity spread by the hydrostatic pressure method of 
Hahn. 

The equations are difficult to solve, and it becomes 
necessary to make certain approximations. Comparisons 
of these theories and those of Llewellyn for diode im- 
pedance, and those of Rack-Peterson (RP) for fluctua- 
tions are made. It is shown that the high frequency 
impedance always has a resistive component, which 
may be large in some cases, especially in diodes of small 
spacing and low anode currents. In general, the fluctua- 
tions depend on more parameters and may be greater 
than predicted by the RP theory. For a given dc condi- 
tion everything is determined by e, which is propor- 
tional to the ratio of the applied frequency to the plasma 
frequency at the virtual cathode. (e=0.47 w/w,). 
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Fic. 8. Velocity fluctuation at virtual cathode versus frequency. 
€=0.47 w/wy and (02)y=qZekT od f/mI. 
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Fic. 9. Velocity fluctuation at anode as a function of frequency. 
€=0.47 w/wy, (v2) w=qeekT od f/mIo, and Z.=10. 


2. AC PROPERTIES OF DRIFT TUBE 
2.1 General 


The propagation of space-charge waves in an elec- 
tron beam, neglecting the effect of the thermal-velocity 
spread, has been discussed by Hahn? and Ramo.* The 
effect of the thermal-velocity spread will be discussed 
here. 

In this case the beam velocity v is a constant = 4. 
The subscript, d, will denote the value of quantities 
in the drift region. In this region let the normalizing 
parameter a=797. Hence, 


D= (2/9) voa/wa, 
0= (2/9) !w/wa, 


where w, is the plasma frequency in the drift region. 
The differential equation for J now reduces to 


(1p) J yy t+ 20 y+ (2/9—#)J = (2/9)I, 


(59) 


(60) 
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Fic. 10. Phase angle between current and velocity fluctuations 
at the virtual cathode and anode plotted against frequency. 
€=0.47 w/w», 02=angle at anode, 0.=angle at virtual cathode, and 
Z: = 10. 


of which the solution is 

















sag OT Td exp(—TI'\~)+a, exp(—I2x), (61) 
‘ae or ; 
r.= = {1+ (“) (—pe)-tud | , ‘ (62) 
1—p? L\w j 
jv T (wa\? 7 
ne -[(“) (Ind ytud , (63) 
Yo= w/Vod, (64) 
ue = kT o/mv0#. (65) 


2.2 Modes in an Infinite Beam 


a, and da: are arbitrary constants to be determined 
by the initial conditions. There are two possible modes 
in an infinite beam. 


2.2.1 a, and a2=0, 1X0; No Propagation of 
Space-Charge Waves 


This is a mode where there is no propagation. The 
density modulation is zero, while the ac field and 
convection-current density are constant along the x 
direction. 


2.2.2 I=0; a, and a2#0; Propagation of 
Space-Charge Waves 


This is the mode where there is propagation. The case 
of interest is that for which 7 vanishes and u<1. 
Hence, 

P= jro(i+6a), (66) 
l= jyo(1—5a), (67) 


and the correction for the space-charge-wave number is 





ba=—{ 1+ 


Wd kT w i 
w Mod wa 


Solving for a, and a in terms of the current and 
velocity fluctuations at the beginning of the drift 
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region, the current modulation Js, and velocity modula. 
tion 2%, along the drift region is 


I= —expl—jvo(x—x2) ] 


, Pod . 
x Fou SeC$o Sin(do—), (69) 


d 


V3u= Expl — j-¥0(x—x2) ]v2, Secpo COS(do— ¢), (70) 








poa= de density in drift region, (71) 
Jouda wa kT, w*\! 
tan¢do= —— =14—{ 1+ —— i, (72) 
Jv2uPod Wd Mod we? 


which follows from Eqs. (58) and (74). 
$= Yoba(x—x2). (73) 


These expressions are valid for an infinite electron 
beam. For the practical case of a circular electron beam 
of radius b in a circular drift tube of radius a, one may 
account for the finite geometry by applying the correc- 
tion used in the case of no thermal-velocity spread. 
This* is accomplished by reducing the plasma frequency 
wa by a factor given by 


wa’ =wa/[1+(r/y0)*]}}. (74) 


t/yYo is a function of yob and a/b only for small densi- 
ties. A plot of 7/yo versus yob is given in Fig. 11. 

According to Eqs. (69) and (70), Jz. and 23, are 
periodic functions of distance of period 22/yo5,. The 
periodicity of J;, has been observed experimentally by 
several investigators. The effect of temperature is to 
decrease this period. 


3. TRAVELING WAVE-TUBE AMPLIFIER REGION 
3.1 General 


The usual theory of the traveling wave-tube ampli- 
fier, such as that of Pierce,® depends on a knowledge 
of the circuit and ballistic equations. According to 
Pierce and using his notation, the circuit equation for a 
filamentary electron beam is in unnormalized units 


eb suet jr 





2(r?—T’) WC} 


where 1=JS, E=TV, and V is voltage. 
The ballistic equation, which includes the effect of 
thermal-velocity spread, is® 


Io jBIV 
2Vo (jB.—T)*—u#T? 


i, (75) 





where Jo is the total beam current, which equals —J)5, 
and B, is the electron-beam wave number. 


Voda (jB.—T)TV 
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Comparing Eqs. (75) and (76), one has the following 
equation for T: 
gj2B.1°T »1C* us 
+r(4oc+), (77 
(r'?e—T*) Cc? 


where C is the Pierce coupling parameter and QC is the 
Pierce space-charge parameter. 
C= B'Ih/B’P8Vo, 
Q= B./we(E°/ BP). 


Only the case of synchronism and no loss will be 
considered here. Following Pierce,® page 113, let 


T=jB.—jiBC; 6<K1 
[:= 7B. for synchronism. Hence, 
&—[40C+ (u#/C’) ]J6—1=0. (79) 


For small space charge, QC may be approximately 
computed by associating the second term of Eq. (75) 
as because of the propagation of space-charge waves in 
the electron beam independently of the external cir- 
cuit. Thus, 





(jB.-T)*= 


(78) 


wl; Io jBT 
al ed , (80) 
gj 2V_0 (GB.—T)?—wI” 
and the value of I is given by Eq. (66). Thus, approxi- 
mately 





wC,/B.= I,/2 Vo(w/w»)?*, (81) 
where w, is the plasma frequency in this region. Hence, 
40C = (w,/w)?1/C?. (82) 


A more rigorous solution would be obtained by 
utilizing the expression of Eq. (76) in the various 
field theories of the traveling wave tube. This will not 
be carried out here. 

It is of interest to digress for a moment to observe 
that the space-charge parameter of Pierce for small QC 
may be obtained by modifying the ballistic equation 
to include a polarization term. Neglecting thermal- 
velocity spread, the equation of motion is 


md»/dt= el E—(P/eo) ]; (83) 


P, which is the polarization, equals moef. ¢ is the ac dis- 
placement of an electron. The reason for this is as fol- 
lows: The acceleration of an electron is proportional 
to the force, F, acting on the electron under considera- 
tion. E, however, includes the force resulting from the 
electron under consideration. Thus, in order to obtain 
F, one must subtract the force resulting from the elec- 
tron, which is approximated on the average by the 
electric field in a small slice bounded by infinite parallel 
planes around the electric field. 
This force equals P/eo. Hence F=E—(P/eo). The 
alternating current 
oP Io jB TV 
(aa (84) 


at 2Vo(jB.—T)*+(wr/w)*BE 
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Fic. 11. Correction factor to the plasma frequency in the drift 
tube for beam and drift-tube geometries. R is the ratio of the 
radius of the drift tube to the radius of the beam. yo=w/toq= 22f/ 
beam velocity. we’/wa=1/[1+(1r/yo)*]!, where wa is the plasma 
frequency in the drift tube. and wg’ is the plasma frequency cor- 
rected for beam and drift-tube geometries. 


Combining this with the circuit equation (75) and 
with C;= ©, one has 


72B.1°T1C* wr\? 
(jB,.—T)?=—_—_——--- (=) B2. (85) 
(Tf2—TI"*) w 


Now since I’ can be approximated by 7B, for small 
space charge at synchronism and using Eq. (82), it is 
seen that Eq. (85) is equivalent to Eq. (76) for ua=0. 
Thus, in this case the Pierce space-charge correction 
may be accounted for on purely ballistic grounds. 


3.2 Computation of Gain and Noise Figure 


Let 
2,=40C (=) 
= 7 w c? 
ue kT, 1 
ce cone aoe 
C2 moa C? 
2=0,4+-Q,, (86) 
then 
&—25—1=0. (79a) 


The three solutions of this cubic correspond to three 
propagating modes of voltage amplitudes V,,, m=1, 2, 3. 
The distribution among the three modes is determined 
by the initial conditions, which are 





j 
DL En=E:—-—LT win, (87) 
wl; 
jB.—-T » 2V, 
5 En= en (88) 
(jB.— T'n)?— Malm? Vo 
En 2Vo 
JsuS. (89) 





GjBe—T'n)?—pal en? {Belo 


Only the case of nai will be treated here. With 
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this condition these equations reduce to Sn 2Vo 
>~—= — BEC*I 3.8, (92) 
3 22.C 2 bn? = GBD 
$u(i-M*)-2, oo 
1  - Sm? 22,C Q, 
ém= E,,/1— —-—. (93) 
Cm 2 VoB.C bm é.,. 
a (91) 
m Voa Thus, the gaining wave £, (6, is complex) is given by 
2VoB.C 2V BEC 
Extj (—6:—22.C)v3.— (++ 2) Jus 
(: 20,C Q; Voda jB elo 
=f 1— les 


b =) ’ *) bs , (4) 
. ( -)( ~) 


The noise figure F is given by 





2VoBC 2V BEC 1 
J (— 129.0) -———(—+.0) Jn,5 
Vod IB 1 6, 























F-1= ’ 95 
E./? (95) 
Now from Eq. (70) and Fig. 9 according to Eq. (68). Hence, 
é kT» F-— i= ge To sec’do 
| su |*=qu*— ——df sec*o cos*(do— 9), : 
i TS 2C T. 1+2Y? 
1 2 
Pod x |j(—6:—28.C)— v(—+2) , (99) 
Jau=— j— tan($o— $)030. (96) —_ 
ba 1 
, Y= > a tan(B.CQ}(x3— 22) — do), (100) 
Also in rms values Q} 
4V ead Vi Ss © 
9 9 0 = sec? = +. s —_— 1 —- 4 
siete Mata (97) Ho [- ) ( er" =a 
0 
In Fig. 12, 5; has been plotted against 2. Thus one 
where 7, is the ambient temperature. Hence, has all the necessary formulas to compute F. 
4.0 


qe To sec’ 6,1? 
2C T, 1+ (62/C)*Y? 





0.8 


2 











1 
x|j(-0-200)-¥(—+2) » (98) Ce os 
5; = 
Y= C/é8a tan(¢o— x 04 
a 
in which 7) is the cathode temperature. This may be 
further reduced by noting that 02 
wa’ kT, w* \3 
tandy=14=—( 1+ =) ; ° 
Mod wa? 3 Oo4 0.8 a 1.2 1.6 20 
= Fic. 12. Relative phase shift 5,;, logarithmic gain 5,2, and |41)*, 
(54/C)?=Q, (72) 5:= —511—Jjé12 are plotted against 2=40C-+ET o/mioeX1/C. 
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Fic. 13. Reduction in noise figure by thermal-velocity spread in a 
current-modulated electron beam. 


It is seen that the noise figure is a periodic function 
of the length of the drift tube of period +/B,CQ'. Thus 
it is possible to vary Y from 0 to « by varying the 
length of the drift tube. These correspond to the cases 
where the beam emerges from the drift tube with only 
velocity modulation or only current modulation, re- 
spectively. In general, 2,C is quite small. Hence, Eq. (98) 
may be rewritten as 


9 
- 


0 
F-1=—— sec*gof1, 


1 2 
ie r(—+2)| 
6, 


1+02Y? 


(101) 


where 





f= (102) 


Thus, f; measures the effect of the drift tube and the 
traveling-wave tube while the other factor measures the 
effect of the diode. In those cases where Q, is much larger 
than Q,, the effect of the thermal spread will appear only 
in the factor qg*. This is probably the case in practice 
since w”’~1X10~ for a 500-volt beam, and (w4’/w)? 
will be greater than 10~*. In the case where Q, is much 
less than 2, there will be a reduction in the noise factor 
because of the thermal-velocity spread, which can be 
estimated by considering the cases Y=0 and Y=. 
For Y=0, 





fi= ||, (103) 
which is plotted in Fig. 12. For Y= ~, 
1 2 
, b 
fi=——————. (104) 
Q? 


A plot of |(1/5)+Q|* against @ is given in Fig. 13. 
hus, it is seen that there is a reduction in noise factor 
because of the thermal-velocity spread. 
It should be remarked that in actual practice C and Q 
are not too easy to evaluate. Thus a rigorous theory of 


the effect of thermal-velocity spread can exist only in a 
field theory. 

The case of 2,=0 and g*=0.86 has already been dis- 
cussed in great detail by others, such as the Stanford 
group. This will not be discussed here. 

A numerical example is as follows: 


diode spacing =0.635 cm 
beam radius = 0.064 cm 
drift-tube radius =0.192 cm 


To = 1000°K 
dc diode voltage = 500 volts 
direct-current density = 63 X 10-* amp/cm? 


w =3X 10'*/cycle 
"yob =1.5 
T/Yo =l 

wa’ =0.7X 10° 
C =0.075{ 

€ = 1.34 

22 =10 

q? =0.6 

Tr? =0.04 

Q, =0.08 

% =0.02 

y1 =—1§ 


In this case, as seen from Eq. (101), the effect of the 
thermal-velocity spread will be felt only in the factor gq’. 
Thus, the RPHP theory in practice will be qualitatively 
correct. One cannot, however, expect a quantitative 
agreement between theory and experiment as seen from 
Fig. 9. For less dense electron beams the RPHP theory 
will not be qualitatively correct, since the effect result- 
ing from Q, will predominate. 


4. CONCLUSIONS 


It is possible to find the effect of the thermal velocity 
on noise figure by extending a method of Hahn. This 
effect can be characterized by the calculation of two 
quantities, go? and Q;. For a given set of dc conditions 
in the diode region, g,* is a function only of ¢, which is 
proportional to the ratio of applied frequency to the 
plasma frequency at the virtual cathode. It is this 
quantity e that determines whether the process is to be 
characterized as that of low or high frequency. Com- 
putations are given for gq’ as a function of ¢. These 
results agree with those computed from the Rack- 
Peterson theory only under certain conditions. 

For those cases where 2,<40QC, the effect of the ther- 
mal-velocity spread will be determined solely by 4,’. 
Thus, the RPHP theory will still give qualitatively 
correct results. Experimental agreement with the RPHP 
theory within a few decibels, however, is not to be 
expected. 

‘The noise figure F at synchronism is given by 


1 
jot v(—+2) 
6 


t This was computed from Fig. A6.5 in Pierce’s book and is 
probably too high. 


§ This assumes a saturation-current density of 120 ma/cm?. 


» (99a) 


qe To sec*do 
F-1=— — 
2C T,1+2Y? 
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Fic. 14. Potential distribution in diode with thermal ve- 
locities according to Langmuir (dashed) and Hahn (solid) curves. 
n=eV/kTo and f=1.58y. 


where gq,’ is a function of ¢ and is given in Fig. 9, 
kT> 1 


Mog c 





2=490C+ 


1 
Y= -_ tan[ B,CQ'l.— do |, (100) 
la=(xs—%2)=length of drift tube, and 4, is given in 
Fig. 12. 

In the course of this work the general theory of the 
diode, including the effect of the thermal-velocity 
spread, has also been derived. An experimental check 
of this theory would be to measure the diode resistance 
at very high frequencies. 
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6. APPENDIX 
For the exact solution of the dc equation we may start with 
Eq. (15) 
—_— ~) 4 v dy 
V9 s'(1+10e% +5 J, dy f “ (15) 
Introducing the new independent variable 
_ pre 
| ee 0 0%’ (15a) 
one obtains 
4 
v¢?/p? = 1+-logo,?/ w+ f prodp (15b) 


and, differentiating this with p, it follows 


2 4 
200%0p = 210+ gr» (15¢) 
of which the solution is 
uw 1 
— 2u= oe, (15d) 
and 
1 p*\3 
teat (14+ 5 j aay: re (15e) 


The expressions for y and the potential distribution follow from 
Eq. (15e). Thus, 


4) | P 

i= a aie 

y/p p+al(14+2 ihe (15f) 
_v _ 2p an cade pf Y | 
""5T, 9L2* 72 4 a 1+36) P}, (Se) 
P=p/u'. (15h) 


p and P vary from — © to +. As p approaches — ©, y ap- 
proaches the asymptotic value —4u!=—1.9. A curve of » versus 
$(1.58y) is shown in Fig. 14, which is compared to the correspond- 
ing curve of Langmuir. 
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The formal solution for the scattering of a plane wave by an arbitrary configuration of parallel cylinders 
previously presented is specialized to consider the case where al! the axes lie in the same plane. The scattered 
wave is expressed as an infinite sum of orders of scattering, the first order being the usual single scattering 
approximation. It is shown that the far field form of the multiply scattered orders is symmetrical with 
respect to the plane of the configuration for minimum spacing large compared to wavelength. Hence, for the 
analogous configuration of bosses on a perfectly conducting plane, departures from the predictions of single 
scattering theory should occur primarily for the component polarized perpendicular to the elements. The 
problem of two cylinders is considered in detail, the multiply scattered orders being summed explicitly 
subject to the above conditions. Approximate solutions for radii very small compared to wavelength are 
derived, the wavelengths for which the effects of multiple scattering are greatest are investigated, and a 
criterion for the use of the single scattering hypothesis presented. Solutions for two bosses and a single 
cylinder parallel to a nonabsorbing plane are also stated. Both the electromagnetic and acoustic cases are 


treated. 





1, INTRODUCTION 


N a previous paper,' a formal solution for the scatter- 

ing of a plane wave, ¥;=exp[iKr cos(0+ a) ], by 
an arbitrary configuration of N+1 parallel cylinders 
of radii a, was obtained; the usual prescribed boundary 
conditions were satisfied simultaneously at all surfaces 
by explicitly taking into account all contributions 
to the excitation of each cylinder by the radiation 
scattered by the remaining cylinders. The scattered 
wave was expressed as an infinite sum of “orders of 
scattering,” or 


r) N ) 
iat 2h eed 2) Vy =L » *A,H,(Kr,) 
XK ein (Oetata/2)+iK-ros > *B,”, (1) 


where V=y++y; is the velocity potential for acoustics 
or the scalars of the Hertz vector potentials for elec- 
tromagnetics ;? the *A, are the scattering coefficients of 
the single cylinder (e.g., *An=—J,(Ka,)/H,(Ka,) for 
V|r,=a,=0, etc.); H is the Hankel function of the first 
kind to correspond to outgoing waves for the suppressed 
time factor exp(—iw/); r, and @, are the coordinates of 
a field point P in the coordinate frame of the s-th 
cylinder, the polar axis of all frames being parallel to 
the x-axis; and r,, is the position of the s-th cylinder 
from the reference origin. 

The *B,”™ equal unity for m=1, y' being the first 
order of scattering (resulting from the excitation of 

* This work was supported in part by Contract AF-19(122)42 
with the U. S. Air Force through sponsorship of the Geophysics 
Research Division of the Air Force Cambridge Research Center, 
Air Materiel Command. The mathematical details of this paper 
and further discussion will be found in “Multiple Scattering of 
Radiation, Part I,” Research Report EM-34, Math. Research 
Group, W.S.C., N.Y.U., 1951, Chapters 2 and 3. 

1V. Twersky, J. Acoust. Soc. Am. 24, 42 (1952). This paper also 
contains a representative bibliography of previous work in multiple 


scattering. 
*See Appendix. 


each cylinder by only the incident plane wave), and 
Yity' is the usual single scattering approximation. 
For the higher orders the *B,”, comprising sums of 
products of the scattering coefficients of the single 
cylinder and Hankel and trigonometric functions of the 
geometry, can be written for brevity as the formal 
product, 


(m—1) 


*B,™= II {> ig “A nvld nu—1—nu( Kr eu—1en) 


w=(1) nw ob 


Xexp[ —i(n*— n*)(0,u-1,u-+a+7/2) 
+iK-tu-1J}, (2) 


where yp indicates the number of primes distinguishing 
the indices; r,,.°, 9,., etc., are the coordinates that 
locate cylinder s’ with respect to cylinder s; and >) au’ 
indicates that s‘=s*~! is excluded from the sum. 

In the present and in subsequent papers we will 
specialize this result for application to specific con- 
figurations or distributions of general interest. Section 
2, in which the general expression is specialized for an 
arbitrary planar configuration and an “asymptotic” 
representation obtained, is in its present context 
merely a step in the derivation of the solution for two 
cylinders, the simplest configuration and consequently 
the first to be treated in any detail. However, because 
of an interesting physical consequence of a symmetry 
property of the far field form of the multiply scattered 
waves, which obtains for all planar configurations with 
minimum spacing large compared to wavelength, this 
material has been separated and the discussion carried 
over to the analogous problem of semicylindrical bosses 
on an infinite perfectly conducting plane. The bosses 
on the plane provide a simple model to treat scattered 
reflection from a striated surface, and it is shown that 
only the component polarized perpendicular to the ele- 
ments will exhibit departures from single scattering 
theory to this order of approximation. 
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Fic, 1. Arbitrary planar configuration of parallel cylinders. 


Section 3 deals with two identical cylinders. For 
separation large compared to wavelength and small 
compared to the distance of observation, the far field 
form of the multiply scattered orders are summed to 
obtain an explicit representation based on the solution 
for the single cylinder. Approximate solutions, for radii 
very small compared to wavelength, are then investi- 
gated. Sections 4 and 5 treat two variations of the two- 
cylinder problem ; two bosses on a nonabsorbing plane, 
and a single cylinder parallel to a nonabsorbing plane. 


2. PLANAR CONFIGURATION 


Consider a plane wave incident on a configuration of 
cylinders whose axes lie in the zy-plane parallel to the 
z-axis as in Fig. 1. The midpoint of the configuration 
is taken as the origin of the reference coordinates r, 0, 
z, or x, y, 2; the distance from the s-th cylinder to the 
field point P is r,=[a*+(y—y,)*]!, where y, is the dis- 
tance of the s-th cylinder from the reference origin. 
The separation of any two cylinders is r4.°= Yee 
= | yr — Vs] =€se(Ver—Ye), Where €,,.= +1 for s’=s, the 
angle this positive vector makes with the x-axis being 
6,4’=€,,%/2. The phase of the incident wave at the 
s-th cylinder is K-r,,=—Ky, sina, while the phase 
difference between the waves originating at cylinders 
sand s’ is K-r,..= —€,.y..K sina. Substituting these 
values into (1) and (2) yields the total scattered wave 
for a planar configuration 


y=>> i” oe 64 nll ,(Kr,)ei 9 tk vsina 
xd IT expLi(n*—n'!)x/2 TQ” A ny 


x A nw - 1nw( Kyau - 1n)exp[ — 1€ su —leu 
X[K yen—ten Sine-+ (n*!—n*)x/2] explin” a]. (3) 


For Kr,>1, Kr,>>|n|, and Ky,u-1.>>1, Ky.u—140 
>|n*-'—n*| (the conditions on the indices to be met 
by restricting the remaining parameters so that the 
‘A, approach zero rapidly with increasing m), we can 
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employ H,(X)—(2/irX)! exp(iX —ivr/2)=H)(X)i- 
where it is understood that Ho is the asymptotic repre. 
sentation. Substituting into (3), letting sina=A, and 
suppressing K for brevity yields the “asymptotic form,” 


V= 2-1)" Z *AnHolra einen 
DT De "A nw o(yeu—10n) 
Sena —fase—sel Ye —1,nA + (n*—!—n*)x/2J]} 
XexpLin™Y(a+n)]. (4) 


It can be seen that the multiply scattered terms are 
all symmetrical with respect to the plane of the con- 


' figuration, ie., the factor exp[in(@,—¢,.1/2] they 


possess assures us that only the sines of an odd multiple 
of @ or the cosines of an even multiple of @ will appear 
when the terms of positive and negative m are added. 
This result can be interpreted as indicating that sub- 
ject to these conditions the multiple excitations of each 
cylinder are caused by the waves scattered by the 
remaining cylinders at angles of 2=-+7/2, or in the 
plane of the configuration. 

We will employ (4) in most future discussions be- 
cause of the marked simplification it introduces. It 
should be kept in mind, however, that by its use we 
consistently neglect terms of the order of, or less than, 
— 2iH,)/X compared to Ho, where X = (Kyzs’) min. Hence 
the multiply scattered orders also possess components 
symmetrical with respect to the x-axis, but these are 
small provided that the minimum spacing is large com- 
pared to wavelength. Although not necessarily negli- 
gible their effects are relatively slight compared to 
those of the Ho terms and will be ignored for simplicity 
although by so doing we introduce discrepancies in 
regard to order of magnitude of X in the terms retained. 
The restrictions on X, tacit in the above, are that 
X>1, X>Ka,, and these minimize the shielding effects 
which the present form ignores. 

For the analogous configuration of semicylindrical 
bosses of arbitrary physical constants on an infinite 
nonabsorbing plane and an incident plane wave y,(7—@) 
(the image of the previous ¥;=y,(0) obtained by re- 
placing 8 by r—8), the solution is obtained by treat- 
ing the “image problem,” i.e., the previous configura- 
tion of cylinders with two incident plane waves which 
are images in the removed plane. (See treatment of the 
analogous single scattering problems.**) Thus for the 
component polarized perpendicular to the axes of 
bosses on a perfectly conducting plane (or a rigid plane 
for acoustics), the total incident wave for the image 
problem is ¥;(@)+y.:(r— 6); the total scattered wave is 
y’=V(0,)+¥(r—8,), where ¥(0,) is as in (3) or (4) and 
¥(r—6,) has @, replaced by +—@,; and the total re- 
flected wave for the boss problem is y,”=y,(0)+y’”. 
For the component polarized parallel to the axes (or 

3 Rayleigh, Phil. Mag. 14, 350 (1907). 


4V. Twersky, J. Acoust. Soc. Am. 22, 539 (1950); 23, 336 
(1951); and J. Appl. Phys. 22, 825 (1951). 














- 


‘“) 


— 
~~ 


—— 


—= «om 6 8 


se SY) —_ ‘ . 





MULTIPLE SCATTERING OF RADIATION 409 


a plane of zero impedance for acoustics), the total in- 
cident wave for the image problem is taken as y,(6) 
—y(r—6); the total scattered wave is ¥/=y(6,) 
—y(r—6,); and the total reflected wave for the boss 
problem is ¥-’=¥i(8)+y’. 

Hence as a consequence of the symmetry of the 
multiply scattered orders for the asymptotic case, we 
obtain ¥/’"=2y” while ¥’"=0, where the y’s are as in 
(4) with m>1. (For specific configurations we employ 
(3) to obtain the next order terms in X when y’"=0.) 
Thus to.this order of approximation the perpendicular 
component will show the effect of multiple scattering 
while the parallel component is simply the single scat- 
tered quantity. It is interesting to note that “anomalies” 
of single scattering theory which have been observed 
experimentally with reflection gratings® were observed 
primarily for the perpendicular component (departures 
being relatively slight or nondetectable for the parallel 
component), and also that the expression obtained by 
Rayleigh® for reflection from striated surfaces did not 
predict the behavior of the perpendicular component. 
(In subsequent papers we will treat the grating and a 
random planar configuration in detail.) 


3. TWO CYLINDERS 


The solution of the scattering problem for two identi- 
cal cylinders as in Fig. 2 is obtained by substituting 
¥u—1u= 2b, ye=Sb, and €,n-1,4=S*=+1 into (3) for 
the planar configuration and adding y;. Similarly the 
asymptotic form for the total scattered wave is ob- 
tained by introducing these values into (4). For r>>2b 
we may employ r,~r—sb sin0, 0,~0—(sb/r,)cosé—0, 
so that on neglecting sb siné<r in the denominator of 
the square root in H)(r,), we obtain Ho(r,)—Ho(r) 
Xexp(—isKb sin@). To this order of ‘’approximation, 
and employing y= KO(siné+sina) = T+ A, Ho(Kr)=Ho 
and H)(2Kb) =H for brevity, the total scattered wave is 


(m—1) 
v=Hy > (—- 1)"A,e'"? _ ev) Ae II 


s=+l m u=(1) 
X{¥ Anu DL’ expl—is4(2A+ (mn — n*)x/2]]} 
Xexplin™ (a+) ], (5) 


which can be put in a form in which all the even and all 
the odd multiply scattered orders can be summed 
explicitly. 

Thus on summing the terms for positive and negative 
values of m, we obtain after a certain amount of book- 
keeping that 


¥=2Ho{C cosy + AT .+-H°C,T 0+ H'CT.---}. (6) 
For brevity we have employed C=}°e,A,, cosn(@+a), 


5R. W. Wood, Phil. Mag. 4, 396 (1902) ; 23, 310 (1912); Phys. 
Rev. 48, 928 (1935); J. Strong, Phys. Rev. 49, 291 (1936); L. R. 
Ingersoll, Astrophys. J. 51, 129 (1920), and Phys. Rev. 17, 493 
(1921). Parallel anomalies have been investigated by C. H. Palmer 
but the results have not yet been published. 





Fic. 2. Two cylinders. 


(n=0 to n*~X+2; X=Ka or X=vKa, where » is the 
index of refraction; ¢,=1 if nm=0, ¢,=2 if n>0O); 


T'.=43)> €nAn cosn(0+72/2)> enw An’ cosn’(a—2/2) 
X((—1)**"’e-*7’+- e#7 ]= €, cosy’+i@p siny’, 


where @, contains all terms in which » and n’ have even 
parity, @o contains those of odd parity, and where 
vy =y—2A=T—A; Cr=DoenAn(—1)"; and IT, is I, 
with a replaced by —a. The presence of the various 
terms in the multiply scattered orders may be inter- 
preted as follows: the factor H"-'=[H)(2Kb) }"” in- 
dicates the number of times the singly scattered wave 
giving rise to the m’th order of scattering has trans- 
versed the spacing 26; the “single cylinder factor’ C 
with a=7/2, in I’, and Ip, indicates that the excitation 
reaches the cylinders in the plane of their axes; the 
factor C with 6=—7/2 in I, in the even orders indi- 
cates that each cylinder scatters these order in the 
direction of the remaining cylinder whose first order of 
scattering initiated these terms; the factor C with 
6=2/2 in Tp in the odd orders indicates that these are 
scattered in the same direction as its own first order of 
scattering; while the intervening factors or multiples 
of C, corresponding to the many “internal reflections,” 
indicate that the radiation involved is the back scattered 
radiation of each cylinder. The quantity y=K0b(siné 
+sina) appearing in the odd orders is the usual Fraun- 
hofer double slit phase factor equaling half the phase 
difference in the single scattered waves arriving at an 
observation point P from corresponding parts of the 
two cylinders. The quantity y’=y—2Kob sina in the 
even orders possesses the additional phase difference 
of the primary excitation of the two cylinders, agreeing 
with the above interpretation that the even orders of 
each cylinder arise from the first order of the remaining 
cylinder. Similarly the odd multiple orders of each 
cylinder possess only y since these can be traced back 
to the cylinder’s own first order of scattering which 
has been merely rescattered by the remaining cylinder. 

Summing the geometrical progressions in (6) yields 


Y=V+D.0"+ Lo "= 2A o{C cosy 
+H(l.+HC,T0)/(1—(HC,)*}}, (7) 


provided that | (HC,)?| <1 so that the present approxi- 
mate representation is convergent. This expression con- 


‘ 
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stitutes the far field scattered wave for two identical 
parallel cylinders with separation large compared to 
wavelength and radius, and separation small compared 
to the distance of observation. It is basically no more 
difficult to employ for numerical calculations than the 
solution for the single cylinder, the only other terms 
involved being simple trigonometric or algebraic 
functions. 

For normal incidence or observation, a or 6=0, we 
have [,=I'o=T and (7) reduces to 


¥=2H LC cosy+TH/(1—HC,)], (8) 


where y= Kb sin@ for a=0. For either the forward or 
back scattered wave, 02=0 or 0=7, respectively, I’ re- 
duces to [> ’e,A,cos(mr/2)?, while Ccosy yields 
> ¢en,4An=C® for the former and C, for the latter. Nu- 
merical calculations are particularly simple for these 
values of a and @ and attempts to verify these expres- 
sions should be undertaken. 

For these cases, sina=0, the primary excitations of 
the cylinders are in phase, as are, as a consequence, their 
excitations in any particular order of scattering; thus 
the waves leaving the two cylinders are initially in 
phase in each order of scattering. Furthermore, since 
6=0 or 7, we are observing along the “central maxi- 
mum”’ of cosy so that the waves of each order of scatter- 
ing arrive in phase at P. Hence from elementary physical 
considerations we expect that the effects of multiple 
scattering would be greatest, and yield an increase over 
the scattered intensity predicted by single scattering 
theory, for those wavelengths for which all orders were 
in phase. Were we to take into account only the phase 
factors arising from the number of times each multiply 
scattered wave (or rather its corresponding excitation) 
traversed the spacing 2b, we would expect the greatest 
effects to occur for the wavelengths \= 2b/p, 2Kb=2pr, 
which are integral fractions of the spacing. It is clear 
from our expressions, however, that all orders are not 
in phase for these wavelengths; they still differ by the 
phase factors arising from the complex scattering coeffi- 
cients of the single cylinder, as well as by the multiples 
of —ix/4 which are a consequence of the cylindrical 
character of the waves. Thus the multiply scattered 
orders differ in phase from the first order by 
expi[_ — arg(C)+ arg(T)+ (m—1)(2Kb—2/4)+ (m— 2) 
x arg(C,) |=exp(i8,,), and from each other by expi[2Kb 
—/4+arg(C,) |=exp(i8). For the special cases where 
Bn reduces to (m—1)8, we can readily determine the 
“resonance” wavelengths for which all orders are in 
phase and reinforce the first from the requirement that 
B=1; similarly from B=—1 we can determine the 
wavelengths for which successive orders are out of 
phase and partially annul the first. 

Similarly for arbitrary angles of incidence we would 
require the conditions 2Kb=2pm and 2Kb sina=2)’r, 
where p and ?’ are both integral or both half odd inte- 
gral, or 2Kb(ittsina)=2p,7, where py and p_ are 
integral, to eliminate the phase differences arising from 





VICTOR TWERSKY 


the primary excitation and the spacing. Although the 
orders are not in phase for these values, they simplify 
the general expression (7) considerably. Thus for Y=or 
(the “principal maxima” of cosy) and for these condj- 
tions, (7) reduces to 


= 2-1) C+IG/(1—WC x) +4G,/(1FKC,)], (0) 


where h=(irKb)—' and where G=)-€,A, cosn(6-+-2/2) 
X Dien An cosn’(a—2/2), the subscripts e and o in. 
dicating that » and n’ are both even or both odd. It 
can be seen that the multiply scattered orders have 
reduced to two components; the even component con- 
taining G, for which successive orders differ in phase 
by arg(C,)—2/4, and the odd containing Gp for which 
successive orders differ by arg(C,)+-2—7/4. Hence for 
the wavelengths satisfying 2Kb(1:sine)-+ arg(C,)—x/4 
=2p.7, all terms of the even component are in phase 
while those of the odd are 180° out of phase, and con- 
versely for 2p, replaced by (26,+1)x. The two com- 
ponents, however, are out of phase with each other as 
well as with the first order, and successive orders of 
scattering of the configuration are neither in nor out of 
phase, nor is it clear that resonance wavelengths exist 
for the general case. 

For the limiting case of Ka—0, however, and for 
certain boundary conditions, we will be able to deter- 
mine by inspection the wavelengths for which the 
“maximal effects” of multiple scattering occur, or for 
which the departures from single scattering theory are 
most pronounced. 


Mode Approximations, Ka—0 


In this section we will obtain approximate solutions 
for the case of cylinders whose radii are very small com- 
pared to wavelength. For the single cylinder and 
Ka=X-—0 the series representation for the scattered 
wave is very rapidly convergent so that retaining only 
the first three terms of C, or Ao+2A; cos(0+a) 
+2A>2cos2(6+«), yields a solution correct to X‘. For 
two (or more) cylinders there are essentially two pro- 
cedures we can follow; either we expand (7) as a power 
series in X and retain only all terms to a specified power 
of X (so that we neglect all but the first few orders of 
scattering), or else we retain all orders of scattering and 
neglect all but the leading terms in X. To illustrate the 
first procedure, we obtain a solution correct to X‘ by 
retaining only Ao, Ai, and Ag in y' and Ao’, AoA1, At 
in ¥’; all the remaining individual terms of the y” are 
at least as small as X® [and also smaller because of 
(Kb)--»?)]. Because of the product form of the y”, 
however, there is a rapid increase of the number of 
terms containing each power of X (particularly, if 
there are many cylinders) so that the sum of all terms 
containing X to powers greater than 4 may be appreci- 
able and of the same order of magnitude as the terms 
retained. 

The alternate procedure, say retaining only all terms 
containing A» and A, in all orders of scattering, is based 
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on the fact that the A, correspond to the modes of 
gscillation of one cylinder. Thus if we assume, for ex- 
ample, that each cylinder can oscillate only in the “Ao 
mode,” or that each scatters isotropically regardless of 
the wave form of the incident radiation, we would retain 
only the terms containing Ao in all orders of scattering.® 
While this assumption seems physically plausible, it is 
apparent from our expressions that by its use we intro- 
duce discrepancies in regard to the powers of X retained 
(in addition to the discrepancies in powers of (Kb) 
introduced previously in using the asymptotic form of 
(4)). The virtue of this procedure, which we employ 
primarily for heuristic purposes, is that all orders of 
scattering are retained, albeit only the largest term of 
each, to yield a physically plausible, explicit solution 
which can be analyzed without resorting to numerical 
computations. In this regard we note that this procedure 
when applied to the problem of the grating’ yields good 
agreement with the experimental data of reference 5. 
We will consider the three “modes,” Ao, Ai, and 


Apt A. 
‘‘A, Mode” Isotropic Scatterers 


For an incident plane wave polarized parallel to a 
cylinder’s axis, or for a cylinder of zero impedance in 
acoustics, and Ka-—-0, the largest coefficient is Ao 
=iBy'*, where Bo and ¢ are real and positive. Thus 
for a nonferromagnetic conducting dielectric By=2X? 
X[(ke—1)?-+ (o/ew)*]!/4, p=tan[o/w(e’—e)]; for a 
perfect dielectric Bo=aX*(ke—1)/4, g=0; and for a 
perfect conductor or a cylinder of zero impedance 
Bo=2/2 In(2/cX), g=2. (The notation is for mks 
units as in Stratton,* k.=«’/e, and c=1.781.) For the 
first two cases we write By= 2X"?/4 for brevity. 

Invoking the mode hypothesis yields 


v=> Y"=W'(14+AocH cosy'/cosy)/(1—AeH?), (10) 


where ¥'= 2H ,Ao cosy. The physical interpretation of 
this solution is that each cylinder is excited by a plane 
wave and by a superposition of symmetrical cylindrical 
waves having a common origin, which in effect are 
plane on arrival because of 2Kb>1, Ka<1. The cylinder 
responds to both of these excitations by scattering 
isotropically, or the cylinder can but radiate in the 
“Ay mode.” 

An analytic criterion for the range of validity of the 
single scattering approximation is furnished by the re- 
quirement that B= | (y—y')/y|<1, or that the sum of 
the multiple orders of scattering be small compared to 
the total scattered wave. Thus when y= 7’ we have 
B= | AoH | = | ¥/p'| = Bo(xKb)-. The logarithmic case, 
B=(d/2b)!/2 In(2/cX), is the worst as far as the 


* Essentially this sort of assumption is tacit in most previous 
work on multiple scattering. 

7V. Twersky, “Multiple Scattering of Radiation, Part II,” 
Research Report EM-39, Math. Research Group, W.S.C., New 
York University (1951). 

*J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941). 


usefulness of single scattering theory is concerned. 
Thus for X=0.5, 0.05, and 0.005, the ratio of spacing 
to wavelength must be 144, 9, and 4, respectively, 
for the higher orders of scattering to contribute less 
than 5 percent. For the other case, B= (A/2b)4(X’/2)?, 
so that even relatively large values such as X’~0.3 and 
spacing of the order of magnitude of the wavelength 
yield B~S percent. 

We note that this criterion could have been obtained 
simply and more directly from rather elementary 
physical considerations. For these ranges of the pa- 
rameters, the solution of the single cylinder equals 
H(2Kb) Ao on arrival at the second cylinder. The wave, 
the second cylinder scatters in response, is then propor- 
tional to this excitation factor, so that the smallness 
of the factor insures that the second-order wave scat- 
tered by the cylinder is negligible; similarly for the 
higher orders. Furthermore this same sort of approach 
could have been employed to write down the scattered 
wave for this problem immediately. Thus we generalize 
(10) by inspection and by means of these considerations 
to the case where the cylinders have different parameters 
to obtain 


y = H(A ot A o )cosy 
+2A0Ao'H cosy’ ]/(1—AoAo’H”), (10) 
which also includes the case of spherical scatterers if 


the appropriate coefficients and functions are sub- 
stituted. 


For the present case the discussion following (8) can 
be extended to determine the actual wavelengths for 
which the effects of multiple scattering are maximal. 
Rewriting (10) as 
v= HoAdLe'r(1+ Be*#4) 

+e-*1(1+ Be'#t#4) 1/(1— Bre*), (11) 
where B=2Kb+ ¢+7/4 and A=Kb sina, the maximal 
wavelengths can be determined by inspection. Thus 
for wavelengths satisfying 
2Kb(itsina)+9+7/4=2psmr, psi=1, 2, 3---, 
(11) reduces to 

¥=2HoAo cosy/(1— B)=y'(1+ B+ B*---), (13) 


all orders of scattering being in phase and reinforcing 
the first to yield intensity maxima. Similarly for wave- 
lengths satisfying 


2Kb(itsina)+ 9+7/4=(2p4.+1)z, 


(12) 


(12’) 
we obtain 
Y= 2HoAo cosy/(1+ B)=y'(1— B+ BP— B---), 13’) 


successive orders of scattering being 180° out of phase 
and partially annulling the first to decrease the intensity 
predicted by single scattering theory. Hence the “prin- 
ciple maxima” of the single scattered wave as deter- 
mined by y= q7 will be most intensified at angles of ob- 
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servation given by sin@é=(q— p’)/(p—¢/2x—4), where 
b'=(p+—p_)/2 and p=(p,+p_)/2, and most reduced 
for the values obtained by replacing 4 by 3 in this 
relation. We also note that for these wavelengths 
multiple scattering has no effect on the absolute minima 
of the scattered intensity as, determined by cosy, since 
both ¥' and y vanish for y=gor/2 (go being odd). In 
general, however, only the odd orders of scattering 
vanish for this condition, and the further condition 
2A=qm is required for the total scattered wave to 
vanish; the waves scattered by each cylinder are then 
completely out of phase with those from the other on 
arrival at P. 

It can be seen that if the wavelengths satisfy only 
one of the conditions of either (12) or (12’) the effects 
of multiple scattering are also relatively strong. Thus 
for 8+2A =2p,7, (11) reduces to 


v= HoAofe'7+ (1+ Boe“ 

+ (e'7+ Be‘) B(1+ B)e8/(1— Bre®*)}. 
Hence for y=gz we obtain 
Y= HoAo(—1){2+ B+ B(1+B)%/(1— Bre®)}, (15) 


which we interpret as increasing the scattered intensity 
relative to its singly scattered value; the first order of 
scattering of both cylinders being in phase with the 
second order of —1, the second order of +1 being in 
phase with the third order of both and with the fourth 
order of —1, the fourth order of +1 being in phase with 
the fifth order of both and the sixth order of —1, etc. 

Similarly for one of the conditions of (12’) there is 
a certain amount of annulment among the various 
orders of scattering. Thus for 6+2A=(2p,+1)z, we 
obtain (14, 15) with B replaced by —B, and interpret 
the second of these as decreasing the scattered intensity 
relative to its single scattered value. 

Plotting K vs a for the set of conditions of (12) yield- 
ing an increase, for both +24A, yields a set of straight 
lines forming a “network.’’ Similarly for the set yielding 
a decrease, (12’), we obtain the same graph but the 
two networks are displaced from each other along the 
K-axis by +/2b. Physically the plot would correspond 
to a series of correlated “spectrograms” for different 
angles of incidence in which the lines of the first 
network correspond to bright bands, and the lines of 
the second to dark bands. We note that for the perfect 
conductor B«)!/In(\/cra), so that the most pro- 
nounced departures from single scattering theory occur 
for the longer wavelengths, while for the dielectrics 
B«)~}, and the effects of the multiple scattering fall 
off rapidly with increasing wavelength. 


“A, Mode” 


For a plane wave polarized perpendicular to the axis 
of a dielectric cylinder or for a gaseous cylinder in 
acoustics, and Ka-—0, the largest coefficient is A, 
=iB,e'*. Thus for a nonferromagnetic conducting 
dielectric B,= (rX?/4){((k.— 1)?+ (0/ew)*]/[(k-+ 1)” 


(14) 





VICTOR TWERSKY 


+ (c/ew)*}}4, p=tan-{20/ew[ k.2— 1+ (c/ew)*}}, while 
By=1X*(k.— 1)/4(k.+1), g=0, for a perfect dielectric 
(or for a gaseous cylinder if ke=p’/p is the ratio of the 
densities). Retaining only this coefficient in the complete 
solution yields 


Y=V)+y.'(1+2Ai1H cosy’/cosy)/ 
(1—(241H)*J=y.+¥., (16) 


where ¥'= 4H A 1(cos# cosa—sin9 sina)cosy=y,'+y;) (¢ 
and o indicating the even and odd components, re. 
spectively). It can be seen that to this order of approxi- 
mation in Kd only the component symmetrical with 
respect to the plane of the configuration is effected by 
multiple scattering, the solution reducing to its single 
scattered value for either normal incidence or observa. 
tion. Physically each cylinder is excited by a plane 
wave and by a superposition of cylindrical waves whose 
amplitude is a maximum along the line joining the 
cylinders’ axes. The cylinder responds to each of these 
excitations by scattering a cylindrical wave having 
maximum amplitude along the direction of incidence 
(or that determined by the two axes), or the cylinders 
can but radiate in the “A; mode.” 

We note that y. is formally identical with (10) so 
that most of the previous material is pertinent for the 
present case as well. For the maximal conditions of 
(12) and (12’) with the appropriate values of ¢ we obtain 


v=¥-+y.'/(1F2B), (17) 


where B= B,(xKb)-'. Hence for small angles of in- 
cidence or observation the intensity differs little from 
its single scattered value. As a and @ increase, however, 
the odd component becomes more effective; finally, 
for either grazing incidence or observation the expres- 
sions for the total scattered wave are formally identical 
with those discussed previously for isotropic scatterers. 
We see, therefore, that for large a or @ for a perfect 
dielectric, maximal effects of the same type and of the 
same order of magnitude (neglecting the cosé cosa 
factor) occur for both the perpendicular and parallel 
components, and at the same wavelengths. For the 
conducting dielectric the phase factors ¢ are no longer 


zero, and the maximal effects will not in general occur ' 


simultaneously for both components at the same 
wavelengths. 


“A,+A, Mode” 


For a plane wave polarized perpendicular to the axis 
of a perfectly conducting (or ferromagnetic) cylinder, 
or for a rigid cylinder or one of large impedance in 
acoustics, and Ka—0, the largest coefficients are Ao 
= iBge'*o and A,=iBy,e'*:. Retaining only these terms 
yields ¥'=2H ol Ao+2A cos(@+<a) | and 


V=V'+2HoH{(Ae—4A? sind sina)cosy’ 
—_ i2A oA (sind — sina)siny’+ H(A on! 2A 1) 
X[(A2+4A # siné sina)cosy —i2A 9A 1(siné 
+sina) ]}}{1—H2(Ao—2A1)?}", (18) 
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MULTIPLE SCATTERING OF RADIATION 


ghich is the sum of the Ao and A, modes plus “coupling 
terms” in AoAx. If 2A=2p'm and y=gqr, this reduces 
(essentially as for (9)) to 


y=V(1+2HA 1)/[1— H(Ao—2A1) J 
+'(1+ AoH)/[1+H(Ao—2A1)]+'¥-1, (19) 


where °y' is the first-order scattered wave containing 
only Ao, and similarly 'y' contains only Aj; e and o in- 
dicate even and odd as previously. 

For normal incidence or observation 'y,' vanishes 
and y is similar to the forms discussed previously, 
although complicated by the presence of both A» and 
Ay; the multiplier of *y' is real for the conditions of 
(12, 12’) with g=argl Ao/(1+2HA,) |. For very large 
qand @ the character of the multiple scattering effects 
are determined primarily by the multiplier of 'y,! 
which is real for the conditions of (12, 12’) with ¢ 
=arg( —2A1/(1+AoH)]. In general, the two terms 
(corresponding to the even and odd components of 
(9)) “compete” to determine the character of the effects. 

For a perfectly conducting or rigid cylinder, Ao 
=—A,=—inX?/4=iBoe* and the multipliers in (19) 
reduce to (1—2AoH)/(1—3AoH) and (1+AoH)/(1 


Fic. 3. Two semi- 
cylindrical bosses on 
a plane. 





+3A oH). Hence for the wavelengths of (12) and (12’) 
we obtain 


y= B’ B[ (1+3B)—4(1F3B)— sind sina], (20) 


where y'= B’[1—2 cos(@+a) ], B’=(—1)*X2(x/2Kr)}, 
and B= X*(r/Kb)}/4; the top and bottom signs corre- 
spond respectively to the conditions of (12) and (12’). 
It can be seen that although for certain wavelengths 
\~/'|* may be greater than unity for normal incidence, 
it may be less than unity for larger angles, and con- 
versely. Comparison of (20) with the result for parallel 
polarization for the perfect conductor indicates that 
for a small and @ large the bands are of the same type 
for the two cases, while the bands are of opposite type 
for a and @ large; the effects are also much more 
pronounced for the parallel component. The forward 
scattered wave, 0=—a, is y= B’{—1FBlL(1+3B)" 
+4(1--3B)— sin’a }},, while the backscattered wave, 
§=n—a, isy = B’ {3 BL (14+3B)"—4(1F3B)“sin’a ]}. 
Thus for small a and wavelengths satisfying (12), the 
intensity of the former is increased while that of the 
latter is decreased, and conversely for the wavelengths 
of (12’). For large a, however, both intensities are in- 
creased for the wavelengths of (12) and both decreased 
for those of (12’). 
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For simplicity, we have considered only the scattered 
wave. For comparison with experiment, however, one 
must also take into account the incident plane wave to 
derive the total intensities which are usually measured. 
For acoustics the total mean square pressure and radial 
component of the acoustic intensity to the order of r~} 
are given by 


P* = (p'w?/2)(1+2f+|y|*], I=(Kwp/2){cos(@+a) 
+[1+cos(6+«a) ]f+|y|?}, (21) 


where f=Re{y expl—iKr cos(@+a) ]} indicates the 
interference of the incident and scattered wave. 
For electromagnetics we specify the incident wave 
by E;={2£’[sin(0+a)ro+cos(@+a) 00 |— E’ ko}exp[iKr 
Xcos(@+a)], where E” and E’ are the polarization 
components perpendicular and parallel to the cylinders’ 
axes. The total polarization intensity and radial Poyn- 
ting flux to the order of r~ are then 


J=E-E*/2={|E”|*[1+2 cos(@+a)f"+ |W’ |*] 
| + | E’|*(1+2f'+ |W |*}}/2, 
S=(K/2pw)[| E” |*{cos(6+-a)+[1+cos(6+e) ]f” 
+ |W’ |?}+ | EB’ |*{cos(6+a) 
+[1+cos(0+a) ]f’+|y’|?}], (22) 


the values of f”’, |¥’’|? for the perpendicular component, 
and those for f’, |~’|* for the parallel component being 
obtained from the derived y’s with the appropriate 
values of the A’s for the single cylinder. Since f is, in 
general, greater than |y|* for Ka<1, its extrema deter- 
mines those of the total radiation. 


4. TWO BOSSES ON AN INFINITE PLANE 


For the analogous problems of nonspecular reflection 
from two bosses on an infinite perfectly conducting 
plane, as in the right half of Fig. 3, the total reflected 
wave and its scattered component are obtained by the 
image method discussed in section 2 and indicated 
schematically in Fig. 3. Thus from the explicit form of 
y in (7) we have 


¥”’ =4Ho{C,. cosy+ H(l.+HC,To)/[1—(HC;)*]}}, 
¥’ =4H0C_ cosy, 


where p’=7(0)+Y(r—0) and ¥’=y(0)—yY(r—8) are 
respectively the scattered components polarized per- 
pendicular and parallel to the bosses, Cy=lenAn 
Xcosn(a+2/2)cosn(@—2/2), and C_=—2)0A, sinn(a 
+72/2)sinn(@—2/2). Similarly for the mode approxima- 
tions for dielectric bosses we have y~’’=2yo with Yo as 
in (16), while ¥/=0; y”’ is also the scattered wave for 
gaseous bosses on a rigid plane. For perfectly conducting 
bosses, ¥’’ = 2» where Yo is ¥ of (18) without the term 
in cos@ cosa, while ¥’=8A,'H) cos@ cosa cosy (where 
Aj’ equalling Ao as for the perpendicular component, 
was previously neglected compared to the logarithmic 
coefficient); ¥’’ is also the solution for a rigid surface. 
As a consequence of the symmetry of the multiply 
scattered*orders with respect to the plane for Kb>1, 


(23) 
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departures from single scattering theory are indicated 
only for the perpendicular component to lowest order 
in Kb. Proceeding to the next order of magnitude in 
Kb for the parallel component, however, we obtain 
from (3) 


WV = 8AoH)(r)cos@ cosa[_cosy 
+ Ao(Hot H2)cosy’]/[1—Ac’(Hot+H2)*], (24) 


the effects being much less for this component, since 
Hot+H2=2H,/Kb=—i2H)/Kb. For the conditions p’ 
=2Kb+2A—12/4=2pi9, and p’=(2p,+1)x, corre- 
sponding respectively to (12) and (12’), (24) reduces to 


¥ =4B’(1+2B/Kb)— cosé cosa, (24’) 


where B’ and B are as in (20). We note that not only 
are the maximal effects much less for this case than for 
two cylinders and parallel polarization discussed in the 
previous section, both because of the factor Kb and 
the fact that the previous A» was logarithmic in (Ka), 
but also that the peaks of the effects fall at shorter 
wavelengths for the present case. We also note that the 
present effects decrease with increasing \ while for two 
cylinders they increased. 

For an incident wave specified by E,(r—6)={—E” 
[sin(@— a) ro+cos(@—«) Oo |+ E’ ko} e~**"*(*-) the to- 
tal reflected intensities are given by (22) with the 
present values of the y’s, the wave E;=E,(@) stated 
previously for the two cylinders being the specularly 
reflected component for the present problem. 


5. CYLINDER AND INFINITE PLANE 


The solution of the scattering problem for two cylin- 
ders enables us to treat the scattering reflection problem 
of a cylinder parallel to an infinite nonabsorbing plane 
as in the top half of Fig. 4; we will employ the image 
method indicated in the figure. For the component 
polarized perpendicular to the cylinder’s axis (or for 
a rigid plane), the incident wave for the image problem 
is ¥,(0)+yW(—6), where ¥;(—9) is the original ¥; with 
6 replaced by —8; the total scattered wave is ¥+=y/(6) 
+y(—6); while the sum of the scattered and reflected 
waves for the cylinder and plane problem is ¥,+=y* 
+wy,(—6). Similarly for the component polarized paral- 
lel to the cylinder’s axis the total incident wave is 
vy (0)—yW(—6), the scattered wave is ¥=y(6)—y(— 8), 
while ¥,-=y~~ —y,(— 0). Thus from (7) we obtain 


y+ = 2H[ C(a+ 0)cosy+C(a—@)cosy’ 
+HA(T.4AT»)/(1HC,)]. 


(25) 
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Both scattered components therefore show maxima] 
effects of the type previously discussed. 

Subject to the mode hypothesis we obtain for 4 
A,, and Ao+ Ai, respectively, . 


¥~=—4HoAp sinT sinA/(1+HAo), 
¥it =8H,A,[cosT cosA cosé cosa 
+sinT sinA sin@ sina/(1+-2HA,)], 

¥+=4H,{ cosT cosA(Ao+2A; cos@ cosa) 

+2A,sinT sinA siné sina ]+4HoH[1— H(A, 

—2A,)}°[Ae cosT cosA—4A}? sinT sinA 

Xsin@ sina—i2A 9A ;(sinT cosA sin 

+cosT sinA sina) ], (26) 


where T= Kb sin@ and A= Kb sina. 

The parallel polarization component, ~~, vanishes 
when @ or 6=0, or for grazing incidence or emergence, 
and has its “principal maxima” when T and A equal 
an odd multiple of 7/2. The maximal effects of multiple 
scattering are determined by the conditions of (12) and 
(12’), the former yielding the minima and the latter the 
maxima for the present case. Similarly for the per- 
pendicular component for the dielectric cases, y;*, the 
odd term behaves essentially as y~ for a or @ large (in 
the vicinity of the surface normal), while the even 
component is free of multiple scattering and has its 
maxima for 7 and A equalling an integral multiple of 7, 
For ¥* with two coefficients, as for the perfect conductor 
or rigid cylinder, etc., the situation is more complicated, 
It is simpler than for two cylinders or two bosses, how- 
ever, inasmuch as the odd and even components have 
identical denominators; hence the previous competition 
for the character of the bands is absent. 

The writer is grateful to Professor Joseph B. Keller 
for his aid and to Professor Fritz Reiche and Dr. Jerry 
Shmoys for their interest. 


APPENDIX 


The electromagnetic field is obtained from the Hertz potentials 
by means of 





iE’aw"” = aw” ” 
~ Kr ry i aK)” E'V'k, 
-E! aw’ aw’ 
H= {! _3R yt } 
Kr 000 aK t EY boy: 


where n= K/yw=(e/u)4 in mks units, E” and E’ are the polariza- 
tion amplitudes perpendicular and parallel to the cylinders’ axes, 
and W”.’=y;+y’"’. The wave functions y” and y’ are as in (1), 
(3), etc., and differ only in the values of the *A, they contain, the 
*A,, being determined from the usual boundary conditions for the 
single cylinder. For the far field scattered wave the above reduce to 


Ec= E”'y’'0.— E''ko, He=7L[E'y'O,.4+- Ey ko]. 
The acoustic field, or particle velocity and excess pressure, is 


obtained by means of V=VW, p=iwpY; p is the density of the 
undisturbed medium. 
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Formulas are given which express the theoretical line shape obtained in a semicircular beta-ray spec- 
trometer. The sources are taken to be plane, uniform, and isotropic. Line shapes of a monoenergetic electron 
group are studied as a function of the angle between source and focal planes. The treatment given applies 
only to the electrons emerging perpendicular to the magnetic field. However, conditions simulating the 
requirements for qualitative applicability of the formulas may be obtained practically by slitting out elec- 
trons having.appreciable momentum components along the field. Two figures are given which illustrate line 


shapes for various spectrometer geometries. 





KNOWLEDGE of the line shape formed by a 

monoenergetic electron group upon the focal 
plane of a beta-ray spectrometer is of importance in 
investigations dealing with quantitative electron radia- 
tion studies. It is also useful to serve as a guide for 
adjusting the spectrometer slit and source arrangements 
for either high resolution or large intensities. Several 
writers! have discussed phases of this problem, and some 
of these have considered, in a qualitative manner, as- 
pects of the problem treated in this note: the effect of 
tilting the electron source at an angle with the focal 
plane. 

The exact treatment given below assumes an iso- 
tropically emitting plane source and considers effec- 
tively a “two-dimensional” spectrometer. In practice 
this latter condition can be achieved by a fairly strin- 
gent slitting in the direction of the field. Attention is 
focused upon the line shape resulting from a mono- 
energetic group. Since the particles having appreciable 
momentum along the field are slitted out, all focused 
electrons will have a common radius of curvature, R, 
governed by the field intensity and electron energy. 

Figure 1, with the field perpendicular to the paper, 
shows a plane section of the source, slits, and focal 
plane. The source of length 2a is inclined at angle a 
with respect to the focal plane, and its center is distant 
d from this plane. The trajectory of a typical particle 
is described by the large arc, center 0. The source co- 
ordinates of the particle are given by x, the source 
position, and @, the initial ejection angle from the source 
normal. On the focal plane the coordinates are y, the 
perpendicular distance from d, and the angle ¢. 

Defining A by Eq. (1), the transformation equations 
(2) readily follow 


A=(d cosa—y sina)/R, (1) 
sind+sing= A (2) 
x=¥y cosa+d sina~ R{cosé-+(1—(A—siné)*)#]. 


* Sponsored in part by the AEC. 

t Now at the University of Illinois, Department of Physics. 
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If Zo is the total disintegration rate of the source, 
then the radiation from the source element dx into 
angle d@ is simply 


I(x, 0)dxd0= (Io/42a)dxd0. (3) 


To evaluate the line density as a function of y it is 
necessary to integrate over the angle ¢ at the point y. 
Since ¢, @ are in one-one correspondence for a given y, 
it is convenient to integrate over @ instead. In this case, 


0, x Ox 
1(0, y)d6dy=1(6, x)J ( ) ody —I(0, x)d@dy. (4) 
4, y dy 


A simple calculation shows that 


Ox sina(sin@é— A) 
—=cosa+ . 
dy [1—(A—siné)?}} 





(S) 


Thus integrating over 0, the line density at y becomes 


62 sina(sin@— A) 


. [1—(A—siné)?]} 





Iody 
I(y)dy=—— 
4ra 6) 


dé | cosa (6) 


The reduction to standard form of this elliptic in- 
tegral requires a little care, in that the parameter A 
becomes negative when R is large enough that points 
y lie beyond the intersection of the extended source 
line with the focal plane. This situation only arises for 
positive angles of a. To conserve space the reduction is 
carried out only for A>O, but the final forms will be 
given for both cases. 
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Fic, 2. Graphical construction for determination of angle limits. 


Using the transformation of Eq. (7) and the ter- 


minology of Eq. (8) the intensity formula transforms 
into Eq. (9) 


1/1+sind—A 
sints=-(———_); A>0. (7) 

n 1+sin@ 
R=1—}A*; n=1-}|A]. (8) 


Io 
I(y)= | cosa(os— 6,) 
4a 


b2 dé 
+ sina| af 
6, (1—m sin’5)(1—? sin®d)! 


A+1 . ne 9 
“440, rant © 


Following the defining equations for the Jacobian 
zeta- and eta-functions? the elliptic integral of the third 
kind becomes 








f dé 
0 (1—m sin’6)(1— sin’)! 


SHV 


=u+ 








O(v—) . 
| uzno-+3 In | (10) 


cnvdnv O(v+4u 


where « is the elliptic integral of the first kind, Eq. 
(11), and » is defined by Eq. (12) 


é dé 
u= f a” (11) 
o (1—F sins)! 


k?sn?v=n. (12) 


For this case as follows from Eq. (8) and the definitions 
of the elliptic functions, 


(Asnv)/(cnvdnv) = 2. (13) 


* Smithsonian Misc. Coll., Vol. 74, No. 1, Pub. 2672. 





416 C. M. FOWLER AND P. DOMOTOR 


Combining Eqs. (9) to (13), the final reduction becomes 


I 
I(y)= | cosa(o,— 6;)+sina | (2Znv—1)(u2— 1) 
4ra 





6(v— Ue) O(v-+;) 
"~al rer | (14) 


For the case of negative A, with the same definitions 


for k and n, the suitable transformation corresponding 
to Eq. (7) is 


sin*6= 1/n[(1+sin@)/(1+sind—A)]; A<0. (15) 


The formula for the line intensity is the same as that 
of Eq. (14) except the factor (2Znv—1) is replaced by 
(2Znv— A—1). 

The determination of the @-limits and thus the j 
and (6) limits according to Eqs. (7) and (11) can be 
obtained graphically with sufficient accuracy, as shown 
in Fig. 2. Here both sample and slit widths have been 
exaggerated for clarity of construction. The inter. 
sections of the four circles, all with radius R centered 
at at, a~, s*, and s-, define an area A, which contains 
the centers of all the particle trajectory circles which 
can originate from the source and pass through the 
slits. To determine the 6-limits corresponding to an 
arbitrary point y= P, a circle of radius R is constructed 
with P as center. The intersections 6 and c of this circle 
with the periphery of the area A, determine the limiting 
angles 6, and 42. Since the point 6 is an intersection with 
the at circle, #2 is measured from the positive source 
limit a+. On the other hand, the positive slit s* deter- 
mines 6,, which is then measured from the intersection 
c’ of the source and a circle, radius R, with c as center. 
For certain conditions, the area A may consist of two 
portions. One of these portions corresponds to particles 
emitted from the sample side of the source. For the 
other area, the particles are emitted in the opposite 
direction. When this situation arises, it is necessary to 
specify that the source backing be permeable or im- 
permeable to the particles, or to assign some particle 
absorption figure. Figure 3 shows such a case, where the 
trajectories whose centers lie in the lower area are 
ejected from one side of the source while those whose 
centers are in the upper area are emitted from the other 
side of the source. As most sources are deposited on 
only one side of the backing, it is evident that under 
the arrangement of this figure some focused emission 
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Fic. 4. Variation of line shape with a. Trajectory radius 4 
cm, slit width 5 mm, (slit symmetrically spaced over source), 
a=1 mm, d=2 cm. 


would have to pass through the backing. In practice 
such arrangements of the spectrometer geometry should 
be avoided. 

Figures 4 and 5* present typical line shapes. In those 
instances where a portion of the electrons penetrate 
the backing, complete transmission is assumed. Figure 4 
shows the continuous improvement in resolution and 
peak intensity as a departs from zero. This behavior 
agrees with that predicted qualitatively by earlier 
writers but is free of the divergences encountered there 
at a=90°. Figure 5 compares the cases of a=0 and 
a=90° for larger radii. The spectrometer geometry 
selected is typical of that used in variable field instru- 


Suitable tables of the eta, zeta, and other elliptic functions may 
be found in reference 2. 
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Fic. 5. Comparison of line shapes for a=0, 90°, for radii 10 
and 15cm, slit width 4 mm (slit symmetrically spaced over source), 
a=1 mm, d=3 cm. 


ments. For these spectrometers the radii ordinarily are 
large enough to permit use of the following approxima- 
tion formula when a=90°. The data of Fig. 5 were so 
computed. 


Io —y—2R siné, 
I oye —| sinr( ) 
87a 2R-—y 


—y—2R sin, 
-sin(————) |. a9 
2R-y 


This equation is derived from Eq. (6) directly 
upon replacing the variable @ by w=A+1-—sin@. For 
large R, the quantity A= —y/R is nearly minus two, 
while sin@ varies in the neighborhood of minus one. 
Thus w is small and only the two lowest powers of w 
have been retained. 
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Viscosity vs Concentration in Polymer Solutions 
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This is the final installment in the current series entitled “Studies in Newtonian Flow.” In this paper, the 
molecular weight—free-space function applicable to n-paraffins m= 100 through m= 240 at various tempera- 
tures is further generalized to apply to homologous series of all Newtonian liquids at constant temperature. 
The resulting molecular weight function thereby loses some fidelity, and the slopes and intercepts no longer 
have physical significance. The generalized logarithmic decrement equation nevertheless reproduces viscosity 
data over extended ranges of molecular weight (at constant temperature) far better than expressions pre- 
viously proposed. The equation is extended to apply to mixtures of liquids and finally to polymer solutions. 





REVIOUS papers of this series have discussed the 
dependence of the viscosity of liquids on tempera- 
ture, on free-space, and on molecular weight and free- 
space in homologous series of pure liquids.' The studies 
on which the first three papers were based were made 
on members of the homologous series of n-alkanes. The 
original measurements were presented earlier in a paper? 
published elsewhere. We will in this paper refer again 
to the m-paraffin data, but will also introduce other 
viscosity data, some of which was obtained by us and 
some by others. Although all of our newly presented 
data are the result of careful measurement and are 
generally accurate to within 1 percent, we by no means 
claim the accuracy in the latter measurements that was 
sought for and obtained in the case of our n-alkane 
study. 


GENERALIZED APPROXIMATE MOLECULAR 
WEIGHT FUNCTION 


Unfortunately, the free-space concept, advanced in 
prior papers of this series, does not lend itself readily 
to the consideration of a variety of chemical families 
because of difficulties in accurately determining the 
magnitude of the free-space. A unique method of extra- 
polating density data to determine the specific volumes 
at absolute zero was employed in the case of the 
n-alkanes, but application of this method to other 
homologous series would be complicated not only by 
lack of data over a sufficient temperature range, but 


also by uncertainties in regard to the influence of asgo- 
ciation upon the final result. Therefore, for the purpose 
of approximate relations at least, it is desirable to 
express the viscosity directly as a function of molecular 
weight (at constant temperature) rather than as a more 
exact function of free-space which itself depends on 
molecular weight as well as on temperature. Such a 
generalized approximate function will now be developed. 

The relatively accurate molecular weight—free-space 
equation developed in the previous paper is 


Inn=C(v0/v;) exp(— K/m'?°)+-InA, (1) 


where »=coefficient of viscosity, m=molecular weight, 
v9/vs= reciprocal relative free-space, C, K, A = constants. 
This equation represents the viscosity when both 
molecular weight and temperature vary. In the sub- 
sequent development we shall consider the case where 
the temperature is fixed and only the molecular weight 
is varied. 

The right-hand side of Eq. (1) consists of a variable 
term and a constant term. Therefore, if Inn is plotted 
vs the variable, exp(— K/m!'/?°)(v9/v,), a straight line 
results with a slope C and intercept InA. Our object, 
therefore, should be to replace the variable of Eq. (1) 
with a variable that depends on molecular weight alone. 
Actually we do not make an equivalent replacement of 
exp(— K/m!/?°)(v9/v;), by a function of m, but instead, 
we take advantage of a characteristic of logarithmic 
decrement functions that permits the curvature to be 


TABLE I. n-Paraffin hydrocarbons. Viscosities at 100°C calculated by 
Inqi00= 2401 exp(— 10.239/m/?°) - (09/27) — 7.6500 (3) ; Inqi0o= 30.74 exp(—8 O/mi5)— 8.618 (4). 








exp( —10.239/m!/29) 





m *(20/9) exp( —8.0/m'/*) Nobs Neale(3) % dev. Neale(4) % dev. 
100.20 0.0006137 0.07977 0.002099 0.002077 —1.0 0.002100 0.0 
114.22 0.0007001 0.08654 0.002554 0.002556 +0.1 0.002586 +1.3 
128.25 0.0007803 0.09280 0.003087 0.003099 +0.4 0.003135 +1.6 
156.30 0.0009259 0.10408 0.004384 0.004397 +0.3 0.004434 +1.1 
184.35 0.0010539 0.11405 0.006001 0.005978 —0.4 0.006024 +0.4 
240.46 0.0012755 0.13114 0.01018 0.01018 0.0 0.01019 +0.1 














1A. K. Doolittle, J. Appl. Phys. 22, 1031, 1471 (1951); 23, 236 (1952). 
2A. K. Doolittle and R. H. Peterson, J. Am. Chem. Soc. 73, 2145 (1951). 
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TABLE II. n-Paraffin hydrocarbons. Dependence of viscosity on molecular weight at 100°C.* 
Inneate= 25.69 exp(—6.7/m"/*) —9.277. 
—_—_—_—— 
5.69+ 

exp( —6.7/ % dev. % dev.» 
m m'/2 1/mi/4 6.7/m's — exp( —6.7/m'/4) m'/4) Neale Nobs (author) (Flory) 
100.20 10.100 0.3161 2.1177 0.1203 3.090 0.002056 0.002099 —2.0 +0.6 
114.22 10.687 0.3059 2.0495 0.1288 3.309 0.002557 0.002554 +0.1 +0.5 
128.25 11.325 0.2972 1.9910 0.1366 3.508 0.003121 0.003087 +1.1 0.0 
156.30 12.502 0.2828 1.8949 0.1503 3.862 0.004446 0.004384 +1.4 —1.1 
184.35 13.578 0.2714 1.8183 0.1623 4.169 0.006046 0.006001 +0.8 —1.4 
240.46 15.507 0.2539 1.7014 0.1824 4.686 0.01014 0.01018 —04 +1.5 
394.74 19.868 0.2244 1.5031 0.2224 5.714 0.02834 0.02872 —1.3 +26.7 
506.95 22.516 0.2108 1.4120 0.2437 6.259 0.04888 0.04884 +0.1 +60.1 

899.68 29.995 0.1826 1.2234 0.2942 7.558 0.1791 0.1785¢ +0.3 +280. 











s This study makes use of all the observed values regardless of proximity to freezing points. 
>From Inneale =0.2888m!'/? —9.052. This is the least square equation for data over range m =100.20 to m =240.46. 


¢ By extrapolation from 110.1°C, 


controlled to a limited extent by choice of the exponen- 
tial constant. 

A plot of Inq vs (v0/vs), gives a curve that is slightly 
concave upward. The curvature of Inn vs exp(— K/m!/?°) 
js subject to control by the value assigned to the con- 
stant, K. Too low a value of K will make the curve con- 
cave upward, too high a value, concave downward. 
Consequently, a proper choice of K will rectify the 
product of exp(— K/m'/?°)(v9/v,). It would be possible 
to choose a value of K, say K’, that would rectify Inn 
os exp(— K’/m'/?°). This would, of course alter the value 
of the constants C and InA of Eq. (1). The adaptability 
of the logarithmic decrement function to control of the 
curvature in the manner described depends to some 
extent, however, on the root or power of the variable. 
At least the 1/3 or 1/4 power seems to be required 
although higher roots appear satisfactory. Since the 
1/20 power is rather unwieldy we have chosen the 1/4 
power for use in the subsequent development. There- 
fore, to rectify viscosity data in terms of molecular 
weight only, we propose the following generalized 
approximate equation, 


Inn, = a exp(— B/m"!*)+-y, (2) 


e78/m'4 





In Nooe 
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Fic. 1. -Paraffin hydrocarbons at 100°C. Comparison of the 
molecular weight-free space equation with the logarithmic decre- 
ment rule for n-paraffins m= 100 through m= 240. 
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-0012 


in place of the more limited but more accurate Eq. (1). 
It should be understood that the a and y of Eq. (2) 
bear no relation to the C and InA of Eq. (1). In the 
subsequent use of Eq. (2), the subscript, ¢, and the ap- 
proximation symbol, ~, will be dropped. It will be 
understood that the equation is to be used with data 
taken at constant temperature and that the relation 
represents an approximation rather than an exact 
equation. 

Assignment of the appropriate numerical values to 
the constants of Eqs. (1) and (2) that apply to the 
n-paraffins over the range from m= 100 through m= 240 
at 100°C, gives: 


In7100= 2401 (v9/v) exp(— 10.239/m!/2°) — 7.6500, (3) 


and 
Inq100= 30.74 exp(—8.0/m'/*) — 8.618, (4) 


Figure 1 from Table I shows the relative position of 
these lines. The degree of conformance may be read 
from the table. 

Extension of the molecular weight range to m=900 
introduces some curvature when the data are plotted 
according to Eq. (4) and requires a change in 6 from 























r) 500 m 


Fic. 2. n-Paraffin hydrocarbons at 100°C. Comparison of 
the linear and the,square-root rules with the logarithmic decre- 
ment rule. 
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Fic. 3. n-Acetic esters at 50°C. Viscosities rectified according to © 


logarithmic decrement rule. 


8.0 to 6.7 in order to achieve linearity. This alters the 
position of the line, necessitating different values of 
a and y. The equation then becomes: 


Inqi00= 25.7 exp(—6.7/m'!*) — 9.28, (5) 


which reproduces the observed values from m= 100 
through m=900 with no value in error by more than 
2.0 percent, see Fig. 2 and Table II. Comparison of 
Table II with Table I shows that Eq. (4) gives some- 
what better agreement over its range, m= 100 through 
m= 240, than Eq. (5) does over the same range. This 
is due to the fact that in general, extending the range 
reduces the fidelity. 

Figure 2, Table II, also presents a comparison of the 
linear and the square-root rules with the author’s 
logarithmic decrement rule. It is apparent that over the 
ru age chosen, the linear or Dunstan rule fails to apply 
at all, whereas the square-root or Flory rule reproduces 
only the data from m=100 through m=240 with an 
accuracy equivalent to that of Eq. (5). It should be 
mentioned, however, that the square-root rule is better 
suited to treatment of data involving higher molecular 
weight substances than those illustrated by Fig. 2. 
This will be referred to again in a later section of the 
present paper. 

Since the balance of this paper will deal with ap- 
proximate rather than exact relationships, there is no 
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Fic. 4. n-2 Ketones at 50°C. Viscosities rectified according to 
logarithmic decrement rule. 
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necessity to be unduly concerned about the accuracy of 
the viscosity data under review. Thus, the -alkane 


data used in Fig. 2 represent the entire range of oy, 


measurements, not just the “selected values” referred 
to in the previous papers. Likewise, viscosity measure. 
ments made on several other families of compounds 
which were taken with the Hoeppler precision vis. 
cometer rather than with the more accurate Ubbelohde 
viscometer will now be treated. The characterization 
of these compounds and their criteria of purity have 
been published elsewhere.* Other data taken from the 
literature are also included. 

The viscosities of the members of any homologous 
series of compounds at fixed temperature may be rec- 
tified according to Eq. (2). This is best done by assum- 
ing a value for 6 and plotting Inn vs exp(—8/m'), 
If too low a value of 8 has been chosen, a curve that is 
concave upward will result. If too high a value has been 
chosen, the curve will be concave downward. The cor- 
rect value of 8 can be quickly ascertained by making a 
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Fic. 5. Di-n-alkyl succinates at 100°C. Viscosities rectified ac- 
cording to logarithmic decrement rule. 


few trial calculations. The results for six homologous 
series of compounds rectified in this manner are pre- 
sented in Figs. 3-5 (data obtained in this laboratory), 
Fig. 6 (data of Flory‘), and Figs. 7 and 8 (data of Fox 
and Flory‘). 


THE VISCOSITY OF MIXTURES OF LIQUIDS 


The viscosity of mixtures of Newtonian liquids has 
been studied by numerous investigators. A_ brief 
reference to the principal contributions in this field 
may be found in a chapter by the author in Alexander’s 
Colloid Chemisiry.® It is apparent that most of the 
early work was devoted to a search for means of com- 
bining the viscosities or fluidities of the components in 
some manner that would express the viscosity or fluidity 
of the mixtures. Although this method of approach is 
useful in the case of two-component mixtures of normal 

3A. K. Doolittle, Ind. Eng. Chem. 36, 239 (1944). 


‘P. J. Flory, J. Am. Chem. Soc. 62, 1057 (1940). 
5 T. G. Fox and P. J. Flory, J. Am. Chem. Soc. 70, 2384 (1948). 


6 J. Alexander, Colloid Chemistry (Reinhold Publishing Corpora- 


tion, New York, 1950), Vol. VII, pp. 161-162. 
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jiquids having molecular weights of the same order of 
itude, it is not adequate to deal with multi- 
component mixtures, and fails entirely when the differ- 
ence between the molecular weights of the components 
pecomes appreciable. 
Perhaps the first paper to consider the law of mix- 
yes in terms of the molecular weights of the com- 
nents was that of Flory* who dealt with mixtures by 
his square-root rule, using the weight-average molecular 
weight of the components to represent the molecular 
weight of the mixtures. This procedure gave a very 
satisfactory fit of the data on decamethylene adipate 
polymers in molecular weight ranges 1400 to 14,000, 
but is not of general applicability either to mixtures 
containing lower molecular weight components or to 
homologous series of compounds of low molecular 
yeight (Fig. 2). The author’s approach to the treatment 
of the viscosity of mixtures of liquids and of polymer 
slutions may be regarded as an extension of the Flory 
treatment, although our work leading to this concept 
was done independently some years prior to Flory’s. 
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Fic. 6, Decamethylene adipate polymers at 109°C. Data of Flory 
rectified according to logarithmic decrement rule. 


In the preceding section an approximation function 
was developed for rectifying the viscosities of homolo- 
gous series of liquids expressed as functions of their 
molecular weights. We will now extend this treatment to 
apply to mixtures of liquids, and finally to solutions of 
resinous substances. This treatment merely involves a 
consideration of the methods of averaging molecular 
weights and the application of the appropriate weighting 
factor to each system studied. 


THE WEIGHTED-AVERAGE MOLECULAR WEIGHT 


The use of the terms “number-average,” ‘“weight- 
average,” and “‘Z-average” has been common practice 
inhigh polymer work for a number of years, these terms 
having been first introduced by Kraemer and Lansing’ 
m 1935. The number-average is the true or simple 
average, whereas all others are weighted averages. 
In the number-average, the contribution of the mem- 
bers of each size group to the over-all phenomenon is 


_'E. O. Kraemer, and W. J. Lansing, J. Phys. Chem. 39, 153 
(1935); J. Am. Chem. Soc. 57, 1369 (1935). 
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Fic. 7. Polyisobutylene fractions at 217°C. Data of Fox and Flory 
rectified according to logarithmic decrement rule. 


uniform. In a weighted average, a different emphasis is 
placed on the proportionate contribution of the mem- 
bers of each size group to the total. 

Consider, for example, an assortment of molecules 
of various sizes, in which m,, me, m3, etc. represent the 
mass of the molecules of each size group present, and 
M1, N2, M3, etc., the number of molecules in each such 
group. The total number of molecules will then be =n 
and the total mass, 2m. 

If equal emphasis is placed on the contribution of the 
individual molecules in each size group, as would be the 
case for example if we were counting the total number 
of terminal groups by means of titration with an ap- 
propriate reagent, the average molecular weight ob- 


. viously would be the total mass divided by the total 


number of molecules. Thus we write the number-average, 


- ny Ne N3 z=nm 
=| mt mt met |= (6) 


Dn Dn Dn =n 


If, however, we measure some phenomenon in which 
equal emphasis cannot be placed on the contribution of 
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Fic. 8. Polystyrene fractions at 217°C. Data of Fox and Flory 
rectified according to logarithmic decrement rule. 
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TABLE III. 
Tem- 
perature Mol. wt. 

Chemical class a * range B 
n-Paraffins 100 72-900 6.7 
n-Acetic esters 50 88-312 10.8 
n-2-ketones 50 58-170 14.4 
Di-n-alky] succinates 100 230-623 11.0 
Decamethylene adipate polymers 109 738-20,850 25.0 








the members of each size group, such as would be the 
case with diffusion or with intermolecular attraction, 
then it becomes necessary to assign a factor or “‘weight- 
ing” to the members of each size group to compensate 
for the unequal contribution of molecules of different 
sizes. Thus, if we weight the contribution of the mem- 
. bers of each size group by a factor equal to the mass of a 
molecule of that group, we have the weight-average, 


_ nym, N2M2 N3M3 =nm? 
.-¥| ‘m+ *Mo+ ome | » @) 
=nm =nm =nm =nm 














Another way of thinking of the same thing is to 
consider the hypothetical “average molecule” as a com- 
posite made up by adding together fractional parts of 
the molecular weights representing each size group 
present. The fraction by which the molecular weight 
of each size group is multiplied is determined by the 
particular method of weighting chosen. Thus, if equal 
emphasis is desired, the fraction is n;/2n or a number- 
fraction, and the average is called the number-average. 
If the weighting or emphasis is taken proportional to 
the molecular weight of each size group, the fraction 
becomes 1m;/=Znm. Since n,m, is the weight of the ith 
size group, whereas 2mm is the total weight, the fraction 
is a weight-fraction, and this average is called a weight- 
average. 

It is, of course, entirely possible to weight the con- 
tribution of each size group by some factor other than 
m® or m' as in the two averages cited above. In the case 
of the Z-average proposed by Kraemer and Lansing’ 
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Fic. 9. n-Heptane and n-heptadecane at 50°C. Viscosities of 
mixtures rectified according to logarithmic decrement rule, show- 
ing influence of parameter, p. 
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uecrement rule, 
for use in evaluating 
the weighting factor us m?. 

Not only may the function of m that truly represents 
the appropriate weighting factor be a complicated one, 
but its exact character may prove quite difficult o 
impossible to determine in certain instances. This js 
particularly so in the present study where we are deal- 
ing with approximation functions that do not have 
explicit physical significance. We propose, therefore, 
the use of a simple function, m?, as the weighting factor, 
and will show that by assigning the appropriate value 
of the parameter, p, weighted-average molecular weights 
may be calculated that permit a wide variety of data 
on the viscosity of mixtures to be rectified by the same 
equations that apply to homologous series of pur 
liquids. 

The general expression for the weighted-average 
molecular weight becomes, therefore: 


-ion equilibrium data, 
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Fic. 11. Ethyl acetate and m-octadecyl acetate at 50°C. Vis 
cosities of mixtures rectified according to logarithmic decremet! 
rule. 
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Fic. 12. Acetone and methyl-n-nonyl ketone at 50°C. Viscosities 
of mixtures rectified according to logarithmic decrement rule. 


From this expression, it is clear that the number- 
average is defined when p=0, the weight-average when 
p=1, and the Z-average when p=2. Intermediate 
weighted averages are defined by fractional values of 
the parameter, Pp, 

If we have a mixture of only two components and 
their molecular weights are represented by m and M, 
respectively, and if we represents the weight-fraction 
of component M in the mixture, we may simplify Eq. 
(8) to: 


M,=m+ (M—m)/[(1+(M/m)'-?(1—w:)/we]. (9) 


ADAPTATION OF THE LOGARITHMIC DECREMENT 
EQUATION TO THE VISCOSITY OF MIXTURES 


The approximate molecular weight function, 
Inn= a exp(—6/M,!") + (10) 


taken from Eq. (2), may be applied to data on the vis- 
cosity of mixtures exhibiting Newtonian flow by using 
average molecular weights calculated according to 
Eqs. (8) or (9), for which an appropriate value of the 
parameter, p, has been chosen. 

Before the parameter, p, can be determined, how- 
ever, it is first necessary to establish the value of 8 
in Eq. (10). If the components of the mixture are mem- 
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Fic. 13. Di-n-butyl and di-n-dodecyl succinate at 100°C. 
bene of mixtures rectified according to logarithmic decre- 
ment rule. 
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Fic. 14. Di-n-butyl and di-n-octadecy] succinate at 100°C. Vis- 
cosities of mixtures rectified according to logarithmic decrement 
rule. 


bers of an homologous series of liquids, and viscosity 
data are at hand on a number of the pure members of 
the series at the desired temperature, the value of 6 
may be determined by trial as explained in a prior sec- 
tion. If such data are not available, choice of an ap- 
propriate value may be made by comparison with 
values for homologous series of compounds of similar 
chemical types. In general, a precise value for is 
not essential. Thus the values of 8 in Table III are 
established from the data so far presented. 
_ Once the value of 8 has been chosen, the value of the 
parameter, #, is obtained by trial calculations. That is, a 
value is assigned and the average molecular weights 
calculated for the various mixtures under study. The 
logarithms of the viscosities are then plotted against 
exp(—8/M,,""*). Too low a value of p will give a curve 
concave downward, whereas too high a value of p will 
make the curve concave upward. For the appropriate 
value of #, a straight line will result. Figures 9-15 listed 
in Table IV illustrate the conformance attained in the 
case of a number of systems that we have studied. 
The value of the parameter, #, is seen from the tabu- 
lation in Table IV to vary with the nature of the sub- 











TABLE IV. 
Tem- 
perature Param- 
Figure Components | eter B 
9 mn-Heptane and n-heptadecane 50 3860.3 10.0 


(Note influence of p=0 and p=1 for this system) 
10 mn-Heptaneand n-tetrahexacontane 100 0.5 6.7 


11 Ethyl acetate and n-octadecyl 50 §605 10.8 
acetate 
12 Acetoneandmethylm-nonylketone 50 0.5 14.4 
13 Di-n-butyl and di-n-dodecyl 100 0.6 11.0 
succinates 
14 Di-n-butyl and di-n-octadecyl 100 =—s(<0..7 11.0 
succinates 
(Data for the above obtained in this laboratory) 
15 Decamethylene adipate polymers 109 1.0 25.0 


m= 1402, M=14,110 
(Data of Flory (see reference 4)) 














424 ARTHUR K. 














4r EZ 
a i 
~ re 
e*f i 
OF ZA “i 
1 i N i ! 
02 04 .06 .08 10 
—'/4 
ae>/Mpai.0 


Fic. 15. Decamethylene adipate polymers, m=1402 and 
M = 14,100, at 109°C. Data of Flory rectified according to loga- 
rithmic decrement rule. 


stances, the spread in molecular weights involved, and 
the order of magnitude of the molecular weights of the 
components. Mixtures of high molecular weight sub- 
stances with a considerable spread between the molecu- 
lar weights of the two components generally seem to 
require a value of p=1, which accounts for the success- 
ful use of weight-average molecular weights by Flory 
and others dealing with mixtures of polymers. On the 
other hand, the closer the molecular weights of the 
components are to each other, the nearer p approaches 
zero, since the influence of the higher molecular weight 
component is diminished and the average approaches 
the simple or number-average molecular weight. 


ADAPTATION OF THE LOGARITHMIC” DECREMENT 
EQUATION TO THE VISCOSITY OF SOLUTIONS 
OF HIGH POLYMERS 


The Viscosity of Solutions of Resinous Substances 


The viscosity of solutions of macromolecular ma- 
terials in appropriate solvents is a subject of immense 
technological importance in connection with both the 
manufacture and the use of resins in industry. The 
study that has culminated in the present series of four 
papers on the viscosity of Newtonian liquids was ini- 
tiated about fifteen years ago in order to afford a better 
understanding of the viscosity phase relationships of 
resin solutions, first described in connection with nitro- 
cellulose by the author® in 1938 and in connection with 
“Vinylite” resins by Quarles® in 1943. For the most part, 
the concentrated solutions and suspensions of resinous 
substances that are useful in industry in adhesives, 
surface coatings, and synthetic fibers do not exhibit 
Newtonian flow, and their viscosity characteristics are 
largely explained by their departure from Newtonian 
flow rather than by the fundamental principles of 
Newtonian flow itself. Thus, the more complicated 
examples of flow result from the simultaneous effect 
of several phenomena that are superimposed on one 
another. Examples of superimposed effects are elastic 


* A. K. Doolittle, Ind. Eng. Chem. 30, 199 (1938). 
*R. W. Quarles, Ind. Eng. Chem. 35, 1033 (1943). 
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resistance arising from gelation, higher order Cohesive 
forces such as those caused by local crystallization, of 
merely the mechanical resistance of particles resultin 
from close packing. It was early recognized by us, there. 
fore, that little progress could be expected in elucidatin 
the anomalies of flow exhibited by many concentrated 
resin solutions until a better understanding was gained 
of the simple fundamental effect upon which the 
anomalous behavior was superimposed. This led ys 
eventually to the study of the normal paraffin hydro. 
carbons and of several homologous series of other 
Newtonian liquids, the results of which have been set 
forth in this series of papers. 

The investigation of the flow behavior of solutions 
of macromolecular substances by others has followed 
two quite different lines of approach. On the one hand 
the flow of dilute solutions has been treated hydro. 
dynamically as a special case of the theory of suspen- 
sions, and a considerable contribution has been made 
by the theoretical men who have followed this line of 
investigation. On the other hand, numerous investi- 
gators have attempted to set up empirical relations 
between viscosity and concentration of solute fora large 
number of systems. The latter approach, although useful 
in individual cases, does not contribute much to our 
understanding of the flow behavior of solutions because 
it does not differentiate between the effects of the 
different factors that combine to produce the over-all 
effect observed. For a résumé of the principal contribu- 
tions to this aspect of the subject, the reader is again 
referred to the chapter by the author in Alexander’s 
Colloid Chemisiry."° 

The treatment of solutions of high polymers that we 
propose involves a slight extension and some simplifica- 
tion of the ideas advanced in the prior section on 
mixtures. The extension arises from the necessity of 
considering the solvent as a member of the same 
homologous series as the resinous component or solute, 
In most cases this offers no complications, but in the 
case of solvent and solute of quite dissimilar types, the 
appropriate weighted-average molecular weights may 
differ from those that apply to members of a true 
homologous series. The simplification arises from the 
fact that, in solutions of high polymers, the spread in 
molecular weight between solvent and solute is so 
great that such solutions may be treated as special 
cases of the more general rules that apply to mixtures. 
Thus, if solvent and solute do belong to the same 
homologous series, the great spread between their 
molecular weights usually calls for a value of one for 
the parameter, p, of Eq. (9). Under such circumstances 
Eq. (9) reduces at once to: 


M,-=M.=m+(M,—m)- wr. (11) 


If, however, solvent and solute are of quite different 
chemical families, a value of » somewhat less than one 


10 See reference 6, pp. 156-157. 
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often has been found to apply. If this value is 0.5 or less, 
, different method of simplification of Eq. (9) may be 
employed. Thus, we may write: 


M,—m™ 
1+ (M p/m)->(1—ws)/22 
M,—m We 
~ (M,/m)-? 1—w,(1—1/(M,/m)) 


if M/m is a sufficiently large number, 1/(M/m)'-? be- 
comes negligible in comparison with unity for values of 

equal to or less than about 0.5. This simplification 
is valid for low values of we, but differs appreciably 
from the true function as wz approaches unity. The sim- 
plified expression is: 





i= m-+- 





12) 


M,—m We 


(M,/m)*-? 1 tip 


M ps0.5= m-+- 





(13) 


Dependence on Molecular Weight 

If the molecular weight of the polymer is known, 
Eqs. (11) or (13) (whichever is appropriate to the sys- 
tem studied) ‘may be applied as written. Figure 16 
presents Flory’s data on solutions of decamethylene 
adipate polymer (M,=16,070) in diethyl succinate 
(m=174.2) at 79°C, rectified according to the loga- 
rithmic decrement rule using the simplification indicated 
in Eq. (11). Attention is particularly directed to the 
good conformance of the data at very low concentra- 
tions of solute. The same data plotted according to the 
square-root rule, Fig. 17, fail to conform in this region. 


Dependence on Concentration 


In most industrial applications where viscosity con- 
trol or blending operations are carried out, the molecular 
weight is not known. In such cases it is desirable to 
rectify viscosity as a function of solute concentration 
without reference to molecular weight. Equation (10) 
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Fic. 16. Decamethylene adipate polymer in diethyl succinate 
at a Data of Flory rectified according to logarithmic decre- 
ment rule. 
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Fic. 17. Decamethylene adipate polymer in diethyl succinate at 
79°C. Data of Flory rectified according to square-root rule. 


is readily modified for this purpose by further simplifica- 
tion of Eqs. (11) and (13). Before proceeding with this 
step, however, it is necessary to consider certain ways of 
expressing concentration in solutions. In industrial 
work, concentration is almost always expressed as 
percent solids or grams solute per 100 g of solution. In 
scientific work, however, it is often useful to express 
concentration in grams solute per 100 g solvent. The 
symbol c is used in either case, with the appropriate 
units indicated. Now, for any given system of solvent 
and solute, both the (M.—m) of Eq. (11) and the 
(M,—m)/(M,/m)'-? of Eq. (13) are fixed. Likewise, 
w2=c/100 g solute per gram of solution, and w2(1—we) 
=c/100 g solute per gram of solvent. Consequently, 
both Eqs. (11) and (13) may be written: 


M,=m-+ke (14) 


for the particular values p=1 and 0<p=0.5, provided 
the unit of concentration is properly defined. 

For the special cases just discussed, Eq. (10) could be 
written : 


Inn= a exp[—8/(m+ kc)'/*]+-7, (15) 


but a further simplification is desirable and may be 
made by translating the axes defining Inn=/(M,) a 
distance of m units to the right. The same curve is then 
defined with respect to the new position of the axes by 
Inn= f(kc), since M,=m-+-kc. Therefore, we may write 
for high polymer solutions, 


Inn= a exp[ — B/(kc)"*]+ y= exp(—K/c!*)+y, (16) 


for the special cases where either the weight-average 
molecular weight applies exactly or an average ap- 
proaching the number-average molecular weight ap- 
plies approximately. In the former case ¢ is in grams 
solute per hundred grams solution, a is the same as in 
Eq. (10), and + is Innoty. In the latter case, however, 
an approximation is made that introduces an appreci- 
able deviation toward the higher concentration end. 
In order to rectify the viscosity as a function of concen- 








tration in this case, a slight adjustment to take care of 
this deviation must be made in the 8 of Eq. (10), re- 
quiring somewhat different values of a and y in Eq. (16). 

Equation (16) is of wide applicability to polymer 
solutions that exhibit Newtonian flow, and has been 
known and used by us for many years. In fact, the 
logarithmic decrement rule, first described in this paper, 
was originally discovered some fifteen years ago in the 
form of Eq. (16) by studies based on the viscosities of 
solutions of high polymers. 

Figure 18 illustrates an application of Eq. (16) with 
data on the viscosities of acetone solutions of nitrocellu- 
lose at 20°C. In this case the value of the parameter, p, 
happens to be 0.5, so that concentration is expressed as 
grams solute per 100 g solvent. The agreement is good 
from 1 to 20 percent solids. (1 to 25 g/100 g solvent). 

Better agreement over a broader range of concentra- 
tions is obtained in the case of the acetone solutions of 
nitrocellulose by use of Eqs. (9) and (10) which, of 
course, presupposes a knowledge of the molecular 
weight of the solute. Figure 19 illustrates this case, 
where the value of Mo.s5= 23,250 is obtained by multi- 
plying the number average, My=15,500, by three- 
halves. (The value of the number-average molecular 
weight was determined by the osmotic pressure method.) 
When the viscosities of the acetone solutions of nitro- 
cellulose at 20°C were rectified according to Eqs. (9) 
and (10), all points from zero to 35 percent solids fell 
on the line as compared to only the values from 1 to 
20 percent solids in the previous case. For comparison, 
the Dunstan (linear) and Flory (square-root) rules 
are plotted on Fig. 19, using the same. values of 
M, throughout. 

This paper completes the series of four articles pub- 
lished under the title “Studies in Newtonian Flow,” 
inasmuch as the dependence of the viscosity of liquids 
on temperature, on free-space, on molecular weight 
in homologous series or mixtures of homologs, and on 
concentration in polymer solutions has been discussed. 
At a future date it is planned to offer a paper for publi- 
cation in which the theoretical implications of these 
observations will be discussed. 
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Fic. 18. Dependence on concentration. Half-second nitrocellu- 
lose in acetone at 20°C. Viscosities of high polymer solutions recti- 
fied according to logarithmic decrement rule (concentration in 
grams solute per 100 g solvent). 
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Fic. 19. Dependence on molecular weight. Half-second nitro- 
cellulose in acetone at 20°C. Viscosities of high polymer solutions 


rectified according to (1) linear rule, (2) square-root rule, (3) 
logarithmic decrement rule. 


SUMMARY 


1. The free-space—molecular weight equation de- 
veloped in a previous paper is here modified by sub- 
stituting for the molecular weight—free-space variable 
its approximate equivalent in terms of molecular weight 
at constant temperature. Further minor adjustment of 
the constants gives the following generalized approxi- 
mate molecular weight equation applying to homologous 
series of pure liquids at constant temperature: 


Inn= a exp(— B/m"*'*)+-. 

2. The above expression is shown to be applicable to 
mixtures of liquids and to solutions of polymers by 
substituting for the molecular weight, m, an appro- 
priate weighted-average molecular weight, M,, repre- 
senting all components of the mixture or solution. 

3. For the special cases where the weighting factor 
parameter, /, is either equal to one, or is equal to or less 
than 0.5, the mixture equation may be further modified 
to represent the relation between viscosity and concen- 
tration in polymer solutions. The equation in this form 
becomes: 

Inn= a exp(— K/c'!*)+-y. 
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Techniques are described for fluorescent analysis using an x-ray Geiger counter goniometer. Consideration 
is given to the influence of potential variations, specimen preparation, and thickness of the diffracting 


crystal. 


The observed intensity of fluorescent radiation from a number of common commercially pure metallic 
elements was compared under a constant primary radiation that can be closely maintained in practice. 

Intensities of fluorescent spectra were measured on constituents of Fe-Ni, Fe-Cr, and Fe-Ni-Cr alloys. 
Calibration curves correlating line intensity with weight percentage are included for binary Fe-Ni and 


Fe-Cr alloys. 


The thickness beyond which the fluorescent intensity becomes constant has been determined for pure iron, 
nickel, and chromium. Up to the above thickness for each element an empirical plot of fluorescent intensity 
against thickness of layer has been established. These empirical plots can be applied to measure the thickness 


of very thin coatings. 


Illustrations are given indicating the applications of the fluorescent analytical technique to the study of 


oxidation and diffusion processes in metallic systems. 


An aluminum holder is used for analyzing small quantities of powder derived from chemical or electrolytic 
extraction of certain phases from alloys. Fluorescent analysis on the extracted phase supplements the 


diffraction data when a wide solid solubility exists. 





INTRODUCTION 


HE principle of chemical analysis by secondary 
x-ray radiation has been discussed fully by Von 
Hevesy,! Glocker,? Schreiber,* Freidman,‘ and others. 
The characteristic secondary radiations of a metallic or 
nonmetallic specimen having wavelengths proportional 
to the inverse square of atomic number of the con- 
taining elements, are excited by the primary radiation 
from a separate x-ray tube. The secondary radiations 
are diffracted through a certain known set of atomic 
planes of a crystal and then energize a Geiger counter 
mounted on a goniometer. By such means the wave- 
lengths as well as intensities of the resultant secondary 
radiations can be readily analyzed. 

Earlier workers used both primary and secondary 
x-ray radiations under vacuum for their analysis. Since 
that time advances have been made in elevating the 
power output of sealed-off x-ray tubes, and in im- 
proving the performance of Geiger counters. As a 
result commercial units are available in this country 
with both primary and secondary x-ray beams in air. 
This change of design simplifies the constructional and 
operational problems but also limits the applicability 
of this analytical method to the chemical elements 
having atomic numbers not less than 22 (titanium). 

The excitation efficiency of chemical elements is a 
function of the atomic number. The resultant secondary 
characteristic radiations are of various wavelengths. 
Absorption coefficients in all media are dependent upon 
wavelength. At present classical theory does not permit 

1G. Von Hevesy, Chemical Analysis by X-Ray and Its A ppli- 


cation (McGraw-Hill Book Company, Inc., New York, 1932). 

(1928) Glocker and H. Schreiber, Ann. Physik 85, 1089-1102 
°H. Schreiber, Z. Physik 58, 619-650 (1929). 

(1948) Friedman and L. S. Birks, Rev. Sci. Instr. 19, 323-330 





a theoretical calculation of the mass absorption coeff- 
cient of heterogeneous primary radiation. In alloys there 
are added complications due to the absorption edge 
effect and the presence of foreign impurities. Thus the 
intensity of fluorescent radiation of a substance could be 
considered as a function of numerous variables such as 
geometrical set-up, excitation efficiency of the element, 
air absorption, absorption by the specimen of both 
primary and secondary radiations, mutual excitation, 
effect of foreign impurities, absorption by the bent mica 
crystal, absorption of the Geiger counter window, 
sensitivity of the Geiger counter to radiations of various 
wavelengths, etc. Compton® has derived the equation 
for fluorescence yield, and Glocker? has made the line 
intensity calculation in a few selective cases for de- 
termining the proportion of an element in a mixture. 
However, a quantitative analysis of the fluorescence 
yield by secondary radiation for elements in practical 
metallurgical alloys remains to be solved. 

A survey of possible applications and limitations by 
this secondary radiation analysis to relevant metal- 
lurgical problems is attempted in the following para- 
graphs with brief experimental data. 


TECHNIQUE 


In the present investigation a General Electric SPG 
Fluorescent Analyzer was used in conjunction with the 
General Electric XRD-3 Spectrometer Goniometer. The 
primary radiation from a tungsten-target Machlett 
AEG-50T tube irradiates a }-inchX }-inch sample area. 
The fluorescent radiations are diffracted through a bent 
mica crystal and detected by a Geiger counter spec- 
trometer. Readings were obtained by scaling at 1 and 3 
percent probable error (4096 and 16,384 total counts, 


5 A.H. Compton and §S. K. Allison, X-Rays in Theory and Exper- 
iment (D. Van Nostrand Company, Inc., New York, 1935). 


427 











P. K. KOH AND B. CAUGHERTY 


TABLE I. Effect of surface preparation on line intensity. 








Specimen Composition Description 


% Variation of 
K-alpha intensity 





Cr Fe Remarks 
A 17 Cr-Fe 50 grit sand belt finish 0 0 ASTM grain size, 
A 17 Cr-Fe 00 emery paper finish cold rolled and +4.55 — 1.83 7to8 
A 17 Cr-Fe 00 finish+2 min electro- annealed +6.22 —0.97 
lytic etch in NaCN 
B 17 Cr-Fe Cold rolled and annealed+1 hour at — 2.38 +0.66 ASTM grain size, 


2300°F, air cooled, 00 emery paper 


finish 





1 or larger 








respectively) at 50 kv and 35 ma. Each reading repre- 
sents the average of several runs. 

An exploratory study was made by varying details in 
specimen preparation and in operating conditions. The 
following paragraphs describe the experimental results 
obtained. 

Under a constant primary radiation and the same 
experimental set-up Table I shows that the smooth- 
ness of surface finish, grain size, or residual stresses of 
a metallic alloy do not greatly affect the line intensity 
of a characteristic radiation. 

Table II shows the variation on changing tube poten- 
tial of the fluorescent line intensity of an element in a 
binary alloy with respect to that of the unalloyed metal 
and also of the ratio between the line intensity of two 
elements in the binary alloy. It is evident from the 
tabulation that a comparison of line intensity measure- 
ment of elements in alloys should be made under the 
same operating conditions. 

An inadequate warm-up period for the electronic 


TABLE II. Effect of tube potential on line 
intensities in binary alloys. 








Specimens: 50 Ni-50 Fe, electrolytic iron and carbonyl] nickel 
filament current =34.5 ma. 





Kv Feka alloy/Feka Nika alloy/Nika Feka alloy/Nika alloy 
20 0.655 0.265 2.66 
25 0.650 0.283 2.12 
30 0.672 0.303 1.87 
35 0.666 0.317 1.67 
40 0.672 0.333 1.57 
45 0.677 0.341 1.48 
50 0.671 0.345 1.44 





Specimens: 79 Ni-21 Fe, electrolytic iron and carbonyl nickel 
filament current =34.5 ma. 





25 0.345 0.614 0.509 
30 0.347 0.636 0.464 
35 0.359 0.660 0.438 
40 0.366 0.651 0.428 
45 0.379 0.679 0.419 
50 0.382 0.673 0.408 





Specimens: 49 Cr-51 Fe, electrolytic chromium, electrolytic iron 
filament current =34.5 ma. 





Kv Feka alloy/Feka Crka alloy/Crka Feka alloy/Crxka alloy 
20 0.335 0.528 1.47 
25 0.342 0.542 1.45 
30 0.361 0.580 1.45 
35 0.366 0.576 1.46 
40 0.373 0.562 1.48 
45 0.382 0.578 1.48 
1.47 


50 0.383 0.583 











== 


tubes in the counting circuit usually causes a slight 
decrease in the line intensity. 

The purity of the mica crystal affects the interplanar 
space of the diffracting atomic planes, which in tum 
affect the two-theta value of the peak fluorescent line 
intensity as it is recorded by the Geiger counter 
goniometer. The orientation of the diffracting atomic 
plane with respect to the cleavage plane of the mica 
crystal also differs individually. A slightly different 
setting is necessary for the maximum diffraction effi- 
ciency when a diffracting mica crystal is changed. 

Table III shows the experimental data obtained on 
mica crystals of three different thicknesses on elements 
whose characteristic radiations cover the useful two- 
theta range of goniometer. In general it can be stated 
that for fluorescent radiations of long wavelength the 
thinner mica crystal diffracts more efficiently than the 
thicker one, while for shorter wavelengths, the thicker 
mica crystal does better. 


RELATIVE INTENSITY OF FLUORESCENT CHAR- 
ACTERISTIC RADIATIONS FROM SOME 
COMMERCIALLY PURE METALLIC 
ELEMENTS 


The readings in Table IV were obtained under the 
same operating conditions on commercially pure metal- 
lic elements available in our laboratory. As shown in 
Table III, the relative order of intensity from various 
elements will change greatly if a diffracting mica crystal 
of appropriate thickness is used. In general, it can be 
stated that the K- or L-radiations become weaker at 
the extreme ends of lower or higher atomic numbers. 
While the fluorescent analysis is incapable of deter- 
mining the percentage of aluminum in the aluminum 
alloys and hardly accurate for the percentage of 
titanium in the titanium alloys, the method is quite 
sensitive for the detection of small amounts of alloying 
elements, such as iron and manganese. In the same 
sense the fluorescent analysis is useful for the identifi- 
cation of impurities or segregates in commercial alloys. 


‘ INTENSITY MEASUREMENT OF THE FLUORESCENT 


RADIATION FROM AN ELEMENT IN BINARY 
AND TERNARY ALLOYS 


In the absence of a workable line intensity calculation 
for quantitative determination of an element in an 
alloy, Friedman and Birks‘ made empirical plots of 
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TaBLE III. Effect of the thickness of mica crystal 
on line intensities. 





TABLE V. Line intensity vs weight percentage of alloying 
elements in Fe-Cr-Ni ternary alloy. 














Relative line intensity 
Thin Medium Thick 





Atomic Characteristic mica mica mica 
num- radiation* 0.0007 in. 0.0014 in. 0.0042 in. 

Element ber Line 20 thick thick thick 
Titanium 22 K-alpha 133.2° 1 0.263 0.038 
Chromium 24 K-alpha 99,7° 1 0.549 0.041 
een 26 K-alpha 80.6° 1 0.742 0.240 
Copper 29 K-alpha 61.9° 1 0.881 0.639 
Molybdenum 42 K-alpha 27.4° 1 1.600 2.925 
Cadmium 48 K-alpha 20.6° 1 1.813 4.613 
Bismuth 83 L-alpha one 44.8° 1 1.073 1.527 








s Tube potential 50 kv, filament current 35 ma. 


measured intensity of FeKa radiation of an alloy 
relative to that of 100 percent iron vs the atomic per- 
centage of iron in the Fe-Al, Fe-Ni, and Fe-Ag alloys. 
In the present investigation the same empirical plots 
were extended to Fe-Cr and Fe-Ni alloys but on the 
more convenient weight percentage basis (Fig. 1). The 
plots deviate largely from a straight line relationship 
because of the phenomena of mutual excitation and 
absorption. For general and routine analysis it is con- 
venient to resort to calibration curves of fluorescent 
intensity vs weight percentage of an element in binary, 
ternary, or commercial complex alloys of compositions 
similar to the actual sample. 

Table V shows the fluorescent line intensity vs weight 
percentage of alloying elements in Fe-Cr-Ni ternary 
alloys. 


MINIMUM EFFECTIVE THICKNESS FOR FLUORES- 
CENCE AND MEASUREMENT OF THICKNESS 
OF A METALLIC ELEMENT 


The minimum effective thickness of a metallic ele- 
ment for fluorescence is considered to be the thickness 
which produces the maximum fluorescent yield by that 
element under the specified operating conditions of the 
primary tube. With a constant primary intensity any 
thickness under the minimum effective thickness pro- 
duces a lesser intensity of the characteristic radiation, 
but any greater thickness produces no greater intensity. 


TABLE IV. Intensity of fluorescent characteristic radiations from 
some commercially pure metallic elements relative to iron Kg. 











Atomic 


num- Atomic Relative intensity of fluorescent lines 





Element ber weight Kai+Ka2 Kg Lal lpi Lge 

Ti 22 47.90 0.071 0.031 

Cr 24 $2.01 0.317 0.069 

Mn 25 $4.93 0.558 0.150 

Fe 26 55.85 1.000 0.263 

Co 27 58.94 1.362 0.321 

Ni 28 58.69 1.672 0.423 

Cu 29 63.54 1.564 0.346 

Zn 30 65.38 1.747 0.363 

Mo 42 95.95 0.634 0.091 

Cd 48 112.41 0.072 0.011 

Sn 50 118.70 0.037 0.008 

Ta 73 180.88 0.390 0.242 0.115 

W (Powder) 74 183.92 0.208 0.165 0.059 

Pt 78 195.23 0.270 0.153 0.079 

Pb 82 207.21 0.230 0.168 (Lg1+Lg2) 
Bi 83 209.00 0.260 0.190 (lpi +Lp2) 
Us 92 238.07 0.067 0.014 


Crka alloy/ Nifaalloy/ Fea alloy/ 
Crka Nika Feka 





Alloy 
19.2 Cr, 8.9 Ni, 71.9 Fe 0.317 0.055 0.686 
17.5 Cr, 10.4 Ni, 72.1 Fe 0.296 0.067 0.644 











* Undersized sample 





No exact data on the minimum effective thickness for 
fluorescence of common metallic elements are available 
in the literature. Glocker? estimated the thickness to 
be in the order of #5 mm. 

For practical applications the minimum effective 
thickness of a substance means the maximum penetra- 
tion by the primary radiation within which a change in 
percentage of an element can be detected by its change 
in intensity of fluorescent characteristic radiation. But 
if the same chemical! change should occur further inward 
from the surface than its minimum effective thickness, 
the change cannot be evidenced. It is evident that a 
clear knowledge of the minimum effective thickness of a 
metallic element is of considerable importance in studies 
of diffusion, oxidation, surface adsorption, and plating. 

For example, the minimum effective thicknesses of 
Cr, Ni, and Fe are determined in this investigation 
(Fig. 2) by building up successive layers of each metal 
on a piece of aluminum by electrolytic plating. In each 
case a low temperature, a low current density, and a 
suitable pH range of the electrolyte are used to insure 
a tight and uniform coating. The thickness is deter- 
mined by weighing the deposit on a known surface area. 
For very thin coatings such as hard chromium plating 
on tool steels or metallized surfaces on plastics the 
thickness of the coating can be determined from em- 
pirical curves such as Fig. 2. 


OXIDATION FILM STUDY BY FLUORESCENT 
ANALYSIS 


As a result of the very low value of the mean effective 
thickness of a metal or an alloy as discussed in the 
preceding section it follows naturally that the x-ray 
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Fic. 1. Calibration curves of binary alloys. 
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Fic. 2, Effect of sample thickness on the intensity of secondary 
radiation. Samples were plated on aluminum. 


fluorescent analysis serves as an effective means for 
observing chemical changes on or very near the surface. 
Oxide films formed on alloys at elevated temperatures 
serve as an interesting example. 

In the past, electron diffraction® was used because of 
the shallow penetration of the soft electron beam. In the 
following examples on oxidation of Fe-Ni, Fe-Cr, and 
Fe-Cr-Ni alloys, it is clearly shown that the same 
mechanism of oxidation and diffusion and the same 
order of formation of the several layers of films can be 
observed by the x-ray fluorescent analysis. 

For oxidation study by x-ray fluorescence specimens 
of four different alloys were heated in air at 2000°F for 
total accumulated time periods of 1 minute, 6 minutes, 
30 minutes, 1 hour, and 3 hours. During air cooling 
from the furnace temperature, a superficial layer of film 
peeled off the metallic specimen. At the same time a 
new adherent oxidized film formed and replaced the 
film that peeled off. Both the peeled film and the 
oxidized surface in every case were subjected to fluores- 
cent analysis, and if necessary, also to x-ray diffraction. 
The results of fluorescent analysis, in this case, represent 
the gross average composition of a layer of thickness 
less than 0.003 cm, the layer nearest to the surface 
contributing most strongly to the results. These results 
are by no means as selective as those obtained by 
electron diffraction, but they give information on 
chemical changes on the surface layer, which are not 
shown by electron diffraction. _ 

An intensity count was made on an unoxidized speci- 
men along with each of the oxidized specimens as a 
check on the stability of operating conditions. 

When a 17 Cr-Fe alloy is oxidized in air at 2000°F, 
the initial oxidized surface which is adherent to the 
underlying metallic surface becomes at first richer in 
chromium content than that in the original alloy. On 
prolonged oxidation a superficial layer of scale peels off, 
and a renewed adherent oxidized layer is exposed which 
subsequently falls off. As shown in Table VI, the first 
peeled scale has chromium content approximately the 
same as its original alloy content. The successive peeled 
scale, however, becomes greatly impoverished in chro- 
mium. The same trend is followed in the adherent 


, * Gulbransen, Phelps, and Hickman, Ind. Eng. Chem. 640-652 
1946). 


B. CAUGHERTY 


oxidized surface which, although initially enriched jp 
chromium, transforms at a later stage into mostly iron 
oxide. The Debye diffraction pattern of peeled scale 
after 30 minutes at 2000°F in air shows strong lines of 
FesO,, less intense lines of Fe,O3 and weak lines of 
CrO3. 

On oxidizing a 50 Ni-50 Fe alloy at 2000°F in air 
blistered scale appears immediately on air cooling after 
the briefest moment in the furnace. The oxidized layer 
next to the metallic surface renewed itself repeatedly 
and rapidly. Table VI shows that the adherent oxidized 
layer passes through a discontinuous transformation in 
chemical composition after 3 hours at 2000°F in air. 
On oxidizing the alloy specimen for time periods less 
than 3 hours the adherent layer becomes steadily im- 
poverished in nickel content in comparison with its 
original alloy content. But after oxidation for 3 hours 
the adherent oxidized layer suddenly becomes enriched 
in nickel content. The peeled scales after various time 
periods of oxidation show higher iron and lower nickel 
contents than that in the original alloy. Both the Debye 


diffraction patterns on peeled scale after 1 hour and : 


3 hours at 2000°F in air show the presence of strong 
spinel type lines with a=8.36°A and weaker lines of 
FeOs3. 

The 79 Ni-21 Fe alloy behaves differently from the 
50 Ni-50 Fe alloy on oxidation in air at 2000°F in that 
no abrupt change in the chemical composition of the 
adherent oxidized layer next to the metallic surface was 
observed, such as is the case with the latter alloy. 
Neglecting small variations and also discounting the 
value obtained after 5 minutes of oxidation due to the 
very thin oxidized layer, Table VI shows that the ad- 


TABLE VI. Relative line intensity of alloys on oxidation. 








Relative Kq line intensity 





Accumulated Unoxidized Oxidized 
time at specimen specimen 
Alloy 2000°F in air Ni/Fe Cr/Fe Ni/Fe Cr/Fe 
17 Cr-Fe 1 min 0.182 0.179 
5 min 0.184 0.200 
30 min 0.171 0.385 
(peeled scale) 30 min 0.182 
1 hr 0.172 0.017 
3 hr 0.183 0.006 
(peeled scale) 3 hr 0.004 
50 Ni-50 Fe 1 min 0.707 0.317 
(blister off) 1 min 0.325 
(scale off) 5 min 0.722 0.129 
30 min 0.700 0.047 
(peeled scale) 30 min 0.208 
1 hr 0.697 0.042 
(peeled scale) 1 hr 0.100 
3 hr 0.715 0.945 
(peeled scale) 3 hr 0.152 
79 Ni-21 Fe 1 min 2.435 2.152 
(scale off) 5 min 2.420 6.520 
30 min 2.465 4.181 
(peeled scale) 30 min 1.964 
1 hr 2.401 4.397 
(peeled scale) 1 hr 2.507 
3 hr 2.380 4.899 
(peeled scale) 3 hr 2.309 
18 Cr-8 Ni Cb 1 min 0.157 0.219 0.146 0.238 
stainless steel 5 min 0.160 0.218 0.142 0.273 
30 min 0.138 0.209 0.093 0.254 
(peeled scale) 30 min 0.138 0.209 0.220 0.085 
(scale off) 1 hr 0.141 0.205 0.356 0.403 
3 hr 0.141 0.221 0.446 0.516 
(peeled scale) 3 hr. 0.141 0.221 0.368 0.282 
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Taste VII. Diffusion of an alloying element 
underneath scaled surface. 





———— 
—_— 





Ratio of intensity of 


Specimen preparation Cr line to Fe line 








Scraped clean of loose scale 0.063 
ist polish 0.191 
2nd polish (most of red scale off) 0.192 
3rd polish (almost clean) 0.203 
4th polish (clean) 0.318 
Unoxidized surface 0.182 





herent layer remains richer in nickel content than that 
in the original alloy despite the repeated peeling-off of 
the scale. The chemical composition of the peeled scale 
after various time periods of oxidation, as shown in 
Table VI, does not seem to deviate far from the original 
alloy composition. The Debye diffraction pattern on the 
peeled scale after 1 hour at 2000°F in air shows the 
presence only of the spinel type lines of a=8.37°A. 
The lattice parameter of the spinel cell does not seem 
to agree with the value reported for NiO-Fe.Os; in 
Gulbransen’s® paper. 

On oxidizing an 18 Cr-8 Ni-Cb stainless steel at 
2000°F in air the adherent oxidized layer adjacent to 
the metallic surface grows steadily richer in chromium 
as well as nickel despite repeated scaling-off on pro- 
longed oxidation. At first, the chromium or nickel 
content in the adherent oxidized layer starts at a value 
lower than that in the original alloy, but after oxidation 
time longer than 30 minutes it becomes much higher 
than that in the original alloy, and is still climbing 
after 3 hours of oxidation. The peeled scales after 30 
minutes and 3 hours of oxidation show consistently 
higher nickel content than that in the original alloy 
with the chromium content increasing from a value 
under to a value over the original alloy content after 





3 hours of oxidation. The Debye diffraction pattern of 
the peeled scale after 30 minutes of oxidation shows 
stronger lines of FesO; than those of the spinel type 
(a=8.36°A) while the Debye pattern on peeled scale 
after 3 hours of oxidation shows stronger lines of spinel 
type than those of Fe.Os. 

The above results might possibly serve as a key to 
the solution of the mechanism of oxidation in practical 
metallurgical alloys which are subjected to service at 
elevated temperatures. The data might also be of 
interest to the ceramic industries in relation to wetting 
and sealing of glasses, structure of coatings, etc. 

The established experimental evidence from the 
literature and from the present investigation shows that 
the diffusion of alloying elements plays an all important 
role in the mechanism of oxidation at elevated tem- 
perature. If an alloying element is known to take part 
in oxide film formation, the picture of diffusion would 
not be complete without a definite proof by some 
physical means that a change in the percentage of that 
alloy element from the average composition of the alloy 
takes place in the metallic layer directly underneath the 
oxide film. In the present investigation a specimen of 
17 Cr-Fe alloy after oxidation in air at 2000°F for 
3 hours was scraped as clean as possible from loose 
oxide film, and then was gradually polished down in 
steps toward the center section with fine 00 emery 
paper. The K-alpha lines of Cr and Fe fluorescent 
radiations were scaled during each step. 

The results shown in Table VII indicate the existence 
of a chromium-rich metallic layer next to unoxidized 
metal. From that chromium-rich metallic layer to the 
boundary of the nearest oxide film, the intervening 
metallic layers gradually impoverish in the chromium 
content, with the lowest chromium content next to the 


TaBLe VIII. Analyses of extracts from alloys by x-ray diffraction and fluorescence. 





Alloy composition Method of extraction 


Diffraction data data 


Fluorescent 
Remarks 





Slag inclusion from a As received 
titanium bearing 


alloy 


18 W-4 Cr-1 V high 
speed steel 


19 Cr-9 Ni-W-Mo Anodic FeCl; aqueous 


Anodic 10% HCl aqueous (Fe, W, V, Cr)6C, face-centered 
cubic, a= 11.04°A 


Sigma (50 Cr-50 Fe), tetragonal, 


CaTiO;, orthorhombic, a= 10.762°A, Figure 3(a) Chemical analysis: 
b=7.645°A, c= 10.886°A 


6.13% CaO, 21.35% TiO: 
Figure 3(b) 


Figure 3(c) 


steel a=8.790°A, c=4.559°A 


S-816 high tempera- Anodic FeCl; aqueous 
turealloy 40 Co, 

20 Ni, 20 Cr, 4 W, 

4 Mo, 4 Cb, 0.4 C 


balance Fe 


18 Cr-8 Ni-Ti AISI Bromine 
type 321 stainless 
steel 

18 Cr-8 Ni-Cb AISI Bromine 


type 347 stainless 
steel 


CbC, face*centered-cubic, a= 4.44°A 


TiC, face-centered-cubic, a=4.32°A 


CbC, face-centered-cubic, a=4.44°A 


Figure 3(d) 


Figure 3(e) 


Figure 3(f) 
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Fic. 3. Fluorescent recordings of powder samples consisting of extracted phases which have been identified by x-ray 
diffraction as nominally (a) CaTiOs;, (b) (Fe, W, V, Cr)«C, (c) sigma, (d) CbC, (e) TiC, (f) CbC. 


oxide film boundary, and become much lower than that 
in the average alloy composition of 17 percent. The 
reason for the impoverishment of the chromium content 
in metallic layers immediately underneath the oxide 
film can be explained as due to the enrichment of 
chromium in the initial superficial oxide film. The 
existence of the underlying chromium-rich metallic 
layer might perhaps be interpreted as due to movement 
of chromium from the central section outward during 
oxidation at the elevated temperature. 


SUPPLEMENTARY INFORMATION BY FLUORESCENT 
ANALYSIS ON SUBSTITUTIONAL PHASES 


Among the simplest binary systems, wide solid solu- 
bility ranges frequently exist among intermetallic com- 


pounds of both open-maximum and peritectic types. 
The problem of solid solubility in intermetallic com- 
pounds becomes more complicated in commercial alloys 
in which added alloying elements and unavoidable im- 
purities from various sources take part. Quite frequently 
half of an alloying element in an intermetallic com- 
pound, usually identified with that element, can be 
replaced by other similar elements, and yet the inter- 
metallic compound retains the same crystal form of 
only slightly different dimensions. Therefore, in order 
to identify a phase completely, diffraction data should 
be supplemented by chemical analysis. When only a 
small amount of sample is available, such as is the case 
with extracts from limited samples, certain corrosion 
products, etc., x-ray fluorescent analysis is capable of 
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supplying additional information which helps to define 
the true status of a phase in an alloy. 

The holder used in the present investigation for 
analysis of powder specimens is made from aluminum 
and is provided with a one-inch diameter cavity fitted 
snugly with transparent plastic disks. Layers of powder 
of various thicknesses can be accommodated by using 
different combinations of disks. Only the fluorescent 
radiations from the powder specimen are detected by 
the Geiger counter, as both aluminum and plastic 
yield negligibly small background line intensities. 

A number of commercial alloys were extracted by 
chemical and electrolytic methods for carbides and 
other intermetallic phases. The extracts were analyzed 
by x-ray diffraction ‘and fluorescence. The results ob- 
tained are listed in Table VIII and Fig. 3. 

Figure 3(a) shows the presence of extraneous phases in 
the slag inclusion which do not appear in the diffraction 
pattern. Figure 3(b) shows the predominant amount 
of W, large amount of Fe, noticeable amount of Ni, neg- 
ligible amount of Cr in the so-called (Fe, W, V, Cr)«C 
carbide. The amount of V in the carbide is difficult to 
determine by this method as V gives a very low fluores- 


cent yield. The nickel in the extract is derived from the 
impurity in the melting scrap. Figure 3(c) shows the 
solubility of Ni, W, Mo, and possibly Cb in the Fe-Cr 
sigma phase. Figure 3(d) shows the definite trend of 
substitution of Cb by W and Mo in columbium carbide. 
The fluorescent recording indicates some matrix con- 
tamination, although the diffraction pattern shows 
carbide lines only. Bromine chemical extraction was 
adopted for carbides shown in Fig. 3(e) and Fig. 3(f) 
because this method produces extracts whose diffraction 
patterns show no contamination of the austenitic 
matrix, while the electrolytic extraction methods ap- 
plied to these steels cause intergranular disintegration 
with matrix contamination as a result. The fluorescent 
analysis on these carbides, however, shows the serious 
contamination of bromides which do not appear in the 
diffraction patterns. No conclusion can be drawn on 
the presence of Fe, Cr, Ni, and W in the extract because 
of their possible identities as bromides or matrix. 
Figure 3(f) shows significantly the existence of Ta in 
the columbium carbide. It is generally known that Ta 
coexists with Cb in the ores, the separation of the two 
being quite difficult. 
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Tests have been conducted on annealed heavy-walled cylinders of low carbon (1020) steel internally 
loaded by explosive charges. The purpose of these tests was to obtain basic information on the manner and 
type of fracturing and plastic flow obtained by extremely high pressures acting for short durations. It was 
observed that all of the cylinders tended to fracture in long fragments in the same basic pattern, but with 
variations because of wall thickness and manner of loading. Experimental results indicate that the radial 
cleavage type of fracture is initiated within the cylinder wall and propagated to the surface, while the shear 
type fracture associated with the inner portion of the cylinder wall appears as an independent energy 


relieving process. 


Microstructure analysis of the cylinder fragments shows a definite relationship between the type of 
fracture and the amount of distortion of the grain boundary. Considerable shock twinning is present in the 
cylinder fragments, and the grain structure near the inner surface shows severe distortion and flow. Strain 
measurements indicate that considerable plastic strain occurs during the explosive loading and cleavage 
fractures were always observed to occur in association with considerable plastic deformation. 





INTRODUCTION 


HE purpose of this investigation was to study the 
nature of the deformation and fracturing pro- 
duced in thick-walled steel cylinders by extremely high 
internal transient pressures. A peak pressure in the 
neighborhood of 4,000,000 psi'* is reached through the 
use of high explosive charges. The duration of the 
pressure is not known precisely, but it is believed to be 
of the order of a few milliseconds. 
The problem of the internally loaded thick-walled 
cylinder has been extensively studied theoretically*~® 


TABLE I. Test cylinder data.* 











Wall Steel Number of 
thickness analysis External grids No grid cylinders 
(inches) no. only used systems used fired 
i 1 x 3 
‘ 1 x 3 
1 1 x 3 
1} 1 x 3 
3 2 x 1 
1 2 x 1 
1} 2 x 1 
23% 3 x 1 
2is 3 x 1 
4 4 x 2 








* Note: All cylinders have 1-in. i.d. : 
> This cylinder 6 in. long, all other cylinders 8 in. long. 


* Work supported by Armament Branch, ONR. 
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for both the elastic and plastic cases, and a number of 
investigators have reported experimental observations 
regarding the failure of cylinders under more gradually 
applied internal loads. There are, however, few data 
available on the effects of explosive loading on such a 
cylinder. Explosive loading introduces extremes in the 
magnitude and time rate of loading which are not 
present in the more generally used types of tests. A 
complete theoretical treatment of the explosively loaded 
cylinder would necessarily include a consideration of the 
manner in which the transient stress waves are propa- 
gated through the cylinder. Such a treatment has not 
been published. It is anticipated that the present in- 
vestigation will throw considerable light on the nature 
of the problem. It was felt that the plastic solutions that 
are available, as well as extensions of the elastic solution 
for thick-walled cylinders, could not be used to predict 
the behavior of cylinders under internal explosive 
attack. Furthermore, as Bridgman"® has remarked, the 
phenomena of fracture are complicated and obscure. 
For this reason, workers in the field have been en- 
couraged to acquire the broadest possible knowledge 
of the phenomena. It was partially in line with this 
thought that the present tests were conducted. 


EXPERIMENTAL WORK 


All tests were conducted with the cylinders mounted 
in a vertical position on several layers of Celotex as 
shown in Fig. 1. The cylinders were fired in shallow 
pits in sandy soil with the outer surface of the cylinder 
free from any restraint. In all cases, Composition C—3 
was the explosive. It was detonated with an Engineer 
Special Cap that was inserted in the upper end. 

The inside diameter of each cylinder was the same, 
1 in. Wall thicknesses ranged from } in. to 4 in. All 
cylinders were made 8 in. long, except the one with a 
4-in. wall whose length was limited to 6 in. by the 


_ P. W. Bridgman, “Fracture and hydrostatic pressure,” 
in Fracturing of Metals (Am. Soc. Metals, 1948), p. 246. 
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amount of material available. The several cylinders 
ysed in the tests are listed in Table I. 

The cylinders were machined from solid round bars 
of 1020 steel, rather than from tubing in an effort to 
obtain homogeneity and uniformity of material in the 
cylinder walls. They were then annealed in a reducing 
atmosphere at 1600°F. The cylinders with outside 
diameters of 4 in. or less were machined from bars 
4} in. in diameter. The other cylinders were machined 
from bars of 6 and 9} in. in diameter. Complete analyses 
of the several stocks used are given in Table II. 

In a few cases fine }-in. rectangular grid systems were 
scribed on the outer surface of the cylinder in order to 
measure permanent strain. The depth of the scribed 
line was never greater than 0.003 in. The cylinders were 
annealed after the grids were put on in order to relieve 
any local stresses caused by the scribing process. The 
use of finely scribed grid lines on the interior surface did 
not prove feasible as the longitudinal grids became lines 
of fracture. 

A few minor problems were encountered in the re- 
covery of the fragments. Complete recovery of all frag- 
ments was difficult. However, the percentage of recovery 
was sufficiently high (up to about 95 percent by weight) 
to permit a comprehensive comparison study of the 
fragments from the various cylinders tested. This study 
indicated a high degree of reproducibility of the tests. 
A few fragments were damaged by striking objects. 
But here again, the number was not sufficient to 
interfere in any way with the experimental studies 
which were conducted. 

The recovered fragments were carefully studied. De- 
formation of the previously mentioned grid system was 
used as a measure of the amount of permanent straining. 
Typical fragments were cross-sectioned in order to 
observe the nature and extent of fracturing. Many of 
the sectioned fragments were used for studies of changes 
in microstructure. Each of these studies is discussed 
in one of the following sections. 


GENERAL BEHAVIOR OF CYLINDERS 


When a detonating explosive in a_ thick-walled 
cylinder is fired at one end, the detonation wave moves 
down the cylinder and the explosive turns into gaseous 
products which exert extremely high pressures on the 
inside of the cylinder. For cylinders 8 in. in length, such 
as were used in these tests, the time required to propa- 
gate this detonation wave the length of the explosive 
is approximately 27 microseconds. These gaseous pro- 
ducts promptly begin to bleed from the ends of the 
cylinder. . 

Under these high pressures the cylinders expand 
radially and then fracture into long thin fragments by 
a combination of shear and cleavage type fractures. 
The major fragments obtained also contain many 
longitudinal breaks which tend to subdivide these 
pieces and thus increase the number of fragments. For 
cylinders of the same size and under the same conditions 
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Fic. 1. Firing arrangement for cylinders. 


of loading, the extent of this fracturing is about equal 
so that the number of major fragments obtained is 
approximately the same in each case. As the wall thick- 
ness is increased, the extent of fracturing decreases, 
and the number of fragments is reduced until a suffi- 
ciently thick wall is reached where some plastic expan- 
sion occurs but fragmentation does not. 

A high degree of reproducibility is obtained when 
cylinders of the same dimensions are loaded and deton- 
ated in the same manner. The type of fractures obtained 
and the manner in which the cylinders fracture are the 
same. Also, the size and number of the fragments ob- 
tained are quite similar. When these fragments are cross 
sectioned and etched, microstructure studies show that 
the physical change in the microstructure of the 
material is quite reproducible by this type of test. 


FRACTURES 


All cylinders with a wall thickness of 2;% in. or less 
broke up into several fragments while the 4-in. wall 
cylinders remained intact. The }-in. to 2;%-in. thick- 
walled cylinders fractured in a characteristically similar 
manner. A photograph of the fragments that were 
obtained from an annealed cylinder whose wall thick- 
ness was 2;’g in. is reproduced in Fig. 2. The uniformity 
in size and the manner in which the major fragments 
tend to break into smaller fragments are typical of 
cylinders of other wall thicknesses. The force of the 
explosion was not sufficient to cause fractures to extend 
through the entire wall of the 9-in. o.d. cylinder. The 
effect of the explosive can be seen in Fig. 3 where a 
fired 9-in. o.d. cylinder is shown next to a similar 
unfired one. The outer surface of the fired cylinder 


TABLE II. Composition of material. 











Steel 
analysis 
no. ¢ Mn Si S P Cr Ni 
1 0.16 0.67 0.05 0.015 0.007 Trace Trace 
2 014 0.66 0.04 0.016 0.007 Trace Trace 
3 0.21 O96 0.28 0.015 0.017 Trace Trace 
4 0.21 095 0.32 0.017 0.010 Trace Trace 
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Fic. 2. Fragments from 27%-in. wall cylinder. 


showed no signs of fracturing although the inside 
diameter was increased by as much as 77 percent. 

Two basic types of fracture have been observed: 
shear fracture at approximately 45° to the circumference 
of the cylinder, and a cleavage fracture extending 
radially through the cylinder wall. These types of 
fractures are similar to those observed by N. F. Mott" 
in his work on the fragmentation of shell cases. Both 
types are evident in Fig. 4 which is a photograph of the 
cross section of a fragment obtained from a 2;%-in. wall 
cylinder. The interior surface exhibits only shear 
fractures, while the remainder of the cylinder wall 
shows the occurrence of cleavage fracturing. Many 
internal fractures also exist which do not extend to 
either surface. Such fractures were not described by 
Mott in his paper. 

It may be of interest to discuss briefly the cleavage 
type of fracture. Frequent references to it in literature 
tend to be confusing as it is discussed under a wide 
range of terminology.“ It is often referred to as a 
cleavage fracture, fibrous fracture, cohesive-cleavage 
type failure, brittle fracture, granular fracture, crystal- 
line break, and others. Nadai‘ has adequately expressed 
this type of fracture as one “caused by separation in the 
grains of polycrystalline material along certain crystal- 
lographic planes when the normal stress in these planes 
reaches a definite mean value, particularly in the lower 
range of temperatures and at the higher rates of 
stressing: --.” 

A cleavage fracture is not necessarily a true brittle 
fracture but may have considerable plastic flow associ- 
ated with it. In the present experiments with explosive 
loading of thick-walled steel cylinders, this type of 
fracture was consistently present with varying degrees 
of plastic deformation. Davis and Parker" in their ex- 
periments with thin-walled tubes tested at —138°F 
with internal pressure only, found that the tubes ex- 
hibited up to 50 percent plastic extension before fracture 
occurred by cleavage. In his paper, Mott" also stated 
that for cylindrical shell cases composed of a ductile 


“uN. F. Mott, Proc. Roy. Soc. (London) Series A 189, 300 
(1947). 

#E. A. Davis, J. Appl. Mech. 15, 216 (1948). 

8S. J. Fraenkel, J. Appl. Mech. 15, 193 (1948). 

“4 H. E. Davis and E. R. Parker, J. Appl. Mech. 15, 201 (1948). 
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material, such as steel, considerable plastic expansioy, 
as much as 50 percent, occurred before the case broke 
with shear and cleavage type fractures. The amount 
of permanent strain which occurred in the present case 
is discussed in a later section. 

When the 9-in. 0.d. cylinders were cross-sectione 
and etched, four distinct regions were noted in the 
material (see Fig. 5). At the inner surface was a region 
containing numerous shear fractures which extended 
to a depth of about } in. into the cylinder wall. Starting 
at a depth of about 1% in. from the inside surface was 
another region containing a considerable number of 
completely internal cleavage fractures which extended 
radially in the wall of the cylinder. Between the shear 
and cleavage fractures was a region of unfractured 
material, and between the internal fractures and the 
outer surface lay another region of unfractured material. 

The existence of internal fractures indicates the 
probability that when thick-walled cylinders fracture 
from internal explosive loading, the cleavage fractures 
initiate within the walls of the cylinders and then 
propagate in a complex, mutually stress-relieving 
manner to the inner and outer surfaces. The large 
unfractured region between the shear and Cleavage 
fractures indicates that the two types of fractures may 
be initiated as two completely separate systems. 

The occurrence of only shear fractures at the inner 
surface of the cylinders is in agreement with the work 
of Bridgman” where it is shown that tensile fractures 
occur with difficulty under very high hydrostatic pres. 
sures, and that at high pressures the break becomes a 
shearing fracture rather than a tensile break. He has 
also shown'* why it is unlikely that rupture would start 
at the inner surface under these loading conditions 
since such a rupture at the inner surface would not 
result in a decrease of the total potential energy of 
strain in the metal, as the internal pressure would be 
acting in a direction to oppose the release of volume 
compression resulting from such a rupture. On this 
basis, it appears likely that under explosive conditions 
of loading a cylindrical region extending from the inner 





Fic. 3. Four-inch wall cylinders before and after 
internal explosive loading. 


 P. W. Bridgman, Revs. Modern Phys. 17, 3 (1945). 
‘6 P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1949). 
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surface approaches the conditions of hydrostatic 
ressure. The cleavage fractures are initiated at the 
outer edge of this hydrostatic region. The shear frac- 
tures then appear as an energy relieving process in the 
region of greatest deformation after the tube has 
expanded plastically and the cleavage fractures have 
been initiated within the wall. 

An interesting observation was made regarding the 
shear fractures in the 4-in. wall cylinders. The shear 
fractures all propagated in the same direction for about 
90° of the inner surface at which time they reversed their 
direction of propagation for the next 90°. For each 
cross section studied, this reversal occurred four times 
and roughly corresponded to four quadrants of a circle. 
Occasionally, at the point where two quadrants met, 
two shear cracks propagated at right angles to each 
other from the same point. 

The foregoing observations of the manner in which 
thick-walled cylinders fracture under internal explosive 
loading indicate that extensions of elastic theory to 
fracture initiation are not applicable in the present 
case. The application of plastic theory is complicated 
by the introduction of several factors resulting from 
the extreme pressures and time rate of loading used. 
The results of the present tests, namely, that the 
location of tensile fractures are initiated within the 
cylinder wall, show that the location of fracture initia- 
tion in explosively loaded thick-walled cylinders is 
different from the observed results for cylinders loaded 
under high internal pressures but at slow rates of 
straining. In the latter case the fractures were observed 
to begin at the outer surface of the cylinder. 

The mathematical solution for the static loading of 
thick-walled cylinders within the elastic range is well 
known. The stress equations for such a cylinder loaded 
by an internal pressure, where it is assumed that a 
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Fic. 4. Fractures in cross section of thick-walled 
cylinder fragment. 
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Fic. 5. Cross section of 4-in. wall cylinder showing 
effects of internal explosive loading. 


plane transverse section of the cylinder remains plane 
and parallel to itself, have been fully developed and 
can be written in the form’ 


a*p 52 
(-;) 
b?— aq? r? 
a’p b2 
oa= (1+-), 
2_ gq? r2 


where a and 6 denote the inner and outer radii of the 
cylinder, respectively, and p denotes the uniform in- 
ternal pressure. The tangential stress reaches a maxi- 
mum value at the inner surface of the cylinder where 


p(a?-+b") 


b?— a? 





o,= 





(6) max = 


Therefore, the maximum value of o is always numer- 
ically greater than the internal pressure and approaches 
this quantity as material is added to the outside wall 
of the cylinder. The values for shearing stress and 
tangential strain also are a maximum at the inner 
surface where 


T(max) = (oe— o,)/2= pb?/(b?— a?) 
€(max) = (o9— uo,)/E. 


It was realized that none of the above criteria would 
be realistic in the present case since a certain amount of 
plastic flow must be expected, and under such conditions 
the relations between stress and strain which were 
assumed in deriving the above formulas no longer hold. 
However, it might be supposed that elastic theory 
could be extended in a very general manner to indicate 
that the fracturing of a thick-walled cylinder subjected 
to high internal pressure might be expected to start 
at the inner surface. The inadequacy of extending 
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PERMANENT STRAIN (%) 


Fic. 6. Circumferential permanent strain on outer 
surface of cylinder wall. 


elastic theory even in this generalized manner to ex- 
plosively loaded thick-walled cylinders is shown by the 
fact that the major fractures did not start at the inner 
surface as the above criteria would indicate. 

Extensive theoretical treatments have been given 
for thick-walled cylinders in the plastic-elastic and the 
fully plastic states‘ for static loading and fairly low 
rates of strain. These treatments have included dis- 
cussions of the plastic yielding of thick-walled cylin- 
drical tubes acted upon by various combinations of in- 
ternal pressure, external pressure, and end loads based 
upon different infinitesimal strain and finite strain condi- 
tions. There is not yet complete agreement, however, on 
a generalized treatment that fully covers all conditions of 
loading. 

Application of plastic theory to thick-walled steel 
cylinders loaded with explosive charges is complicated 
by several factors resulting from the conditions of 
loading. At very high rates of loading the initial yield 
pressure is probably independent of the wall thickness 
since the high pressures are applied so rapidly that 
yielding at the interior surface may start before the 
outer surface is aware of loading. Other factors that 
must be considered are a delay in plastic initiation,” an 
increase in ultimate strength with rate of loading,"* the 
fact that resistance to fracture may depend on the state 
of stress,"- and the effect of strain hardening. These 
effects make the problem very complex and the obtain- 
ing of a complete solution to the problem difficult. 


17D. S. Wood and D. S. Clark, Trans. Am. Soc. Metals 43, 571 
(1951). 

18 ED. S. Clark and D. S. Wood, Trans. Am. Soc. Metals 42, 45 
(1950). 

19 J. S. Rinehart, J. Appl. Phys. 22, 55 (1951). 
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The results of the present tests indicate that the 
experimental observations of other investigators regard- 
ing the manner of failure of internally loaded cylinders 
under relatively slow rates of loading cannot be extended 
to include the explosive loading of such cylinders. The 
high pressure work of Bridgman’® indicates that the 
rupture of cylinders made of ordinary grades of steg| 
invariably starts at the outside surface and travels 
inward, rather than starting at the inside and running 
out. Another manner of fracturing has been proposed 
by Davis” who has expressed the view that where the 
fracture is completely brittlef the fracturing may occur 
at both surfaces and spread toward the central part 
of the wall and was suggested as a means of explaining 
the herringbone type of break. However, it was believed 
that the extremely short duration of loading and the 
magnitude of the pressure obtained by using explosive 
charges might give results entirely different from those 
expressed in the above works. In fact, the authors found 
considerable evidence that the major fractures caused 
by internal explosive loading were initiated within the 
walls of the cylinders rather than at either surface. 
Davis has also discussed the possibility of associating 
shear and cleavage fracturing in hollow cylinders to the 
speed of crack propagation in connection with tests of 


his in which tubular steel specimens with closed and © 


open ends were stressed by internal fluid pressure. 


STRAIN MEASUREMENT 


Finely scribed rectangular grid systems were placed 
on the outside of the six thickest walled cylinders to 
measure permanent strain. Internal grids were tried 
but abandoned since the grid lines affected the shear 
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Fic. 7. Maximum reduction in wall thickness 
of fragmented cylinders. 


ft See prior discussion in paper regarding brittle fracturing. 
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fractures at the interior surface and gave rise to the 
formation of long wedge-shaped fragments. Neither 
external nor internal grid systems were used on the 
}in. wall cylinders as the scribed lines interfered with 
the method of fracture. 

Considerable plastic deformation occurred in the 
radial and tangential directions. The amount of circum- 
ferential deformation varied with position along the 
cylinder and with wall thickness. Curves characteristic 
of the circumferential permanent strain on the outer 
surface of several cylinders are given in Fig. 6. The 
maximum strain for a 1-in. wall cylinder is 21.6 percent 
and that for a 2;%-in. wall cylinder, 6 percent. The 
curves indicate that the maximum circumferential strain 
increases as the wall thickness decreases. The curves 
also show that for an individual cylinder the permanent 
strain is the smallest near the ends of the cylinder and 
reaches 2 maximum not far from the middle. The maxi- 
mum strain for a 1-in. wall cylinder, for instance, reaches 
21.6 percent near the center, while it drops to a mini- 
mum of 4.2 percent at the upper end. Measurements of 
the 4-in. wall cylinders showed an increase of from 58 
to 77 percent for the inside diameter over the original 
j-in. dimension, while the outside diameter showed a 
maximum increase of 0.92 percent over the original 
9-in. dimension. 

As the wall thickness was reduced, the relative re- 
duction in the wall resulting from the plastic expansion 
increased. This value varied along the fragment. The 
greatest percent reduction occurred about halfway 
down the cylinder in the region of maximum circum- 
ferential strain. The maximum relative reduction in the 
walls of six cylinders is shown in Fig. 7. It is of interest 
to note that from a wall thickness of 3-in. up the curve 
has a linear relationship. 

Longitudinal strain up to 6 percent was evident in 


Fic. 8. Fragment from 
1}-in. wall cylinder. 














Fic. 9. Shear fracture caused by explosive loading. 


the central portion of fragments from the 1 and 1}-in. 
wall cylinders. This strain was apparently because of the 
severe buckling which many of these fragments under- 
went. The buckling is clearly evident in Fig. 8 which 
shows a fragment from a 1}-in. wall cylinder. No elonga- 
tion was evident in portions of the fragment which had 
remained plane. Fragments from the #-in. wall cylinders, 
which remained essentially flat with only small amounts 
of buckling present, showed maximum amounts of 
permanent longitudinal strain of about 2} percent. 
The flat portions of these fragments showed no strain 
in the longitudinal direction. 


MICROSTRUCTURE ANALYSIS 


The microstructure of the cylinder fragments was 
characterized by severe grain distortion and shock 
twinning. The amounts of twinning and the degree of 
grain distortion were both greatest near the inner sur- 
face and both decreased as the outer surface was 
approached. It is likely that considerable slip occurred 
during the expansion process but was not evident since 
the specimens were polished and etched. 

The depth of the shear fractures from the inner sur- 
face closely corresponded to the depth of the heavy 
plastic flow region where the grains were elongated in 
the circumferential direction. The shear fracture ended, 
or changed to the cleavage type fracture, in the region 
where the grain structure showed no further flow or 
boundary elongation. The relation between the grain 
distortion and shear fractures is shown in Fig. 9, which 
is a photomicrograph taken of an area 4} in. from the 
inside surface. The photograph also illustrates another 
point of interest, namely, that many of the shear 
fractures do not propagate as complete fractures, but 
rather us a series of breaks of varying lengths with 
each break interposed by unbroken material. 

Considerable shock twinning has been observed 
throughout the cylinder wall where full fragmentation 
occurred, but in the 4-in. wall cylinders this shock 
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Fic. 10. Microstructure in fired 4-in. wall cylinder. (a) ¢ A in. from explosive. (b) ¢& in. from explosive. 


(c) 1y% in. from explosive. (d) # 


twinning ceased near the outer region where the internal 
fracturing also ended. Extensive study has been done 
on the phenomena of Neumann bands or shock twins. 
It is known” that a rapid loading of the material is one 
cause of shock twinning. The distortion of the shock 
twins near the inside surface of the cylinder gives an 
indication of the manner in which the twins occurred 
under the dynamic loading, and of how the grains were 
then deformed, possibly after a slight delay period. 
The change in the microstructure of the steel pro- 
gressing from the inner to the outer surfaces of one of 
the 4-in. wall cylinders is shown in Fig. 10. Figure 10(a) 
shows the heavy flow associated with the metal nearest 
the explosive and was taken at % in. from the inner 
surface. Figure 10(b), taken at 4 in. from the inside 
surface, still shows the presence of some grain distortion 


2° Smith, Dee, and Young, Proc. Roy. Soc. (London) Series A 
121, 477 (1928). 


#5 in. from outer surface. 


and also the heavy shock twinning which is character- 
istic of this region. The third picture, Fig. 10(c), shows 
that at a distance of 17% in. from the inner surface the 
grain elongation has ceased although the shock twins 
occur to a lesser extent. Figure 10(d) shows the micro- 
structure at a distance of ;; in. from the outer surface 
in a region where no fracturing has occurred. The 
microstructure of Fig. 10(d) appears the same as the 
original grain structure of the material. 


CONCLUSIONS 


1. Cleavage fractures were always observed to occur 
in association with considerable plastic deformation. 

2. Two basic types of fracture were obtained; shear 
fracture and cleavage fracture. Microstructure study of 
the fragments indicated a definite relationship between 
the type of fracture and the amount of distortion of the 
grain boundary. 
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3. Considerable shock twinning was present with 
each fracture, and the intensity of the Neumann bands 
decreased with increasing distance from the interior 
wall. 

4. There is considerable evidence that the fractures 
initiate within the wall and then propagate in a mutually 
stress relieving manner to the surfaces. It is thought 
that the shear fractures present at the interior surface 
are the result of an energy relieving process which 


occurs after the initial high pressure within the cylinder 
has been released and after the cylinder itself has under- 
gone plastic expansion. 
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Cold-work in copper to the extent of 75 percent reduction in the cross-sectional area resulted in an increase 
in the Hall constant of 0.010.002 times the Hall constant for annealed copper. The value obtained for the 
Hall constant for annealed copper was minus 5.33 X 10-* volt-cm/ampere-gauss. 


INTRODUCTION 


T has been known for a long time that the electrical 

_conductivity of a pure metal is affected by cold- 
work. In copper at room temperature,”’e.g., the con- 
ductivity decreases approximately 2 to 2.5 percent for 
heavy cold-work.!? 

According to the free electron theory of metals* the 
electrical properties can be represented in terms of two 
quantities. Usually, the following are chosen: the 
number of free electrons per cubic centimeter, ”; and 
the mean free path of the electrons, /. In terms of these 
quantities, the electric conductivity « can be repre- 
sented by the following equation: 


o=enl/hk, (1) 


where ¢ is the charge of the electron and, k, the wave 
number corresponding to the surface of the Fermi dis- 
tribution. The quantity /# has the usual meaning. 

In terms of this theory a change of the resistivity 
indicates, therefore, a change in the product nl. From a 
measurement of the conductivity no knowledge about 
the influence of the cold-work on m or / individually can 
be obtained. So far it has been (at least tacitly) assumed 
that the cold-work influences the mean free path rather 
than the number of free electrons, which is for the case 
of copper taken as being equal to the number of atoms. 

In order to determine both n and /, a second experi- 
ment is therefore necessary which yields these quantities 


in a different functional relation than the product. The 


'Kinnosuke Takahasi, Science Reports of Tohoku University, 
19, 265 (1930). 

* J. S. Koehler, Phys. Rev. 75, 106 (1949). 

+See, e.g., A. Sommerfeld and H. Bethe, Handbuch der Physik 
(Verlag Julius Springer, Berlin, 1933) Vol. 24, part 2, p. 333. 


Hall effect can be used to great advantage for this 
purpose since its magnitude depends simply on m but 
not on J. As a measure of this effect the Hall constant 
R is generally used; this quantity is defined in the 
following way: If the direction of the magnetic field H 
is perpendicular to the current density 7 of the primary 
current i, the Hall constant is equal to the component 
En of the electric field perpendicular to H and j divided 
by the product of H and j, or in symbols, 


R= En/jH, (2) 


the sign of R being defined as positive if Ey has a direc- 
tion corresponding to a deflection which free positively 
charged particles carrying the primary current 7 
would suffer under the influence of the magnetic 
field, H. 

Measurements of the Hall effect are usually per- 
formed on a conductor of rectangular cross section (in 
form of a strip) where the width w is chosen very 
much larger than the thickness d and the magnetic 
field is perpendicular to the strip. The Hall constant R 
is then equal to 


R=Vd/Hi, (3) 


where i is the electric current flowing through the bar, 
and V=Eyw is the voltage resulting from the Hall 
effect. 

According to the above-mentioned theory, the con- 
stant R can be represented by the following equation: 


R=1/ne. (4) 


In order to shed more light on the mechanism of cold- 
work it was decided to investigate the magnitude of the 
Hall effect as a function of cold-work. As a material, 




















Fic. 1. Sample strip for measuring the Hall effect. 


copper was used. Experiments of this type have never 
been performed before, possibly in view of the fact 
that a change in the effect resulting from cold-work must 
necessarily be rather small (smaller than the change 
of resistivity) if there is a change at all.‘ Besides the 
measurement of the Hall effect, the change of conduc- 
tivity resulting from cold-work was investigated for all 
the samples in which the Hall effect was measured. 


EXPERIMENTAL PROCEDURE 


Since, as mentioned before, the change in the Hall 
effect by cold-work can hardly be expected to exceed 
the change of two percent which occurs in the case of 
the conductivity, considerable time was spent to develop 
a procedure with the rather small electromagnet at our 
disposal for detecting changes as small as one-half of one 
percent after annealing of the previously cold-worked 
sample. To achieve this accuracy it was necessary to 
repeat measurements on a sample in each state about 
twenty times and to carry out the experiment on many 
samples. The experiment was conducted as follows: 
Each sample consisted of a copper strip of approxi- 
mately 0.014-cm thickness, 5-cm width, and 25-cm 
length and was kept sandwiched between Bakelite plates 
in a cooled oil bath during the measurement of its Hall 
constant and its resistance. The strips were cut from 
cold-worked sheets in the form shown in Fig. 1 so that 
the protruding terminals a to e, which were used for 


measurement of the Hall voltage and of the resistance, 


comprised an integral part of the strip material. Copper 
wires were soft soldered to these tails and the junctions 
immersed in the oil bath. Keeping the junctions in this 
way separated from the part of the strip carrying the 
heavy primary current supplied at the terminals A and 
B prevented disturbance of the measurements by ther- 
moelectric forces resulting at the terminals a to e. 

* However, there is an investigation (W. F. Leverton and A. J. 
Dekker, Phys. Rev. 80, 732 (1950)) in which the Hall effect is 
measured for a thin metal film of antimony which was obtained 
by distillation. It was observed that heating this film to a tempera- 
ture of 510°C increased the Hall effect by 13 percent. The transi- 
tion of such a film during the heating is, of course, an entirely 


different process than the change of a material from the cold-work 
to the annealed state. 
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During the Hall effect experiments it was not necessary 
to register the temperature of the oil bath since the Hail 
constant in copper is known to be almost independent of 
temperature at temperatures around 20 to 30 degrees 
centigrade.* ® The purpose of the bath was in this case 
to keep the junctions a, b, and c at the same tempera- 
ture. No special attempt was made to obtain the condi- 
tion for the isothermal or adiabatic Hall effect since the 
emphasis in this investigation was on the change in the 
Hall effect due to cold-work and not its absolute value 
under a particular condition. The method used was 
similar to that proposed by F. Kolaéek’ in which the 
potential of a point on one side of the strip (terminal ¢ 
on Fig. 1) is matched (in the absence of the magnetic 
field) by the potential at the tap of a voltage divider 
connected between two points on the other side in our 
case, b and c. This method is preferable to applying the 
voltage divider across points A and B since, as already 
found by Novak and Macki,' in this case the Hal] 
emf is reduced by a factor of two. 

In the course of the experiments the arrangement was 
changed and improved in many respects. If not ex- 
pressly mentioned the following refers to the “final 
experiments.” 

The circuit used for measuring the Hall emf is shown 
in Fig. 2. The primary current was read on a 50-my 
Weston millivoltmeter in connection with a 200-ampere 
shunt. During the measurement the current was kept 
as close to 200 amperes as possible, the millivoltmeter 
never deviating from this reading by a deflection cor- 
responding to more than one-half of an ampere. The 
Hall voltage was measured by compensation: As a null 
indicator, a type H. S. Leeds and Northrup reflecting 
galvanometer of an internal resistance of 22.4 ohms, a 
critical damping resistance of 42 ohms, and a sensi- 
tivity of 0.09 1V/mm with the scale at one-meter dis- 
tance was used. The compensating voltage was obtained 
from a specially adapted Lewis Engineering Company 
potentiometer (shown inside of dashed rectangle in Fig. 
2) in connection with a voltage divider consisting of the 
resistances R; and R2 of 42 ohms and 4500 ohms, re- 
spectively. The value chosen for R; made the total 
resistance of the galvanometer circuit approximately 
equal to the critical damping resistance. In order to 
ascertain the zero point of the galvanometer, a Leeds 
and Northrup “Pinch Type” double pole switch with 
copper contacts (switch No. 1 in the diagram) was 
provided which made it possible to remove the galvanom- 
eter from the circuit and short it through the resis- 
tance R3. 

The current between the terminals A and B was 
obtained from a constant current (welding) generator 
and the magnet current from a motor generator set. In 


5H. Alterthum, Ann. Physik, 38.5, 933 (1912). 

* E. H. Hall, Proc. Am. Acad. Sci. 72.9, 301 (April, 1938). 

7 Theoretischer Beitrag zu den Messmethoden des Halleffektes 
(Electrina Magnetismus, Prague, 1904), p. 246. 

® N. Novak and B. Macki, Cas. Math. Fys. 38, 47 (1908). 
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order to obtain an absolute value of R, measurements 
of the magnetic field were performed at various magnet 
currents with a General Electric indicating fluxmeter. 

Measurements were performed in the following way. 
With a current between A and B but the magnet 
ynexcited, the resistances R, and Rs were adjusted so 
that no deflection of the galvanometer resulted. Then, 
the magnet was excited and the voltage necessary for 
compensating the Hall voltage recorded. Subsequently, 
the direction of the magnet current was reversed and the 
Hall voltage compensated again with the compensating 
voltage reversed by the use of the switch No. 2 in the 
diagram. About ten such readings were obtained for 
each direction of the magnetic field. For the determina- 
tion of the Hall constant the averaged readings for each 
direction were added so that essentially the effect of 
the remanence of the magnet (without any current 
flowing through its winding) was eliminated. 

For the measurement of the electrical resistance of 
each sample in the cold-worked and the annealed states 
use was made of the tails d and e. They were used in- 
stead of the electrodes 6 and ¢ as the “voltage elec- 
trodes” in a Kelvin Bridge arrangement, since the 
wider spacing between the former increases the accuracy 
of the measurement. The resistance measurements were 
made with a current of approximately 50-150 amperes 
existing between electrodes A and B. A Weston 50- 
millivolt shunt, “Type 8,” set at the 150 ampere posi- 
tion was used as a standard resistor. The rest of the 
bridge was made up by two Shallcross “decade potentiom- 
eters.” 

The material used for this investigation was commercial 
electrolytic copper. A chemical analysis’ made at this 
laboratory gave the following results: 99.9 percent 
copper plus undetermined amounts of silver and oxygen. 
The proportion of ferromagnetic materials was less 
than 0.007 percent. 

Previous to the experiment the sample was annealed 
for one hour in a helium atmosphere at 595°C. To 


Taste I. Hall emf’s V.’ and V.” obtained by exciting the 
magnet by currents of opposite direction. 








V.’ in microvolts V-” in microvolts 





— 56.6 
56.0 

— 57.0 
55.9 

— 56.7 
56.4 

— 56.7 
56.4 

— 56.6 
56.5 

— 56.5 
56.8 

— 56.2 
56.5 

— 56.3 
56.3 

— 56.4 











*We are indebted to Mr. D. Ottersen for the analysis. 
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Fic. 2. Electrical circuit used in measuring the Hall effect. 


prevent oxidation, the commercial helium employed 
was purified by passing it through a liquid nitrogen trap 
filled with activated charcoal and then over heated 
copper strips. The samples were then cold-worked in an 
electrically driven rolling mill. 

The reduction in cross-sectional area achieved varied 
between 50 to 75 percent in the preliminary experi- 
ments, while the final experiments were performed with 
75 percent reduction. 

In order to obtain a uniform current density through 
the sample, the terminals A and B for the primary cur- 
rent were made of heavy copper bars extending over the 
width of the strip. During the preliminary experiments 
the bars were soft soldered to the strip. This necessitated 
taking them off toanneal the strip after the first measure- 
ment of the Hall effect, and resoldering them before the 
measurements of the annealed sample. In order to avoid 
this complication, the bars were in the final experiments 
hard soldered to the strips. This caused annealing in 
parts close to electrodes A and B, but since the strips 
were approximately 25 centimeters long, and further- 
more, cooled by moistened asbestos during the soldering, 
the annealing was limited to the regions outside the 
magnetic field. Provisions were made to reproduce the 
exact position of a strip in the magnet gap before and 
after annealing. 


RESULTS OF PRELIMINARY EXPERIMENTS 


In the course of these experiments ten samples were 
used. Only a very small magnet which produced a field 
of 4000 gauss over an area of 6 cm by 6 cm was available 
at the time these experiments were performed. The 
primary Hall current was only 100 amperes. An average 
ratio of the Hall constants R, and R, of the cold-worked 
and annealed sample of 1.004 was found. The fluctua- 
tions of this ratio from sample to sample were such that 
not much confidence can be placed in this result. It is 
stated here in order to support the final contention. 


FINAL EXPERIMENTS 


All the final experiments were performed under 
similar conditions using a magnetic field of 9600 gauss 
and a primary Hall current of 200 amperes. Eleven 


10 We are indebted to Mr. Don Vining for the rolling operation. 








TABLE II. Ratios of the Hall coefficients for the 
cold-worked and annealed states. 








1.00186 
1.01194 
1.00377 
1.00172 
1.01704 
1.01536 
1.01577 
1.01903 
1.0265 

0.98801 
1.01155 








samples were investigated. Table I shows as an example 
the results of the measurements of the voltage V,’ and 
V.”’ of one of the samples in the cold-worked state with 
opposite directions of the magnetic field. Other runs 
showed similar variations between the individual meas- 
urements of V, and Va, the voltage measured with the 
annealed sample. 

It can be seen that the individual emf’s V,’ and 
V.” obtained for opposite directions of the magnetic 
field are fairly reproducible. The probable error in 
the expressions (V.)w=3[(Ve)w—(Ve] and (Va)w 
=4[(Va')w—(Va'’)w_] is in each case of the order of 0.1 
percent. The error associated with the ratio R./R. 
=(V.)w/(Va)w aS a result of errors in the measurement 
of the V’s is of the order of V2X0.1 percent ~0.15 
percent. 

Table II shows the ratio of the Hall coefficients R, 
and R, for the eleven samples constituting the final ex- 
periments. The average value of R./R, is 1.010 with a 
probable error of approximately 0.002 based on the 
fluctuations of the eleven individual ratios. Only one 
of these ratios is smaller than one, indicating that in 
this case the Hall effect increased after annealing. It is 
also evident that the error in these ratios is considerably 
larger than the error of 0.15 percent resulting from the 
fluctuations of the Hall emf’s in the course of a single 
run. This means that errors in this investigation result 
from either a possible deformation of the strips during 
annealing or from the uncertainty of repositioning a 
strip between the magnet poles after annealing, etc. 

Efforts were made to find systematic errors which 
might arise from the annealing. No change in the 
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dimensions could be detected. An inspection of the 
strips after annealing showed in some cases signs of 
oxidation. However, the thickness of this layer is negli. 
gible, compared to the thickness of the strip and the in. 
creased current density in the copper after annealip 
would have resulted in an increase of the Hall Voltage 
rather than in the observed decrease. The measured 
change in resistivity of the samples (the average being 
2.2 percent) agrees well with the values quoted in the 
literature. This indicates that our specially shaped 
samples (thin strips) behaved during the annealing jn 
a way similar to the more bulky ones usually used for 
resistance measurements. 

It is obvious that the change in the Hall constant js 
so small compared to the probable error that it is rather 
hopeless to investigate the dependence of the Hall effect 
on the degree of cold-work. 

In the case of eight of the strips, the dimensions were 
measured in order to obtain the Hall constant for 
annealed copper. The thickness was measured in several 
positions across the strip at the position of the electrode. 
According to these measurements it was found to be 
R.=—5.33X10-" volt-cm/ampere-gauss compared to 
previously reported values ranging from minus 4.28 to 
minus 5.47," the average being minus 5.2 10-® volt- 
cm/ampere-gauss. 

On the basis of the above-quoted theory this change 
of the Hall effect indicates a decrease of the order of one 
percent in the number of free electrons as a result of 
cold-work. If this result is combined with the result of 
the resistivity measurements, it follows from Eg. (1) 
that the mean free path is decreased by one to two per- 
cent. This decrease was to be expected because of the 
diminution of the periodicity of the lattice. On the 
other hand, no such simple explanation is available for 
the decrease in the number of free electrons. However, 
the theory refers to the case of a homogeneous metal 
and even in this case is somewhat over-simplified. In a 
more refined theory taking into account dislocations, 
etc., the increase of the Hall effect with the amount 
of cold-work might be explained in different terms. 

We are indebted to Dr. Philip Schwed of this labora- 


tory for valuable discussions. 


" International Critical Tables (1929), Vol. 6, p. 416 
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Structure of Oxide Replicas for Electron Microscopy 


SHIGETO YAMAGUCHI 
Scientific Research Institute, Komagome, Bunkyo-ku, Tokyo, Japan 


(Received December 31, 1951) 


The structure of oxide films, which could be used as replicas for electron microscopy, was investigated 
here. In order to obtain a replica of the metal surface using the oxide film formed on it and isolated from it, 
the oxide crystals composing the film must be oriented relative to the orientation of the substrate face. 
The oxide crystals formed on metal, whose atom distances coincided with those of the substrate crystal, 
could compose a replicating film of the specimen surface. This oxide film did not curl nor expand upon 


removal from the substrate. 





INTRODUCTION 


T was reported in a Letter’ to the Editor by the 

author, that the oxide replica formed on an iron 
single crystal was composed of oriented Fe:0, 
crystallites. It was found in the present study that this 
orientation did not always take place in the case of 
NiO replica formed on a Permalloy single crystal. It 
was established that an oxide replica had to satisfy 
certain conditions illustrated in this paper in order to 
give rise to a relieved image in electron microscopy. 


EXPERIMENTAL 


The finished surface of a single crystal of Permalloy 
(Ni: 81:5 percent) was etched with an ethanol-bromine 
solution (10:1 by volume) for about 30 seconds. This 
etched surface was observed by electron diffraction 
(Fig. 1). The incident beam in Fig. 1 was parallel to 
the (011) and (311) planes of the face-centered cubic 
crystal (lattice constant: 3.52A). The macroscopic sur- 
face corresponding to the shadow edge appearing in 
Fig. 1 was inclined by 29 degrees to the (111) plane of 
specimen crystal. 

The etched surface was oxidized in a fused salt bath 
of NuNO;— KNO; (1:1 by weight) at about 300 degrees 
C for about 5 minutes.? The oxide film isolated from the 
substrate was magnified by means of electron micro- 
scopy (Fig. 2(A)). Figure 2(A) shows the octahedral 
etch figures. The angle between one of the (111) faces 
found in Fig. 2(A) and the. replica film plane was 
roughly equal to the inclination angle (29 degrees) of 
the (111) plane of the specimen determined by electron 
diffraction. Therefore, this oxide film seemed to be a 
reprint of the specimen surface. 

An electron beam transmitted perpendicularly to the 
oxide film of Fig. 2(A) gave a diffraction pattern which 
verified the coexistence of NiO crystallites of random 
arrangement and NiO crystals oriented regularly 
(Fig. 2(B)). The oxide replica film formed on the etched 
surface of an iron single crystal gave the micrograph 
of Fig. 3(A) and the diffraction pattern of Fig. 3(B). 
The experimental procedures carried out in this case 


1S. Yamaguchi, J. Appl. Phys. 22, 1295 (1951). 


_*E. M. Mahla and N. A. Nielsen, J. Appl. Phys. 19, 378 (1948) ; 
5. Yamaguchi, J. Appl. Phys. 22, 680, 983 (1951). 


were described in the previous paper.' It was remarked 
in Fig. 2(B) and Fig. 3(B) that the oxide film of Fig. 3 
formed on the etched surface of iron was composed of 
Fe;0, crystals oriented more regularly than the NiO 
crystals composing the film of Fig. 2. So far as the forms 
of octahedrons are concerned, the figures of Fig. 2(A) are 
quite similar to those of Fig. 3(B). It is, however, 
discernible that the image of Fig. 3(A) exhibits more 
contrast than that of Fig. 2(A). It had been explained 
in the previous paper that the orientation of replica 
film led to the separation of the microscopic image.' 


DISCUSSION 


The orientation of the thin oxide film on metal sur- 
face was considered to be conditioned by the following 
circumstances. 

The Fe’—Fe™ distance found in the Fe,O, crystal 
formed on iron is 8.37A (lattice constant of Fe;0,), and 
the doubled value of the distance (4.045A) between 
the nearest two atoms in the (111) plane of iron is 
4.045X2=8.90A. The difference between these two 
distances is small, i.e., it amounts to 3.5 percent. This 





Fic. 1. A diffraction pattern from the etched surface of Per- 
malloy single crystal. The incident beam is parallel to the (011) 
and_(311) planes of the face-centered cubic crystal (i.¢., along a 
[233] zone axis). The angle between the (111) plane and the 
macroscopic surface is about 29 degrees. 
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Fic. 2. (A) Micrograph of the oxide film formed on a Permalloy 
single crystal. The octahedral etch figures are in evidence. (B) Dif- 
fraction pattern produced by transmission perpendicular to the 
film A. This pattern shows the coexistence of the NiO crystals 
of random arrangement and the crystals oriented regularly. 


suggests that the oxide formed on the surface can be 
naturally oriented according to the orientation of the 
substrate. As a matter of fact, on the removal of the 
Fe,0, film from iron, this film was fragile, but it did 
not curl nor expand. 

The Ni*— Ni’ distance in the (111) plane of NiO is 
2.95A, whereas the Ni—Ni distance in the (111) plane 
of the substrate is 2.49A. The difference between these 
two distances is considerably larger, i.e., it amounts to 
18.5 percent. This means that an oriented oxide layer 
would be under severe tension on the substrate, and so 
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prefers to form with random orientation. Upon remoya] 
of the NiO film from the substrate, the film tended to 
tear. 

Variously oriented facets reproduced in a replica film 
which is composed of properly oriented crystallites 
exhibit different refractive indices and, therefore, give 
an image with higher contrast than the homogeneous 
film consisting of crystallites oriented at random. 


SUMMARY 


The oxide replicas prepared on metals and alloys do 
not always show clearly the topography of the sub. 








Fic. 3. (A) Micrograph of the oxide film formed on an iron 
single crystal. This image indicates more relief than that of 
Fig. 2(A). (B) Diffraction pattern produced by transmission 
perpendicular to the film A. This pattern shows the Fe,O, crystals 
oriented regularly. 
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grata. The FesO, formed on iron gave an excellent 
lief of the surface. The relief indicated in electron 
images of the NiO formed on Permalloy was comparable 
with that of Formvar replica. It was concluded that the 
oxide films formed on metals, whose atom distances 
coincided with those of the substrata,’ could reprint 
the substrate faces satisfactorily. The successful oxide 


1G. P. Thomson and W. C. Cochrane, Theory and Practice of 
Bectron Diffraction (Macmillan and Company, Ltd., St. Martin’s 
Street, London, England, 1939), p. 181. 


replicas did not expand or curl when removed from the 
substrate. 
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Flow over Thick Plate with Circular Hole* 


W. R. SMYTHE 
California Institute of Technology, Pasadena, California 
(Received November 8, 1951) 


Formulas are derived for the scalar potential of a uniform magnetic field parallel to the plane face of an 
infinite nonpermeable medium in which a circular hole of radius, a, is drilled normally. Outside the hole the 
formula is an oblate spheroidal harmonic series for which eleven coefficients are given, and inside it is a 
Bessel function series for which twenty coefficients are given. The case of a flat-bottomed hole whose depth 
is greater than its diameter is included. All series converge slowly in the plane of the opening but rapidly 
elsewhere. When a plane electromagnetic wave falls on such a hole, the fraction of the energy scattered is 
approximately 11.7(2a/d)‘ cos@ if the wavelength \ is much greater than 2a and @ is the angle of incidence. 
Such a hole in the thick plane wall of a resonant cavity, at a point where H is uniform and E is zero, decreases 
the resonance frequency w by 0.2366u0*H*W,,—'w where W,, is the magnetic energy in the cavity when H is 
measured. A lug of radius a affixed to the plane face of a cylindrical rod of the same material, length / and 
cross section A changes the resistance in the ratio [1+-0.3154a?/(Al) J. 


N an experimental problem under way in this labora- 

tory it is necessary to know accurately the pertur- 
bation of the uniform magnetic-field parallel to the 
plane thick wall of a resonant cavity when a small 
circular hole is drilled in it. This is also the problem of 
an ideal fluid flowing over the infinite plane flange of a 
circular pipe closed at its far end. Inside the pipe the 
cylindrical coordinate system p, ¢, z is used and outside 
the oblate spheroidal system &, ¢, ¢ as shown in Fig. 1. 
The plane of the opening is z=0 or ¢=0, the plane 
outside the opening is £=0, and the wall of the pipe is 
p=a, <0. The relation between the coordinates is 


z=az'=att (1) 
p=ap’=a(1+$¢*)1(1—¢)!. (2) 
The magnetic scalar potential 2, whose negative gra- 
dient is H, must satisfy Laplace’s equation. Suitable 


solutions for the regions inside and outside the pipe 
are,’ respectively, 


2;=aH cos > By exp(hn2’)Ji(Rnp’) (3) 
n=1 


%=aH cos¢[ — p’+ Y AnQomis'(it)Pams'(®)] (4) 





* This work was done under ONR contract N6onr24419. 
'W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 


Book Company, Inc., New York, 1950), second edition, p. 170 
and p. 160. 


Equation (4) also holds inside the hole where ¢ 
is negative provided Qomsi(—j|¢|) is defined as 
— jPamsi(J|£|)—Qamer'(G| $|). If Ao= a and A,=0 
when #0, then Eq. (4) is the potential when an 
infinite thin nonpermeable sheet with a hole of radius a 
in it bounds the field H. The boundary conditions are 


02;/8p=0 at p=a (5) 
A%/dt=0 at §E=0 (6) 
Q%=—Hx=—Hpcos@ at {=o (7) 
02;/dz=0Q)/dz, Q=QA at s=f=0, p<a. (8) 

To satisfy (5) we choose k, so that 
Ji (kn) =0 (9) 


1.0 |Z" 





\\ 


Fic. 1. 








ws B. 





! 5 


Number 10 of Terms 5 20 


Fic. 2. 


The choice of odd order Legendre polynomials? in 
Eq. (4) satisfies Eq. (6) and the vanishing? of the sum- 
mation in Eq. (4) at {= © satisfies Eq. (7). A suitable 
choice of A,, and B,, will satisfy Eq. (8). From the two- 
dimensional flow around a right angle corner it is known 
that at a small distance 6 from the edge of the hole H 
varies as 5? so that the gradients of both 2 and Q; are 
infinite there. The scale factors 4, and he go to zero as 
5-' so that the operators 0/(4,0£) and 8/(h20¢) in the 
gradient of Eq. (4) go to infinity as 5—!, and the series 
itself converges there. 


EVALUATION OF COEFFICIENTS 


The first relation between A,, and B, is obtained 
by equating Q to Qi, setting z=f=0, multiplying 
through by 


p’' Ji(Rnp’)dp’ =sin0J,(k,, sin@) cosédé, (10) 


and integrating from p’=0 to p’=1 or from @=0 to 
6=47. On the left side* all terms but the mth vanish. 
On the right side we have integrals in the form 


hr 
J sin6J 1(k» sin@) P2m41'(cos@) cos6dé@. (11) 
0 


The Legendre function is written as a polynomial!® in 
cos@ which yields a set of integrals of the form,® 


hr 
f J,(R» sind) sin’t!@ cos?*+16d@ 
0 





=2T(v+1)kn- J pur(Rn), (12) 
where n= 1. Thus we obtain 
B,'= —Jo(Rkn)+ > A mQom+1'(7-0) 
m=0 
m (—1)*(4m—2s+1)!! Jm_s—2(Rn) 
w=0 (2s)!!(2m—2s—1)!!  ky™* 
By=2Ral_ (Rn? —1)J1?(Rn) [-'B,’. (14) 


? Reference 1, p. 153. 

* Reference 1, p. 161. 

* Reference 1, p. 175. 

* Magnus and Oberhettinger, Special Functions of Mathematical 
Physics (Chelsea Publishing Company, New York, 1949), p. 54. 

* Reference 5, p. 30. 
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A second relation between A, and B, is found by 
equating 02;/dz to 02/dz at z=¢=0 where ¢ is norma] 
to 2 so that 0/dz may be replaced by 9/(éa¢) 9 
a~!(1—p’*)-40/d¢. From the recurrence formulas? 


[OQ 2m+1°(95)/O5 Jpmo= (2m-+ 1)(2m+ 2)Q2m+1(j-0). (15) 


When multiplied through by Eq. (10) and integrated as 
before, the left side is the same except for the factor ky 
and the right side contains an integral like Eq. (11) but 
without the factor cos@ which was canceled by the 
(1—p’?)- term. Thus, when the Legendre function js 
written as a polynomial, (12) appears with even powers 
of cos@ which requires that v take odd half-intege 
values and leads to spherical Bessel functions.® Thys 
we obtain 


B,!= 4 (2m+1)(2m+2)A mOomes(j-0) 


m (— 1)*(4m—2s-+1)!! jm—oyi(Rn) 
s=0 (2s)!!(2m—2s)!! 


Elimination of B,’ from Eq. (13) and Eq. (16) gives 
for each value of » a different linear relation between 
all the A’s so that to obtain A, exactly requires the 
solution of an infinite determinant. Actually, the same 
result can be obtained by another method. The 1x1 
determinant is solved for Ao, the 2 2 one for Ay and A,, 
the 3X3 one for Ao, Ai, and Ag, etc. In this waya 
series of values of A, is obtained, and it is observed in 
each case that the successive values, as more terms are 
taken, approach a definite limit, which is the value one 
would get if an infinite number were taken. In order to 
get the same limit to a given number of significant 
figures, regardless of the extrapolation formula used, it 
was necessary to calculate the coefficients of the A’s to 
two more significant figures and to verify the solution 
by substitution into each of the simultaneous equations 
to the same precision. When this was done it was found 
that any two-constant extrapolation formula which 
fitted the last three even terms or the last three odd 
terms to 5 in the seventh place gave the same limit in 





(16) 


k a? 








TABLE I. 
m he n Rn Ba n kn B, 
0 +0.22590 1 1.8412 —0.8999 11 33.74 —0.0170 
1 —0.0°645 2 5.3314 +0.1645 12 36.89 +0.0151 
2 —0.0°143 3 8.5363 —0.0898 13 40.04 —0.0136 
3 —0.0°481 4 11.706 +0.0606 14 43.18 +0.0125 
4 —0.0°210 5 14863 —0.0452 15 4632 —0.0114 
5 —0.0°106 6 18.016 +0.0358 16 49.46 +0.0106 
6 —0.0'578 7 21.164 —0.0295 17 52.61 —0.0099 
7 —0.04333 8 24.311 +0.0250 18 55.75 +0.0091 
8 —0.0*192 9 27456 -—0.0215 19 58.89 —0,0086 
9 —0.0'114 10 30.602 +0.0190 20 62.03 +0,0081 
10 —0.0°68 as 0% bea eee ie 








7 Reference 1, p. 152, Eq. (6). 
* Reference 1, p. 186, Eq. (10). 
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ihe fifth place. One notes at once that by solving p 
quations one gets p values of Ao, p—1 of Ai, p—2 
gf Ax, etc., so the base for extrapolation of A, gets 
sorter as m increases. However, if one writes out the 
yray of values of A,, with p vertical and m horizontal, 
me finds it easy to extend it uniquely by two rows in 
the p direction when m> 2 by diagonal extrapolation of 
the ratios Am‘? /Am4,°?* which have very regular first 
and second difference relations. 

The same method of solving 1, 2, 3 etc. simultaneous 
equations was used in calculating the B,’s. In this case 
even and odd terms lie on the same extrapolation curve 
and the formula 


B,) =B,-+ap-+bp- (17) 


often fitted the last four or five values of B,‘” exactly 
in the seventh place. This formula was also used on all 
the Am’s although several quite different ones were 
tied with the same result. 

The evaluation of the potential at z=0 to the pre- 
cision with which A,, and B, are known requires more 
than ten terms of the spheroidal harmonic series for Q» 
and more than twenty terms for the Bessel function 
gries for Q;. The ratio Am/Ams; is a smooth curve 
which is rapidly approaching a constant value at m=8 
9 that As, Ag, and Ao can be written down with little 
uncertainty in the last place. A formula for B,, when 
1>8, was the unanticipated byproduct of an attempt to 
ue the knowledge that when z=0, H, approaches 
infinity as (1—p’*)-"* as p’—1. Thus the expression 
ap'(1—p’*)-"8 has the correct behavior at both p’=0 
and p’=1, and the addition of two small correction 
tems of the form bp’(1—p’*)?/8 or bp’ and cp’(i— p’?)* 
orcp” gives an H, at z=0 that agrees with the spheroidal 
harmonic series values to the accuracy to which its 
sums can be found. These forms for the correction 
tems were used because all can be expanded as a 
sries in J,(Rk,p’) by the use of Eq. (10), Eq. (11), and 
Eq. (12). The values of B,, thus obtained, are a few 
percent above or below those already found, according 
to the form chosen for the correction terms, but depend 
oly on a for large values of ». It was noted that when 
8SnS4, the ratio of these values of B, to those given 
by Eq. (16) is accurately constant. The assumption that 
this is also true when n>8 yields a formula for B,’. 


B,'=kq-7![ (0.6261 —0.911%,-2-+3.67k +) 
Xcos(#n—0.2618)— (0.971k,—!—1.94k, 
+4.06k,*) sin(k,—0.2618)]. (18) 








TABLE II. 
Potential Normal field 
a S.H. X10 B.F. 1074 S.H. X10“ B.F. 1074 
0.2588 0.15346 +03 0.1534 + 2 0.1575 +3 0.1580 + 10 
0.5000 0.29941 +0.4 0.2995 + 2 0.3358 +2 0.3360 + 10 
0.7071 0.4316 +1 0.4317 +3 0.5620 + 3 .0.5620 + 15 
0.7880 0.4869 +2 0.4868 +4 0.7025 +10 0.7020 + 40 
0.8660 0.5447 +2 0.5450 +10 0.9080 +20 0.9100 +200 
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The trigonometric terms arise from the use of the 
asymptotic expansion® for the Bessel functions of order 
n/3 that arise from the application of Eq. (12) to terms 
like (1—)’*)-"8, This result was used for the calcu- 
lation of B, when »>8. The values appear in Table I. 
The last digit given for B, is believed to be significant 
because when it was dropped and the result rounded off, 
there was a perceptible mismatch in H, at some of the 
check points of Table IT. 

The foregoing calculations were checked by plotting 
accurately the values of % and Q; at z=0 given by 
using p terms in the series of Eq. (3) and Eq. (4) 
against p for five values of p’. For p’=0.7071 this 
yields the upper curves in Fig. 2. A similar plot of the 
z component of Hy and H, gives the lower curves. The 
true value about which each curve oscillates can be 
estimated in various ways. One used on the Bessel 
function curves is to join two adjacent crests with a 
straight line and connect it with a vertical line to the 
intervening trough. The midpoint of this line lies above 
the true value because the envelope of the damped 
wave is convex on the inner side. A similar procedure 
with two troughs and a crest gives a lower limit. Limits 
of error for the five points are given after each estimated 
value in Table II. It will be noted that the boundary 
conditions of Eq. (8) are satisfied well within these 
limits so there are no gross errors. Actually the coeffi- 
cients given for the first eight terms of each series are 
believed to be correct to one in the last place given. 

The rapidity of convergence of the series in Eq. (3) 
and Eq. (4) and their derivatives increases rapidly with 
increasing distance from the boundary z=0. This is 
shown in Fig. 3, where at z’= —0.2, p’=0.7071, 2; and 
H, are plotted as a function of the number of terms 
taken. For accuracies of 1 percent and 0.1 percent, , re- 
quires one and four terms, respectively, and H, requires 
six and eight terms. This point is only one-tenth of a 
hole diameter inside the opening. This should be com- 
pared with Fig. 2. 


NUMERICAL ACCURACY CHECK 


There is a theorem in current flow which states that” 
if current is flowing in a resisting medium between 


® Reference 5, p. 22. 
© Reference 1, p. 233. 
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fixed perfectly conducting electrodes and the boundary 
of the medium is modified so as to increase its volume, 
then the heat generated is increased, decreased, or 
unchanged accordingly as the potential V, current J, or 
the product JV is kept constant. In the present case 
the hole adds to the volume occupied by the magnetic 
field. If the distant field and potential are kept constant, 
the net change in the field energy should be zero so 
that 


fieva. -VQo— H?)dv+ f VQ;- VQ,dv= 0, (19) 
v0 ai 


where 2 and Q; are given by Eq. (4) and Eq. (3). 
Both terms involve the integration of the product of 
two series. Because of the orthogonal properties of 
Legendre functions, Bessel functions, and the associated 
surface vector functions," the crossproduct terms are 
eliminated by the é-integration in one term and by the 
p’-integration in the other. The result is, after constant 
factors are canceled out, 











4Ayg @ ae tin lie Sad . 
3 m= 2(4m-+- 3) 
o b—1 
+2 [Ji(kn) ?Bn?=0; (20) 
n=1 


when the numerical values of Table I are inserted, this 
becomes 


—0.3012+-0.1086+0.1924= —0.0002=0. (21) 


This is a stringent test since all coefficients are squared, 
thus doubling the errors, and all terms are positive so 
that systematic errors add. Forty terms were used in 
the Bessel function series which converges slowly. When 
n> 20 only the first term in Eq. (18) is needed; the 
cosine is constant because successive values of ,, differ 
by = and k,~*/® can be found with a slide rule. The 
numbers corresponding to Eq. (21) for the thin sheet 
are (3)-"(—4+2+2). 


FIELD ON AXIS 


For some purposes knowing the field on the axis is im- 
portant. Inside the hole at a distance z from the opening 
this is found from Eq. (3) by finding —(p’a)—'d0,/d¢, 
setting ¢=}z and letting p’=0. Thus 


|Helecie=4H 3. Bakye-*olelle, (22) 


where &, and B, are given in Table I. This converges 
very rapidly if z is not too small. The field on the axis 
outside the hole can be found by expressing Eq. (4) in 
cylindrical coordinates. Starting with a formula in 


" Reference 1, p. 151 and p. 176. 
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Hobson” one can show that 
n(n-+-1) 
0,59 P.(h)= ) 
© (—1)? p27! d?7+10, ( jz’) 
p=0 2°P61(p+-1)! 


When p’=0 only the first term survives, and when this 
is substituted in —(p’a)“'dQ/do with ¢=}4 there 
results 





dz!2p+1 (23) 


|Heleou™= HL1— ¥ Aa(m+1) 


(2m-+1)dQom4i(j2’)/dz"]. (24) 


This derivative is tabulated for m=0, 1, 2, 3, 4, 
Figure 4 is an accurately drawn curve plotted from 
Eq. (22) and Eq. (24) showing the transverse magnetic 
field on the axis near the opening. It will be seen that 
the field falls to half value a distance 0.149z/a inside 


0.5 
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the hole. It is almost, but not quite, symmetrical about 
this point. When the lower half is rotated 180° about 
the 0.5H point, it falls a maximum distance 0.015H 
below the upper half at 0.75z/a but coincides again at 
2.0z/a. 


FLAT-BOTTOMED HOLE 


Suppose that parallel and equal magnetic fields are 
established on opposite sides of an infinite plane slab 
of nonpermeable material of thickness 2) in which 
there is a circular hole of radius a normal to both faces. 
Since in Eq. (22) the transverse field at z’=—4 is less 
than one thousandth that at z’=0, it is evident that 
when 265 4a the field outside the hole is still given to 
1 part in 1000 by Eq. (4). From symmetry the resultant 
field in the hole is tangential to a plane parallel to 
and equidistant from the faces of the slab. This is 


3 E. W. Hobson, Spherical and Spheroidal Harmonics (Cam- 
ie oe Press, London, England, 1931), p. 423 (bottom 
of page). 

% Mathematical Tables Project, Tables of Associated Legendre 
Functions (Columbia University Press, New York, 1945). 
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exactly the boundary condition for a hole of depth 5 
with a flat bottom. Thus if we let z’=(z’’—b)/a so that 
s’ is measured from the bottom of the hole and super- 
impose two solutions like Eq. (3), we get 


Q,;=2aH cos 2) Bne~**!* cosh(knz”/a)Ji(knp/a). (25) 
n=1 


This is the potential inside a hole whose depth 3} is 
greater than 2a. 


SCATTERING FROM CIRCULAR HOLE IN MIRROR 


The propagation equation of any of the field vectors 
in an electromagnetic wave is 


V?B= —w*peB= —4r7h-7B. (26) 


If the wavelength is long compared with the dimensions 
of the region involved, the right side approaches zero 
and Eq. (26) becomes Laplace’s equation. Thus if a 
plane wave falls normally on the infinite flange of a 
circular pipe, all surfaces being perfectly conducting, 
the values of the magnetic fields obtained by differ- 
entiation of Eq. (3) and Eq. (4), multiplied by coswé 
will be correct near the opening. From these the com- 
plete multipole radiation scattered by the hole can be 
calculated. Only the most important dipole term will be 
worked out here. If the series in Eq. (24) is expanded in 
reciprocal powers of z, the first term" is 


H,=0.1506Hz’*=0.1506H(a/z)*. (27) 


The field in and normal to the equatorial plane close 
to a magnetic loop dipole of radius 6 carrying a current 
I is® 

H=(Ib*r= coswt. (28) 


These are equivalent if }/b?=0.1506Ha*. Substitution 
of this value in the expression for the distant field® gives 


Es= (ue)? Be= —0.3012wB Boa*r—! 
Xsind’ cos(wi— Br), (29) 


where By is the amplitude of the magnetic induction in 
the incident traveling wave. This is half that of the 
standing wave magnetic induction at the surface of the 
plate. The angle, @’, is measured from the loop axis 
which parallels the original magnetic field. The ratio 
of the integral of Poynting’s vector 3E,H¢ over a large 
hemisphere to the integral, }7a?E,B,, of the incident 
Poynting vector over the hole is 


R=11.7(d/d)', (30) 


where d, the diameter of the hole, is much less than X. 
If the angle between the incident ray and the axis of 
the hole is @ and if the magnetic vector lies in the plane 
of incidence, then the By in Eq. (29) must be multiplied 
by cos@ to get the tangential B: But the energy striking 
the hole area is also multiplied by cos@ so that the ratio 


* Reference 5, bottom of p. 55. 
® Reference 1, p. 489. 


OVER THICK PLATE WITH CIRCULAR HOLE 451 


of the amount scattered to that incident is 
Re=11.7 cos0(d/x)*. (31) 


If the electric vector lies in the plane of incidence, then 
there is an electric field normal to the surface so this 
case cannot be solved here. 


EFFECT OF HOLE ON CAVITY RESONANCE 
FREQUENCY 


The theory of resonant cavities shows that if a hole 
is drilled in the wall, the change Aw in the resonance 
frequency is'® 


hun =350 f E,XHy-nd5, (32) 


where W,,, E,, and Hy are the instantaneous phasor 
values of the magnetic energy in the cavity and the 
tangential components of the actual E and of the Ho 
with no hole. The integration is over the plane of the 
opening. In our case Hp is uniform and in the x direction 
and n is in the z direction so the integral of E, over 
the hole is required. Integration of the z component of 
the Maxwell equation that relates the curl of E to the 
rate of change of B gives 


Rete j Bart f (aE,/ay)dx. (33) 


To get B.=yH, we differentiate Eq. (4) with respect 
to z and set ¢=0. From Eq. (1) dz=dft when ¢=0 
and from Eq. (2), when y’ is constant, 


pt=x24+y2=1—f, —tdt=2'dx’=(1—)! cospdx’. 
Keeping in mind that 
Poms1'(&) = (1— &)4'd Pom41(€)/dé, 
we see that the integrand in (33) becomes 


so that 


jw [ Bae= jana 


x = A ml dQom+1'(7£)/do |Pamer(é), (34) 


where the integration was from the edge of the hole 


where B, and Pom+:(é) are zero to &. From Eq. (2) the 
area element is 


dS = a’p'dp'do= — a®tdtdg=dxdy. 


When Eq. (34) is multiplied by dS and integrated from 
=0 to &=1 and from ¢=0 to ¢=27, only the m=0 
term survives because = P,(é). Since from symmetry 


16 Reference 1, p. 539. 
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0E,/dy is an odd function of y, its integration across 
the hole in the y direction is zero. Thus writing —2 for 
the ¢-derivative when ¢=0 and 0.2366 for 42 Ao gives 


Aw= —0.2366na0°H?2W ,—?. (35) 


This is the change Aw in the resonance frequency w of 
a cavity when a hole of radius a is drilled in the plane 
wall whose thickness is greater than 2a at a point 
where #7 is uniform and E is zero. This implies that a 
is small compared with the cavity wavelength. The 
formula should also hold quite well when the wall is 
curved provided its radius of curvature is much larger 
than a. 


EFFECT OF CYLINDRICAL SIDE LUG ON 
BAR RESISTANCE 


When V;, Vo, and 7/7 are written for Q;, Qo, and wH in 
Eq. (3) and Eq. (4), they represent the potential when 
current flows in a medium of resistivity 7 with a plane 
boundary to which is affixed normally a solid cylinder 
of resistivity 7. The current density i is uniform and 
parallel to the surface when ¢ is large. To find the 
effect of the side lug on the resistance, one compares 
the power dissipation inside the hemispheroid {> with 
and without the lug, keeping i constant outside it. 
Setting ¥=4=V in Green’s theorem" gives the power 


'7 Reference 1, p. 53, Eq. (3). 
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dissipation to be 


r f V(aV/an)dS = f (VV)"dv=P. (36) 


At a great distance from the hole all but the m=0 term 
in Eq. (4) are negligible, and the spheroid becomes 
spherical'* so that Eq. (4) becomes 


Vo=1i(—1r+4a'r-*A) cos¢ sind. (37) 


Substitution in Eq. (36) and integration over the range 
6=0 to 0=4}r and ¢=0 to $= 2r give, since 0/dn=4/a, 
and dS=r? sinéd¢dé, 


P=} 1i?x?7?(r+-3a'7-7Ao). (38) 


The ratio of the power with the lug to that without 
(Ao=0) is 


P 1/Po=1+4a'r*Ao=1+41a*Ao/(9v), (39) 


where v is the volume of the hemisphere. The power 
dissipation density is constant outside the hemisphere 
so Eq. (39) holds for any shaped volume » that in- 
cludes it. In particular, consider a cylinder of constant 
cross-sectional area A and length / which has a flat 
side as shown in Fig. 5. Power loss is inversely pro- 
portional to resistance when current is constant so 
that Eq. (39) gives 


R/R,=14+0.31540A-'-'. (40) 
The tables" show that 


O1'G-3)LQs'G- 3) 1/{Q1'G-0)[O1'(F- 0) J} = 0.000933, 


so that the integrand in Eq. (36) has fallen to 1/1000 
of its maximum value when ¢=3. This is approximately 
a hemisphere of radius 3a centered at the origin. Thus, 
if all the boundaries in Fig. 5 are more than 3a distant 
from the center of the lug junction, Eq. (40) will be 
quite accurate. The side lug may have any shape or 
size at a distance 2¢ or more from the junction without 
affecting the field in the main bar by as much as 1 part 
in 1000. 


8 Reference 1, p. 161 and p. 149. 
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A description is given of the adaptation to the ENIAC of the interferogram reduction problem for axisym- 
metric flows. Isopycnal charts from interferograms of projectiles in free flight are presented, and comparison 
is made with similar studies by other workers using fixed models in a wind tunnel or a circular jet. In general, 
good agreement is found between density fields obtained by the two methods. Sources of error are discussed; 
and in particular, it is found that random errors accumulate to effect adversely the density values near the 


axis of the flow. 





I. INTRODUCTION 


HILE interferometric techniques for the study 

of high speed gas flows have been known for 
many years, the use of this method on any appreciable 
scale has had to await the development of high speed 
calculating machinery. The analysis of an interfero- 
gram, i.e., calculation of lines of constant density from 
fringe shift values, of a two-dimensional flow may be 
accomplished rather simply; for curves of constant 
density (isopycnals) are curves of constant fringe shift 
and setting the interferometer for uniform field will 
result in an interferogram in which recorded fringes 
form isopycnal lines. If the disturbance is three-dimen- 
sional, the resulting integral equation relating fringe 
shift to air density in the flow can at present be solved 
only for the case of axisymmetric flows. As the solution 
itself involves an integration for every radius in a z-plane 
perpendicular to the axis of the flow, the numerical 
approximation of the integral for each radius of a 
given z-plane and the analysis of a field of flow at several 
hundred points is a major undertaking. 

With the development of high speed calculating 
machinery such as the IBM machines and ENIAC, 
the situation has undergone considerable changes. 

Within the past three years several papers based on 
wartime research by Ladenburg and collaborators'* 
have appeared. Complete reductions of three-dimen- 
sional interferograms are given and the study of phe- 
nomena in axisymmetric jets carried out without severe 
limitation because of the difficulty of reducing and inter- 
preting results. These authors make use of hand com- 
putation methods at the outset and later of IBM re- 
duction techniques developed by H. Polachek and 
described by F. J. Weyl. 

No comparable studies have yet appeared of flows 
around axisymmetrical projectiles in free flight, al- 
though the method has been applied in restricted fashion 
to the analysis of the flow around small-caliber pro- 
ange Winckler, and Van Voorhis, Phys. Rev. 73, 1359 


ue Van Voorhis, and Winckler, Phys. Rev. 76, 662 
"J, Winckler, Rev. Sci. Instr. 19, 307 (1948). 
*F. J. Weyl, Naval Ordinance Report 211-45 (December, 1945). 


jectiles by Tesson® who cites earlier work of Cranz* and 
collaborators. 

In this report we wish to describe our recent attempts 
to apply the interferometer method to the study of air 
flows about supersonic, axisymmetric projectiles. 


fl. THEORY OF THE REDUCTION PROCESS 


If one considers the formation of fringes by a Mach- 
Zehnder interferometer oriented with its disturbed 
beam passing at right angles to the axis of an axisym- 
metric flow, one is led to an integral equation expressing 
the dependence of fringe shift 6 within the disturbed 
region upon the density difference p—po within the 
flow induced by the disturbance. 

K “* (p—po)do 

i= (t) 


5(u;, 2) =— ’ 
A* Jui (v—u;)3 


where r, z, 8 are cylindrical polar coordinates with z 
the axis of the disturbance, »=r’, u;=y’, and uy=ry’, 
ry refers to the outer radius of the disturbance and y 
to some interior value for which the fringe shift is given 
by (1) while K is the Gladstone-Dale constant, and \* 
is the wavelength of the light in vacuum. 

Although Eq. (1) may be used to obtain density 
values following a method involving simultaneous 
linear equations explained by H. Schardin® and de- 
scribed in Weyl’s paper, a form more useful for our 
purposes can be obtained by solving the integral equa- 
tion for p— po using a method by Abel. One obtains, 





dé 
—dv 
onan f a. (2) 
P— Pojui= ip tating ol 
, WK Yui (v—1;)* 


5M. Tesson, Etude G, 6b, Note No. 2 (April 15, 1940) Service 
Technique des Fabrications D’Armement, Section Balistique 
Exterieure (Paris, France). 

* The reference to Cranz and various older works dealing with 
the interferometer and interferometry of gas flows are given in 
references 1-4. The reader interested in the background literature 
should consult these papers. 

t For a complete derivation of (1) and its solution see Appendix 
I or the report by F. J. Weyl. 

*H. Schardin, Z. Instrumentenk. 53, 396, 424 (1933). 
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If one assumes next that for sufficiently small ranges, 
uj < us Uj+1, 


d5 541-8; 
—=——, (2a) 
due Uj41— Us, 

(2) becomes 
—2X* n-1 641-4; 


mK imt (Uji —4;)*+ (uj—u,)9 








(3) 


(p— po)s= 


This is an approximation to the integral (2) which can 
be easily adapted to numerical evaluation by ENIAC. 
If one has a table of fringe shift values versus radii for 
some trace z=const, the corresponding values of 
(p—po)s may be deduced from (3) subject only to the 
restriction that the radii defining the various zones be 
chosen close enough together so that the approximation 
dé/du=const is well fulfilled. For the present it is 
sufficient to observe that very good accuracy is ob- 
tained with zones separated by about 0.1 mm in a 
field where ry, the outer radius, is of the order of 1 cm. 

Equation (3) is useful for continuous density distribu- 
tions but breaks down when one or more step dis- 
continuities in density occur. As the shock waves which 
bound a supersonic flow or occur within it very closely 
approximate step discontinuities in density, a much 
more valuable form is obtained by use of the “reduced” 
functions which are defined as follows. 

Thus, 


(p— po) rea= (P— po) — 2 


<a (4) 
bred =§-— p2' (r,” oe r*)! 
and 


(p— po) red (p— po) 


frre TN, 
brea= 6 


with p2’=p22K/X* and p2 the step discontinuity in 
density at radius r,<ry. The theory of this reduction 
has been given by F. J. Weyl‘ and is developed in 
Appendix I. With these reduced functions and u=?’, (3) 
becomes upon division by po, 


2X* Nn-1 
2 
TA po = 
aca il A 


(r341°—17)!+ (1?—1,?)! 





(p/ po) reds = 1—- 





(5) 


1, ERROR IN THE NUMERICAL APPROXIMATION 


Several expressions are derived in Appendix I for the 
error E in the approximation to the integral. We 
quote here, 


nal f “(S) (v—a)d(v—u)', (6) 
_ E= | Vo a v—u,)}, 


aKpo i 





with a and u(@) in the interval (u;, #41). Equation (6) 
shows that where d*6/dw? is large, and the curvature of 
5(u) is usually large, the largest contributions to the 
error will occur. This is important for continuous 
(p—po) distributions but particularly so for density 
functions with a step discontinuity; for d°6/du? ang 
dé/du both go negatively infinite at the discontinuity, 
Weyl‘ has shown by a particular example, the Startling 
improvement that can be obtained through use of the 
reduced functions when a step in (p—po) is present. 
The reason for this may be seen by inspection of 
Eqs. (I-7) and (I-9) of Appendix I. d*5,e4/d1? suffers no 
infinity as u—u,; whereas d°5/du’-—>@ as (u,—u)- jn 
the limit.” 

The use of the reduced functions then eliminates 
both the infinity and the error resulting from the step; 
however another possibility for overshoot exists which 
has apparently been overlooked until now. From (I-7) 
one may see that d*6,.4/du? has an infinity at u=uy if 
the first derivative of (o—o)rea at u= uy is different 
from zero. Since the situation usually encountered thus 
far is that u,= uy, a slight overshoot at the shock wave 
may often be interpreted as faulty choice of the p,’ 
value, but the form of (I-7) indicates clearly that this 
interpretation does not necessarily follow. With nonzero 
first derivative of (p— po) rea at #= Uy, an overshoot may 
occur even when the density step has been well ac- 
counted for. 

In some of the trace reductions made at this labora- 
tory, particularly for traces near the tip of the projec- 
tile, a small overshoot is encountered within 2-3 zones 
of the shock wave even when reduced functions are 
used. Investigation of d(p—o)rea/du for Taylor-Mac- 
coll flow shows that the largest values occur near the 
tip where the derivative becomes infinite. For the most 
part the overshoot can be ignored in fairing in the den- 
sity curve. Should intensive study of a tip region be- 
come desirable or the overshoot become troublesome 
elsewhere along the shock, it may be removed by de- 
fining a new set of reduced functions by adding A (»—1) 
and 3AK/d*(uy—u)! to (p—po)rea and 5Srea, respec- 
tively. A is a constant equal to twice the derivative of 
(p—po)rea at u=uUy. Before leaving the subject of the 


_ reduced functions, mention should be made of another 


important application where their use removes over- 
shooting of the density curve. 

Just within lines extending the boundaries of a super- 
sonic, cal 30 projectile rearward beyond the truncated 
base, lies a turbulent wake region of approximately 
conical shape with apex toward the rear. Here one would 
expect an expansion fan resembling Prandtl-Meyer 
flow. Hence, there should be sharp density gradients on 
traces near the base. Along a trace just behind the base, 
the reductions show that the integrated mean density 
changes very suddenly within a few tenths of a milli- 
meter from values about 0.999 to about 0.39. While this 


7 This discussion assumes the continuity of (p—o)rea and its 
first two derivatives for u<uy. 
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is not a shock region the change in density is neverthe- 
ess violent enough to necessitate use of the reduced 
functions; otherwise an undershoot occurs which some- 
times gives negative values of the density. 

For large projectiles with well-developed boundary 
layer this undershoot may not occur, but for the cal 30 
and cal 22 projectiles observed so far the boundary 
laver is undetectable on the interferogram and serious 
errors result unless appropriate reduced functions are 


used. 
2. EFFECT OF ZONE SIZE ON THE ERROR 


The effect of zone size on error is especially clear in 
the case of conical flow. A conical flow, approximated 
in practice by the flow about cone or cone-cylinder 
projectiles, may be defined by the invariance of density, 
pressure, and velocity components on radia! lines 
through the vertex of the flow. Such flows have es- 
pecially simple interferometric properties as has been 
discussed previously. Thus density is constant under 
the conical transformation T which carries (x, y, z) into 
(Ix, ty, z) on a line through the vertex. As a consequence, 
the bound (6) for error (Z) remains invariant under the 
transformation. This may be easily verified by noting 
that in (6), 6 transforms as /; so the second derivative 
transforms as 1/f* while the multiplying factors trans- 
form as . Now zone width w,=7;,1—17, transforms ac- 
cording to w’=7[w]=/w; so w’ and ¢ approach zero 
together. This means that for density determinations to 
be of comparable accuracy on separate traces in a 
conical flow the zone widths must conform to T. In 
practice one usually employs a constant minimum zone 
width for all traces; thus traces near the vertex are 
much more roughly divided than those far away and the 
bound (6) varies from trace to trace. As the vertex is 
approached the determinations become less accurate 
until finally the methods fails altogether. 


Il. ADAPTATION OF THE CALCULATION TO ENIAC 


The logical basis for coding problems for high speed 
computing machines has been described elsewhere.*:!° 
The calculation problem posed by Eq. (5) offers no 
novel features in so far as ENIAC is concerned. 

The complete program is kept on file in the Comput- 
ing Laboratory, BRL under the designation ENIAC 
PROBLEM NO. 49.1. Persons interested in studying 
the program or in having data reduced by ENIAC 
should request permission from Director, Ballistic 
Research Laboratories, Aberdeen Proving Ground, 
Maryland. 

With the present, ENIAC program several inter- 
ferograms have been reduced in the past year. While the 


*Giese, Bennett, and Bergdolt, J. Appl. Phys. 21, 1226 (1950). 

*R. F. Clippinger, BRL Report No. 673 (Aberdeen Proving 
Ground, Maryland, 1948). 

“H. H. Goldstine and J. von Neumann, Planning and Coding 
of Problems for an Electronic Computing Instrument (Institute for 
Advanced Study, Princeton, New Jersey, 1947). 


discussion of these will be deferred to a later paragraph, 
it is worth noting here that the saving in computation 
time is very great. In a recent example, complete reduc- 
tion of two sides of an interferogram (regarding each 
side of the centerline as a separate problem) using 25 
traces 6 of which occurred back of the base, took about 
7 shifts of ENIAC time and resulted in density values 
at some 3200 points. Each of the base traces was 
divided into approximately 150 zones thus giving rise 
to a calculation that cannot be performed with existing 
60 to 100 zone tables and IBM machines, and certainly 
would not be feasible for hand computation. 


IV. MEASUREMENT OF INTERFEROGRAMS 


The technique of obtaining interferograms of pro- 
jectiles in free flight in the model range has been 
described before." 

For the purpose of measurement two Zeiss, tool 
maker’s microscopes have been available. These have 
screws calibrated to 1.0 and 0.1 micron, respectively ; 
while measurements of position are recorded to this full 
sensitivity, no claim may be made that the accuracy 
of measurement is this good. A single observer can 
reproduce settings on a fringe edge to within 10u most 
of the time, but two observers rarely agree as the loca- 
tion of a fringe boundary to better than 20uy. It is felt 
that the erratic error of setting is not greater than 10u 
for measurements made by a single observer. 

Since the interferometer has been adjusted to form 
fringes parallel to the axis of the range and since at 
Mach numbers greater than 1 the projectile drops less 
than 0.06 in. in a flight of 20 ft (thus making an angle 
with the axis of the range of less than one minute of arc) 
the assumption is made that a nonyawing projectile 
will travel along the axis of the range and should there- 
fore be accurately parallel to the fringes. Accordingly, 
the interferogram is aligned on the microscope stage so 
that the fringe passing nearest the centerline of the 
projectile is parallel to the crosshairs and to the z 
motion of the microscope stage. 

In order to determine whether the projectile is yaw- 
ing, the first procedure is to determine the centerlines 
of both the projectile and shock wave. This is done by 
measuring the intersections of the projectile boundary 
and shock wave with traces z:=const:--etc. Taking 
the mean of the upper and lower intersections for traces 
Z1, Z2, ***Zm gives a set of m points defining the axes of 
the projectile and a similar set of points for the shock 
wave. Once these axes are known their slopes with 
respect to the horizontal fringes may be found. This 
quantity for the projectile axis is the apparent yaw of 
the projectile. If the base of a cylindrical projectile 
appears sharp and square on the interferogram the 
inference may be made that the yaw is almost entirely 
in the plane of the interferogram. For the most stable 
rounds fired to date apparent yaws ranging from 20-40 


11 Bergdolt, Greenwald, and Sleator, Phys. Rev. 76, 879 (1949) 
(A); BRL Mem. Rep. No. 548 (May, 1951). 
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minutes of arc have been obtained. Rounds are consid- 
ered suitable for reduction if the apparent yaw is 
roughly the actual yaw and not larger than approxi- 
mately half a degree. 

A plot of the position of the shock wave is made and a 
graphical smoothing of the data employed in order to 
reduce scatter in the intersection points of traces with 
the shock wave. 

' With this preliminary data in hand, measurements of 
fringe shift data are obtained as follows. 

a. Undisturbed fringe number NV, vs y is obtained 
along the trace z;=const in the undisturbed region 
outside the shock wave. 

b. The edges of disturbed fringes are measured tabu- 
lating fringe number Vp vs y from the shock wave to 
the projectile boundary (or axis of projectile if back of 
the projectile base). 

c. The correspondence between NV, and Wp is ob- 
tained by following a fringe through the shock wave 
near the nose of the projectile. This procedure is always 
possible for axisymmetric disturbances because the 
fringes are continuous through the shock wave as may 
be seen from Eq. (9) below; for two-dimensional dis- 
turbances the fringes are discontinuous and white light 
fringes must be used. 

d. The process is repeated for z2, z3---Zm traces on 
both sides of the projectile center line. 

e. Measurements along the lengths of undisturbed 
fringes may be taken in the undisturbed region i.e., 
y vs g with V,=const. 

f. Measurements at corresponding 2;’, Z2---Zm’ of 
N,, vs y may be taken from an undisturbed interfero- 
gram. Because of the blurring of fiducial marks in the 
interferogram produced by the rotating mirror, this 
method of obtaining undisturbed fringe positions has 
not been used very much. Difficulties are encountered 
in trying to locate corresponding points in disturbed and 
undisturbed interferograms. 





Fic. 1. Single fringe interferogram of 15° half-angle, 
cal 30 cone cylinder at M=2.7, p=1 atmos. 
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g- A 10X-12X enlargement of the interferogram jg 
often useful, as measurements corresponding to those 
outlined above may be made with a hand rule for pur- 
poses of checking. 

Several methods of obtaining fringe shift 5 from the 
measurements have been tried of which the most satis. 
factory is a graphical one. 

The procedure is to plot both Vp and Ny ts y for 
zj=const j=1, 2, 3, ---m with y scale large enough go 
that 1 mm=10y and 1 mm=0.01 on the WM scale. The 
N, line is extrapolated into the disturbed region either 
by extending the line of V, points found outside the 
shock wave, or as in e, extrapolating points of NV, into 
the disturbance horizontally along z to help fix the V, 
line. Points taken from measurement of traces in an 
undisturbed interferogram may be used here also, 
Finally, some success has been had in extrapolating the 
N, line along y from the shock wave using both the 
external measured points and an averaged slope value 
found from measurements on traces in an undisturbed 
interferogram as in f. Of all methods’ tried this last js 
probably the least subject to errors of extrapolation. 

Fringe shifts 5=Np—N, for traces z;=const may 
then be read off the graph for as many values of yas 
necessary to obtain reasonable accuracy in the numerical 
integration. This is always a larger number of points 
than would be obtained if only the Vp values corre- 
sponding to fringe edges were used. 

If the fringes are not composed of equal, symmetrical, 
dark and light bands, and this is usually the case, it is 
preferable to average successive pairs of Np readings 
before plotting. In this way the positions of dark and 
light maxima are plotted instead of the positions of 
fringe edges. In interferograms measured to date the 
dark portion of a fringe is approximately flat-topped 
and narrower than the white. 

The graphical process may be replaced entirely by 
numerical methods e.g., for 7=1, 2---m corresponding 
to 21, Z2° . "23° . *Zm’ 


Ny=ayy+No; (7) 


may be evaluated from the undisturbed interferogram. 
The a;’s may then be averaged or treated in a more 
sophisticated manner if circumstances require. The 
result is a linear expression for V, appropriate to each 
trace. 5= N p— WN, may then be calculated for each Vp 
value measured in a trace. Interpolation by the La- 
grange method will then yield a table of 6 vs y for each 
trace. While this method has not been tested as ex- 
tensively as the graphical one, experience shows it to 
be not appreciably shorter and somewhat more subject 
to errors in the interpolation process. If and when the 
interpolation process can be worked into the ENIAC 
program and the calculated 6 vs y values stored suitably 
for the reduction to follow, then this numerical process 
will probably be preferable. 

Some useful and interesting deductions about the 
shape of the Np curve near the shock wave may be 
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made. From the definition of fringe shift it is clear that, 


dN D dN u d 6 d 6 
—tr —ae a+ — o (8) 
dy dy dy . dy 


—_—_—_ = 
= 


as NV, is linear with y. Now if we assume that density 
(o—po)u is approximately constant within a small 
distance of the shock wave and equal to the jump p: at 
the shock, then for 0.95ry<y<rw 


2K 7% 2K p2 
b=— | prd(ry?—y") = 
Na r* 





(rv?—y*)*. (9) 


Differentiating (9) and substituting into (8) gives, 


dNpn 2Km y 
—=a- (10) 
dy A* (rv?—-y?)! 





from which we see that with fringe numbers chosen so 
that 6>0 just inside the shock and a>0, the Vp curve 
lies above V,, is nearly parallel to it for small y and has 
a continuously turning tangent which passes from +a 
to — © as y-ry. For negative values of y i.e., the corre- 
sponding NV p curve below the axis, the slope at ry is 
+o and decreases to +a as y—>0. Since our analysis 
may be expected to hold only in a very narrow region 
near ry we inquire how much of the turning of the 
tangent may occur in this region. It then appears that 
for a projectile like the 30° half-angle cone at M=1.77 
(see Fig. 6 where a=&30 fringes/cm, p/p,=1.8, 2K p2/A* 
=7.89, 1/cm) the N p curve has zero slope at 0.97ry and 
a slope equal to —a at 0.992ry. Thus the Np curve 
above the axis has a rather sharp hook near the shock 
wave. If 2K p2/X* remains constant, an increase in a will 
compress the region from slope 0 to — into even 
narrower compass. This indicates that an increase in 
number of fringes per centimeter will not make possible 
a comparable increase in the amount of data obtainable 
in the region of sharp turning. More precisely, if we 
set (10) equal to zero and regard ry—yo as small, 
there results 


(rv—yo)/rnw=const/a’. (11) 


Doubling the NV, slope decreases the width of the 
hooked region by 4; so that half as much data can be 
obtained as before. 


Returning to Eq. (9) and setting y/ry=f we find 
2K porn 
r* 


6= 





(1—f?)}. (12) 


A plot of 6 vs (1— f*)! should yield a straight line with 
slope 2K pery/A* from which pe or p2’ can be deduced. 
If a reasonably good straight line can be obtained, then 
all 6-values near the shock may be assumed to lie on the 
extrapolated part of the line between the point (0, 0) 
and the first experimental point obtained. Thus a 
method is available for completing the 6-curve and the 
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Fic. 2. Interferogram of 15° half-angle, cal 30 cone 
cylinder at M=2.7, p=1 atmos. 


N p curve near the shock wave in a manner consistent 
with the assumption of a step discontinuity at the shock. 
(N.B. This method has not been employed in the reduc- 
tions reported below. Preliminary results indicate 
enough improvement to justify including the deriva- 
tion.) 

As in none of the cases treated so far has there been 
enough data near the shock wave to establish clearly 
the shape of the NV p curve by experimental means alone, 
some considerations such as given by this approximate 
treatment are helpful. In the absence of such informa- 
tion considerable errors may be made in sketching in the 
shock wave end of the curve. 


V. INTERFEROGRAM REDUCTIONS 


In Fig. 1 we have a “single fringe” interferogram of a 
cal 30, 15° half-angle cone-cylinder at M=2.7 and 
p=1 atmos. It was taken with the interferometer 
adjusted for a “‘single fringe” i.e., with the two beams 
practically parallel. Under these circumstances the 
fringes formed in the disturbance are loci of constant 
fringe shift. Yaw of the projectile is revealed by ex- 
amination of the shoulder region on each side of the 
projectile. 

Figure 2 shows one of the first interferograms con- 
sidered suitable for reduction.” This record of a cal 30, 
15° cone cylinder at M=2.7, p=atmos indicates rela- 
tively poor “‘stoppage”’ of the projectile and contrast of 
the fringes. With undisturbed fringes horizontal, the 


_” F. D. Bennett and W. C. Carter, Phys. Rev. 76, 880 (A)1949. 
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Fic. 3. Isopycnal chart (p/po) for lower half of Fig. 2. 
po= 1.22 g/liter. 


symmetry of the disturbance is not apparent because all 
fringes are initially shifted in the same direction. This 
results in crowding of the fringes below and a separa- 
tion of the fringes above the centerline. The data for the 
lower half, because it contains more measurable points, 
is therefore somewhat better than that of the upper. 

Figures 3 and 4 show isopycnal charts (p/po) for the 
lower and upper halves respectively of Fig. 2. Slight yaw 
made it impossible to regard the two halves as exactly 
similar, average the data and thus present one isopycnal 
chart; yet the agreement is close enough so that either 
chart may be taken as representative of the general 
features of the density field. Figure 5 is a theoretical 
isopycnal chart for the same flow.” 

In general, comparison of Figs. 3 and 4 with the 
theoretical chart of Fig. 5 reveals: (a) at the shock wave 
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Fic. 4. Isopycnal chart (p/po) for upper half of Fig. 2. 
po= 1.22 g/liter. 


4 Clippinger, Giese, and Carter, BRL Report No. 729 and No. 
730. The theoretical isopycnal charts were computed from the flow 
calculations given in these reports. 


the jump of 1.30-1.40 compares with 1.39 theoretica] 
(b) the rise to 1.65-1.70 at the cone compares with 1.60 
theoretical, (c) in the expansion at the shoulder 0,89. 
1.00 compares with 0.86-89 about 2.5 calibers from the 
nose. In the experimental] (p/ po) charts lack of sharpness 
of the shock wave is noticeable. (p/po) values from 
1.10-1.40 occur close together instead of an unambigu- 
ous 1.39 discontinuity as in the theoretical chart. This 
smearing out of the shock wave is believed to be caused 
mainly by the difficulty discussed in connection with 
Eq. (11) viz. the trouble encountered in obtaining a 
correct fringe shift curve within the last 3-5 percent of 
the maximum radius ry. In obtaining the fringe-shift 
data for these isopycnals and for most of those to 
follow, a graphical sketching method was used to com- 
plete the Np curve near the shock wave. The results 
as will be seen, are better for strong shocks than for 
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Fic. 5. Calculated isopycnals for projectile of Fig. 2. 


weak ones. Where sufficient data can be obtained the 
method of Sec. IV is believed to be preferable. 

In Fig. 6 we see the interferogram of a 30° half-angle, 
cal 30 projectile at M=1.77 and p=1 atmos. Figures 7 
and 8 show the experimental and theoretical isopycnals 
for this projectile, respectively. In this firing the ap- 
parent yaw is practically undetectable, and the base of 
the projectile is sharp and square except for a slight 
bulge due to engraving of the driving band by the 
rifling. Thus the actual yaw may be assumed to be 
negligible. This assumption is validated by the agree- 
ment between fringe-shift measurements for the two 
halves. The data was averaged and reduced to the 
single isopycnal chart of Fig. 7. 

As before, the “conical” region deviates from conicity 
to the considerable extent of showing islands near the 
cone instead of straight lines. The theoretical chart was 
calculated for M=1.70 while the actual isopycnals 
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Fic. 6. Interferogram of 30° half-angle, cal 30 cone 
cylinder at M=1.77, p=1 atmos po=1.19. 


represent !/=1.77. For this reason the experimental 
results are all somewhat higher than the theoretical. 
The jump at the shock appears to be about 1.70 as 
compared with 1.66 theoretical although the experi- 
mental values from 1.70 to 1.80 lie abnormally close 
to the shock wave. Near the cone values of 1.90-1.92 
are reached as compared with 1.86-1.89 of the theoret- 
ical plot. The expansion regions are closely comparable ; 
while the 0.65-0.70 “ears” just behind the expansion 
compare reasonably well except for a reduction in size 
in the experimental plot. 

Figure 6 is directly comparable to the M=1.7 30° 
half-angle cone-cylinder of Ladenburg, ef al. (see their 
Figs. 14 and 15, page 1370) and indeed was produced for 
purpose of comparison with their results. The two 
interferograms are remarkably similar especially in the 
region of the cone. For traces back of the shoulder at 
points near the shock wave the effects of nonuniformity 
of the jet are evident in Ladenburg’s picture. Here the 
fringes are much less regular than in our Fig. 6. 
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Fic. 8. Theoretical isopycnals for projectile of Fig. 6. 


In order to compare the isopycnal charts it is neces- 
sary to divide Ladenburg’s results in the disturbed 
region by po, in this case about 2.15. If this is done, it 
will be seen that our results are a little higher through- 
out—as is to be expected from our slightly higher Mach 
number. Near the cone tip Ladenburg shows a deviation 
from conical flow similar to ours.'* Throughout the chart 





Fic. 9. Interferogram of cal 0.25 sphere at M=2.0, p=1 atmos. 


4 Tt may be conjectured that the overshoot caused by nonzero 
derivative of (p—po)rea at the shock may be partially responsible 
for the deviation near the tip. This is a region where accumulation 
of random errors is important as shown in Sec. VI. As the two 
effects are not separated here no definite conclusion may be drawn. 
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there is agreement of (p/po) values to within about 
6 percent. There is a tendency for rise in density from 
the shock wave conical region to be more abrupt than 
theory predicts in both Ladenburg’s and our results. 
For this reason the agreement of the experimental 
plots is somewhat better (about 4 percent less deviation) 





Fic. 11. Interferogram of 15° half-angle, cal 30 cone 
cylinder at M=2.16, p=1 atmos. 


than agreement between our experimental chart and 
the theoretical. 

Figure 9 shows an interferogram of a cal 0.25 sphere 
at M=2.0 and p=1 atmos. This picture may be com- 
pared with the sphere of Ladenburg, Winckler, and 
Van Voorhis,' see p. 1376, and the sphere interferograms 
recently reported by Gooderum and Wood." Although 
these authors report data for Mach numbers 1.70 and 
1.30, 1.62, respectively, the interferograms are all very 
similar and comparable in so far as main features are 
concerned. Here again one sees that the free flight inter- 
ferogram is free of the irregularities caused by lack of 
homogeneity near the edge of the jet. 
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Fic. 12. Isopycnal chart (p/p) for upper half of Fig. 11. 


4% P. B. Gooderum and G. P. Wood, NACA TN 2173 (August, 
1950). 
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Fic. 13. Recalculated isopycnals for upper half Fig. 11. 
Smoothing of data improved. 


Figure 10 is the isopycnal chart for the cal 0.25 
sphere. Comparison with the reductions of the papers 
cited above reveals some pinching of the isopycnals 
found by Ladenburg near the shock wave—probably 
because of the inhomogeneity of the flow in front of the 
shock. In the reductions of Gooderum and Wood this 
effect is not noticeable because these authors did not 
extend their curves to the shock wave. They did not 
carry out a “‘deshocking”’ process at the shock wave to 
account for the density jump there, and consequently, 
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Fic. 14. Isopycnal chart for lower half of Fig. 11. 


obtained an overshoot just inside the shock wave; thus 
were unable to rely on their values near the shock wave. 
Otherwise the isopycnals are very similar in the three 
cases. From the experimental (p/po) values in Fig. 10 
the stagnation pressure on the front surface of the 
sphere has been calculated. Deviation from the theo- 
retical value was about 4 percent. Similarly, calculation 
of the density jump at various points along the shock 
wave shows good agreement with the experimental 
values. 
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Fic. 15. Conical flow test for fringe shift data of Fig. 14. 
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Fic. 16. Conical flow test for fringe shift data of Fig. 12. 


In Fig. 11 we have an interferogram of a cal 30 15° 
half-angle cone cylinder at M=2.16 and p=1 atmos. 
Figures 12 and 13 give two successive reductions of the 
data for the upper half, i.e., half with the most fringes, of 
Fig. 11. To obtain Fig. 13 the fringe shift data for Fig. 12 
was re-examined, the smoothing was checked against the 
interferogram to see that no actual irregularities were 
arbitrarily smoothed out. Except for local changes of 
(p/po), about 5 percent or less in some regions, the two 
charts are nearly identical. 

Figure 14 shows the isopycnal chart for the lower half 
of the Fig. 11 interferogram. Here, the influence of 
slight yaw is seen in the (p/po) values near the cone. 
These isopycnals are more curved and as much as 10 
percent higher than those of the upper half. The com- 
parison is otherwise very close except in the base region 
near the axis. Lack of symmetry with the base region 
of Fig. 13 is noticeable. This discrepancy is believed 
caused primarily by the accumulation of random errors 
in the calculation as is shown in Sec. VI. 

In order to test the consistency of the reduction 
process, i.e., to investigate whether large errors not 
present in the fringe shift data may be introduced by 
the process into the (e— po) values, conical flow plots® 
have been made for both the fringe shift data and the 


calculated density ratios for both halves of the previous 
interferogram. These plots are shown in Figs. 15-18. 

The plots of (p/po) in Figs. 17-18 are not strictly com- 
parable with those of 6/z given in Figs. 15-16. The 
quantity (p—po) is more directly related to 6/z than 
(p/po). One is able to show easily that percent error in 
(p— po)=(p/p0)(p/po—1)-'Xpercent error in (p/po). 
For the (p/po) values with which we are concerned this 
means that percent error in (p—o) is much larger than 
percent error in (p/po). 

To facilitate comparison of the two types of conicity 
test Table I has been prepared from the data repre- 
sented in Figs. 15 and 17. 

At several y/z values of Fig. 17, percent A(p/po) has 
been calculated from the maximum spread of the (p/p) 
values divided by a mean value (p/po). This has been 
converted to percent A(p—po) as indicated above; 
finally percent A(6/z) has been found in a similar manner 
from the graphical values of Fig. 15. The 4th and 5th 
rows of the table are to be compared directly. 

At the shock wave (y/z=0.6) the spread is largest 


percentage wise but the agreement is fairly good. At 
the next point the calculated values still show a slight 
advantage, but thereafter have larger percentage spread 
than the primordial fringe shift values. The maximum 
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Fic. 17. Conical flow test of (p/po) values plotted in Fig. 14. 


accumulated error, i.e., difference in percentage spread, 
is about 13 percent. 

It is clear that in the conical region at least, and 
probably elsewhere, the calculated (p/po) values have 
deteriorated considerably error wise, from the data from 
which they arise. The cause of this phenomenon is not 
completely understood at present. The spread at the 
shock wave may be considerably reduced by the pro- 
cedure of Sec IV, which will improve both the (5/z) and 
(p/po) values. The accumulated error is not throught 
to be significant here in view of the large percentage 
error of both quantities. The increase of accumulated 
error toward the body may be in large part because of 
random error which, as will be seen in Sec VI, increases 
toward the axis of flow. 


VI. SOURCES OF ERROR IN THE REDUCTION 
PROCESS 
(a) To investigate the propagation of random error in 
§ into the reduction process we refer to Eq. (5). If we 
divide the disturbance into V equal zones of width w 
beginning at the axis, we may set 


r= jw (13a) 

T=2A*/rK po (13b) 
1 

(14) 





A ;= . 
((j+1)?-#)}4 (2-7) 


Then if e;* represent the random errors in fringe shift 
at the jth zone for the kth member of a sequence of m 
similar measurements, the error in (p/po); is 


Tl’ N-1 
A= -— 2D (6 e*) Ay, (15) 

w imi 
If we now assume a normal distribution law for the 
e;*’s it may be shown by straightforward calculation™® 


TABLE I. 








(1) y/z 0.6 0.55 0.50 0.45 0.40 0.35 0.30 0.26 


7.5 
(2) %A(e/po) 144 42 5.7 66 78 10.0 9.0 11.0 


p/ po 





3.44 
(3) 8.15 4.46 3.94 3.78 3.56 3.56 3.32 3.17 


p/po—1 


26* 
(4) %A(o— po) 117 19 22 25 2 36 30 35 


(5) %A(s/z) 130 26 17 14 2 22 2 23 


(6) Accumulated 4 
Q%error -—-13 -—-7 5 ii 3 14 > = 








® The smaller value omits the low point of Fig. 17. 


1% A. G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley and Sons, Inc., New York, 1943), pp. 208-209. 








that Z,, the rms error in (p/po);, is related to o;, the rms 
error in fringe shift by, 


[T N-1 
Ze=— DL of(Aj_us— Ajs)*.” (16) 
w im 


This is a not unexpected result, but does not seem to 
have been obtained before for this reduction problem. 
The coefficients A;; are readily available since the 
publication of Gooderum and Wood" who give a table 
for 50 zones. A 60-zone table has been in use at this 
laboratory since 1948 but has not been published as 
interest turned to machine methods of computation. 
With A; values and a;’s given (16) gives a readily 
computable expression for the rms error in (p/p0);; 
however, certain simplifications occur when the ac- 
curacy of measurement is assumed constant across the 
plate i.e., ¢;= ¢=const. With this condition a very good 
bound on 2; may be obtained sufficient for most pur- 
poses of calculation. 

Thus (16) becomes 


[ w-1 
Li=—o( D> (Api — Aji)? 
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For ji, since Aj14>A ji 


sy N-1 
ZiS—o(Aiw?+ DY (Ajyr?®—Aj2))}, 
w #1 


in which the summation involves a telescopic series 
whence, 


y V2T cA is 
2sS—o(2A j;?— A y_-1,7)' S ———_. (18) 
w Ww 


For any reasonable number of zones the Ay_;,? term 
is very small; so its absence little affects the bound. 

From the definition, A ;=1/(2i+-1)! which combined 
with r;=iw (18) yields 


2 ' To 
x< ro] <—. (19) 
w(2r;+w)s wr; 


For a fixed value of r;, decrease in zone width by the 
factor K increases the number of zones. by the same 
factor, but increases the bound (19) on rms error by 
only K}. 





(17) From (19) it is clear that points near the axis will 
w imi have the larger random errors; and, in fact, the axial 
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Fic. 18. Conical flow test of (p/po) values plotted in Fig. 12. 


17 Note the convention that A 41;=0. 
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point of each trace r;=0 will be the worst. As zone size 
decreases the minimum radius for a given bound on the 
error moves away from the axis. 

Thus if minimum error m be assigned and r;>w, 








v2l'e 
m= 
(27 w+w?)! 
or 
I'?o? w IT%o? 
‘= 





We have here an indication why the density values in 
the base regions of Figs. 13 and 14 fail to agree. The 
region near the axis where the isopycnals. should join 
js just that region where random errors are most severe ; 
furthermore, p/ po takes on its smallest values here with 
the consequence that large percentage errors may occur. 

To form an idea of the magnitude of the random errors 
in (p/po): let us substitute some representative values 
into (19) and compare the results with the correspond- 
ing isopycnal chart. The comparison will not be strict 
because two zones sizes have been used in actual reduc- 
tions (w=0.01 cm over most of the trace and w=0.005 
cm near the shock) while (19) is based on constant w; 
nevertheless, the magnitudes of errors are very closely 
representative. For A=5461A and po=1.20 g/liter, 
r=0.128. We use w=0.01 cm and o=0.01. This esti- 
mate of the rms random error in fringe width of 0.01 
fringe is the lowest possible with the present method of 
determining 6. It is felt that this accuracy has been 
obtained in some of the better measurements but is by 
no means general for all of the reductions reported here. 
We find 


¥;<0.013/(r+w/2)!. 


Table II shows the resulting values. Since the 2; val- 
ues represent numerical errors it is necessary to know 
the (p/po); value at a particular radius in order to esti- 
mate percent error. Referring now to Fig. 13 as an ex- 
ample for which e=0.01 should hold, and remembering 
that 3 cal=0.381 cm we see that in the tip region at 
about 0.1 cm (p/po)> 1.20 and the random error will be 
less than about 3.5 percent (percent A(p— po) <20 per- 
cent). The isopycnals are abnormally straight in this 
region because (1) all are arbitrarily faired through 
the apex of the cone, and (2) the first trace occurs 
about 1 mm (~ 3 body radius) back of the tip. 

As the shoulder r;>0.381 and the percentage error on 
the 1.40 isopycnal is 1.5 percent (percent A(p— po) 
$5.2). At twice the body radius the error on the ~1.33 
isopycnal is ~1.2 percent (percent A(p/po)<4.5). 
Deviations from a straight isopycnal in this region seem 
to be of the order of 2-3 percent. This fact suggest either 
that the o value is low by a factor of about 2, or that 
systematic errors in the measured 6-values caused ad- 
jacent (p/po), traces to be “radially displaced” relative 
to each other in such a way as to simulate a random 
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Table II. 








r(cm) 0 0.1 0.2 0.381 0.5 0.8 1 4 
PF 0.19 0.04 0.029 0.021 0.018 0.015 0.013 0.006 








variation of the isopycnal from a smooth average curve. 
Inspection of the trace plots of (p/po); favors the latter 
conclusion as scatter of the points from an average 
curve appears to be less than 1 percent almost every- 
where on the trace. We then conclude that for most of 
the area outside the cylinder in the region bounded by 
the (p/p);=1.00 isopycnal, the random error should be 
<2.1 percent, usually considerably less. For lower 
values of (p/po); the percentage error is correspondingly 
higher. 

In the base region at r;=0.1 cm the numerical error is 
0.04 but because of the low (p/po); values, may be more 
than 15 percent of the total. At the axis itself the value 
is probably 50-100 percent in error and completely 
untrustworthy. Inspection of the (p/po); traces at the 
base bears out this conclusion. 

From the percent A(p/po) values given in the im- 
mediately preceeding discussion the accumulated error 
in reduction is of the order 5-8 percent except for traces 
at small radii near the tip where a 20 percent bound 
appears. Inspection of the conicity plots shows that at 
some of the inner y/z values e.g., 0.6 in Fig. 17 the 
scatter of points on the first 3-4 traces adds materially 
to the spread between maximum and minimum values 
represented in Table I. We may then tentatively con- 
clude that accumulated random error is mainly re- 
sponsible for the deterioration in accuracy because of 
the reduction; and that, in the example studied here, 
the tip traces at small radius values contribute most of 
the error. 

(b) To investigate error resulting from approxima- 
tion to the integral we quote the bound obtained in 
(I-15), viz. 


rl'| buu(tn = u)$ | mas?N* 


N 


4 
S amt 





(20) 


which bounds the approximation error for every zone in 
a trace divided into NV equal intervals in r space (r?= 1). 
Evaluation of the max quantity may be done approxi- 
mately if tables of reduced fringe shift against zone 
number 7 are available. 

Calculations show that the bound (20) is too crude 
to be of much value in estimating actual NV values. 
Perhaps the most that can be said is that to keep (20) 
constant from trace to trace requires V «ry*, other 
parameters remaining the same 

(c) The question of refraction near the shock wave 
cannot be satisfactorily treated at present. If we idealize 
the disturbance as a cone of index n2>m, with n, the 
undisturbed index of refraction, it is not hard to show 
that the tangent ray proceeding normal to the cone 
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axis will suffer a total internal reflection. Indeed for cone 
angle +/6, m2= 1.000544 and m,= 1.000277 the first ray 
to emerge corresponds to a ray making 0.01 radian less 
than 2/2 with the radius from the axis to the point of 
incidence."® 

The conical disturbance may be treated approxi- 

mately by assuming that in the vicinity of the tangen- 
tial ray, refraction occurs in the plane defined by this 
ray and the cone-normal at the point of tangency. With 
the additional assumption that the intersection of cone 
and plane may be replaced by the osculating circle, 
_R. F. Clippinger'® has obtained an approximation for 
the fringe shift with refraction. At the shock where un- 
refracted fringe shift is zero, a negative value is ob- 
tained. Thus fringe shift with refraction changes from 
minus to plus values in a very narrow region near the 
shock. A similar result is obtained if we replace the cone 
by a cylinder of radius equal to that of the cone at the 
point of tangency of the incident ray. Incidentally, the 
treatment of Gooderum and Wood" ignores the effect 
of camera lens in recombining interfering rays and is 
thus incapable of showing the negative fringe shift. 

Studies of fringe shift near the shock wave using the 
technique of Sec. IV, show that data near the shock usu- 
ally lies below the expected line. This is interpreted at 
present as evidence that the negative shift occurs, 
although unresolved by present methods, and that on 
account of refraction the first observable points are 
slightly low. 

(d) Yaw can lead to serious departures from axial 
symmetry and thus cause errors in the reductions based 
upon an assumption of strict axisymmetry. In the pre- 
ceding interferogram reductions, e.g., Figs. 3 and 4, 
discrepancies as high as 5-10 percent have been noted 
between the two halves of an interferogram reduced as 
if each half represented an axisymmetric flow. While 
some of this discrepancy is doubtless because of ac- 
cumulated random error of the reduction process, the 
greater part is believed to represent the effects of yaw. 
Indeed the presence of higher density ratios on the half 
with positive angle of attack confirms this view. 

The reduction of interferograms of flows about slightly 





‘8 We are indebted to Mr. Raymond Sedney for this result. 
Circumstances may also occur in which the tangent ray will never 
emerge from the cone. 

1% BRL Report No. 576, Aberdeen Proving Ground, 21 Sep- 
tember (1945). 
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yawed bodies has been discussed by several authors.20 
but has never been seriously attempted to the knowledge 
of the present writers. Dr. J. H. Giese of this Laboratory 
has developed the equations for fringe shift about a 
slightly yawing body of revolution. Assuming that the 
plane of symmetry can be found and that each cross 
section of the flow is nearly circular, equations for the 
zeroth and first-order perturbation of the density func- 
tion can be found. Both equations may be solved by the 
Abel method; so that in principle a treatment of the 
slightly yawing projectile is possible. 

(e) Finally, brief mention may be made of the effect 
of errors in the various constants on the accuracy of the 
reduction. Since most of these enter through the con- 
stant term multiplying the sum in Eq. (5), the effect 
will be a systematic error in the calculated density 
values. It is believed that the total effect on the con- 
stant can be held to less than 1 percent. 


APPENDIX I 
Theory of Interferogram Reduction 
1. Introduction 


We shall recall a few of the basic assumptions of 
geometrical and physical optics: (1) in a homogeneous, 
isotropic medium a beam of light may be analyzed into 
rays which are represented either as vectors or straight 
lines in three-space, (2) a monochromatic ray of light 
consists of a sinusoidal disturbance of frequency v and 
wavelength \ propagating along the normal to the 
direction of vibration with velocity v, (3) \v=2 is 
satisfied where v is constant and X, v are functions of the 
coordinates, (4) index of refraction 1 is related to ve- 
locity v by n=c/v where c is the velocity of light in 
vacuum, (5) for gaseous media such as the permanent 
gases at moderate pressures there is a direct proportion 
between density increments p— po and index of refrac- 
tion increments 7— 9 thus, 


n—no= K(p— po), (I-1) 


where K is the Gladstone-Dale constant. Finally, we 
make a special assumption necessary to simplify the 
problem of analyzing axisymmetric gas flows viz. (6) 
the refraction of any ray in the disturbed beam is 


y 


light a) 6 (1,2) 


H y 
: r 


Fic. 20. Axisymmet- 
ric disturbance. 
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«b+ ---- 
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20H. Schardin is believed to have discussed this problem at 
Saint-Louis, France, R. Sauer is reported to have presented equa- 
tions for such a reduction at a meeting at N.O.L., White Oaks, 
Maryland, but neither author has published anything on the sub- 
ject to our knowledge. 
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negligible.”.” With these preliminaries we may now pass 
to the derivation of the fringe shift equation. 


2. Fringe Shift Equation 


Consider a general density disturbance in one beam 
of a Mach-Zehnder interferometer. Coordinate direc- 
tions are defined by an orthogonal right-hand triad 
with Z parallel to the interferometer beam and 9 vertical 
as in Fig. 19. 

Then if the index of refraction function n(x, y, z) has 
only a finite number of finite discontinuities, the fringe 
shift 5(y, ws is given by, 


5(y, 2)= <f (n—ny)dx=— ~f (p—po)dx, (I-2) 


where po and mp refer to ar and index of refraction, 
respectively, in the undisturbed beam and A* is the 
vacuum wavelength of the light. 

To prove (I-2) we.observe that the optical path of the 
disturbed ray measured in wavelengths is 


"1 dx 
nei 
zo A 


The difference Na— No gives the number of multiples 

of 2x by which the two rays differ in phase when re- 

combined. This number is just equal to the fringe shift 
5(y, z). (I-2) follows from (I-1) and hypothesis (3). 

If n=n/(y, z) and (I-1) holds, then for two-dimensional 

flows, 

5\* 5\* 

2 ————— a, 

K(%:—%) Kl 


3. Transformation of the Fringe Shift Equation 


(I-2a) 


The integral Eq. (I-2) may be transformed into a 
type studied by Abel in case the disturbance is axi- 
symmetric. Assuming that the z axis is the axis of sym- 
metry we see upon reference to Fig. 20 that, 


—- 
a7 
r* J, 


and since r?=2*+-y" with y=const, 
2K ' (p—po)rdr 


5(y, 2) =— (I-2b) 
eS, ay 
If P=v, =u, and ry?=uy, we have 
K ** (p—po)dv 
5(u;, z)=— f —_——. (I-2c) 
A* Jus (v—4;)! 


*R. F. Clippinger, BRL Report No. 576 (Aberdeen Proving 
Ground, September 21, 1945). 

” The problem of correcting for refraction errors in the inter- 
ferometry of two dimensional flows is studied by R. Ladenburg, 
Contract No. N7 ONR 399 (December 15, 1949), R. E. Blue, 
NACA Technical Note 2110 (June 1950), L. De Frate thesis 
(1950) Massachusetts Institute of Technology, Cambridge, 
Massachusetts; however since we are principally interested in 
three-dimensional axisymmetric flows with short path lengths and 
small density gradients we shall assume (6) to hold. 


Fic. 21. Region 
of integration. 

















‘4. Solution of the Integral Equation 


We employ an adaptation of the treatment given by 
F. J. Weyl. Assume (1) p(w, z) is continuous and has 
piecewise continuous first and second derivatives in u 
and z, (2) for “>uy, p=po=const, and (3) the Eq. 
(I-2c). It follows that 





(p— po)ui= 


—* cr di/du 


. ean “du. (I-3) 


TT 

To prove this, substitute w;= in (I-2c), multiply on 

both sides by du/(u—u,)' and integrate from u; to uy; 
thus 


uN 5(u, 2)du du K ¢*® pe" (p—po)dv du 
| Airey Bee (uu)! 


The integrand of the double integral has discontinui- 
ties at w=u; and v=. To remove this difficulty con- 
sider as in Figure 21 the triangular region R* in the u, 
v plane bounded by the lines »—-u=e, u=u,;+e, and 
v=uy, where 0<eX<1. 

If we modify the integral so that the region of inte- 
gration is R* rather than the larger triangle R contain- 
ing R*, the integrand (p—p»)/[(v—u)*(u—u,)*] is 
clearly continuous in and on the boundary of R*. 
We may thus apply Dirichlet’s formula?* and inter- 
change the order of integration. The result is 


(p— po)dodu 


fi. i (v—u)*(u—u,)3 


f ( \d f du 
= P— po)av . 
weene . us (v—u)*(u—u,)4 


v du uite v—e v 
f - f + + f 
ug (v—u)*(u—u,;)! ui uite v—e 


1 





. (I-3a) 








(I-3b) 


Now, 





so 


, d a d 
J. mascara Ie as 
wets ‘ 
SS 


*%D. V. Widder, Advanced Calculus (Prentice-Hall, Inc., New 
York, 1947), p. 165. 
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) Fic. 22. p—po with 


step discontinuity. 








L: du 
| (v— —a)a—se,) 


1 oa du 
ws (u—u,)4) 





2V/e 


(vn—u;—e)* 


~ (v—u;—e)! 


Similarly for f ; 
oe 


By using these results and No. 113 Peirce, Table of 
Integrals, (I-3c) becomes 


uti du 4y/c 
-f < , 
uite (v—u)*(u—u,)'| (v—u;—e)! 


Multiply this expression by K/A*(p—po)dv and in- 
tegrate within the absolute value sign from “;+2e to 
uy, and we find 


aK 


— J __ ewido 000 





(I-3c) 

















<const. (€)#{ (uy —u;—e)'—(6)#]’ 
where Q(e) represents the right side of (I-3b). As «0 
aK 
— (p— po)dv—Q(0) =0. 
A* Jus 


By using this result and (I-3b) in the expression 
(I-3a), we find 


aK uN uN 
= jain f 
r* ug ud 





. I-3d 
(u—u;)! 7 
To integrate the right-hand side by parts note that 
dé/du exists and is continuous. This may be seen by 
integrating (I-2c) by parts and differentiating. The 
piecewise continuity of the derivatives of (p— py) 
assures the existence and continuity of dé/du. 

That 6(#y, z)=0 may be seen also from the form of 
(I-2c) after integration by parts. Therefore, 


wK pf“ “Nn dé 
— f (p— po)dv= —2 f (u—1u;)—du; 
* uj us du 
differentiating with respect to 4; we obtain 

A\* p% (di/du)du 


mK Ju; (u—u,)! 


which is the desired form. 





(p— po)u =ui= 


BENNETT, CARTER, AND BERGDOLT 


5. .Treatment of Discontinuities in p— po 


The previous solution (I-3) can be extended by rela. 
tively simple means to apply to p—po with finite dis. 
continuities. This is the situation commonly encount. 
ered in disturbances bounded by a shock wave, €.g., 
airflow about a supersonic missile. 

We assume (1) p=p(u,2z) is piecewise continuoys 
(see Fig. 22) and has piecewise continuous first and 
second derivatives, (2) p(u;—, 2)—p(ust, 2)=p» at 
u=u, With 0<u,<t,, p— po=0 for u>uy and, finally, 
(3) Eq. (I-2c) holds. 

Then defining the following reduced functions. 


(p— po) rea = (p— po) — pz O<u<u,, 
(p— po) rea = (p— po) Us< US uy, 
5(u) rea=5(u)—po'(u,—u)? O<u<u,, 
5(1) rea = 5(u) U,<U<Uy, 
and 
, 2K 
p2 ~ ae? 


we shall prove that 





(p — Po)ired = 


r* uN dbrea/du 
f ————du. (I-4) 
mK Jui (u—u;)! 


By using (I-2c) and the definitions given above we 
obtain 


a: x rc 


[(p— po) reat p2 ldo 


(v—1;)} 
“N (p— po) read 
+f (v—u,)? —— 


or upon integrating and rearranging 





K pr’ (p— po) readv 
Ss sala eidiianen f Sonneries, ie 
A* Jui (v—1;)! 
K “* (p— po) readv 
5(ui, Z) rea=— f ————.._ (Ib) 
A* Jus  (v—1;)! 


(I-4) follows at once since the reduced function (p— po) rea 
is continuous and has piecewise continuous first and 
second derivatives. The result of Sec. IV applies. 


6. Evaluation of p2’ 
We examine (I-4a), set u;= u and take the derivative 
with respect to (u,—x)}, 
dé 
d(u,—u)! 
2K “N 1 d(p— po) read 
- ——(u,- wy f ’ 
r* u (v—x)! dv 
after first integrating by parts and then differentiating. 
In the limit as u—u, the right-hand side vanishes. If 


u, = uy the same limit isapproached ; for [d(p— po) rea }/d? 
is piecewise continuous and may be replaced by its 


, 
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maximum. We conclude 


dé 
p2’ = lim ————_. 
“us d(u,—u)! 


(I-5) 


If u,=un, 5(uv) =0 and 


Approximate values of p2’ may be obtained from 
experimental data by plotting — 6(u)/ (un—u)! versus u 
and finding the limit of this ratio graphically as u—uy. 


7, Derivatives of the Fringe Shift 5(u, 2) 


We evaluate here expressions for d5/du and @5/du? 
to use in a later discussion of the errors involved in 
approximating the integral (I-3) or (I-4). 

For (p— po) rea We use (I-4b). Thus 


dbrea “w d(p— po) rea/dv 
ape dv. 
du »* (v—u)! 


@bred “| 1 (=) 
du? \* (uy—u)} du uN 


mad 1 d*(p— po) read¥ 
. (17 
* J (v—u)} dv? | “" 


The integrand in (I-7) has a singularity at v=. Since 
d(p— po) rea/dv* is bounded the integral exists. We note 
also that (I-7) has a singularity at w= uy. 

From the definition of 6(u),sa it is plain that 








(1-6) 











dé pe’ db roa 
—=— oo , (I-8) 
du 2(u,—u)? du 
and 
d*§ po’ @ brea 
—— = 3 





> (I-9) 
du® = A(u,—u)i dv? 


8. Error in Approximation to the Integral 


The integral (I-3) or (I-4)§ is evaluated numerically 
by subdividing the interval (7;, 7.) into a suitable num- 
ber of zones and approximating the derivative dé/dr* 
in each small zone. Consider. the corresponding sub- 
division in “(u;, ---%;, Uj41°* én) and use as approxi- 
mation to the derivative 


a= 
Ujsri— 


Somewhere in the interval (u;, a the derivative 
will take on the approximate value (I-10). Letting 
u=a for this point we may obtain d5/du by 


= ah (= -) + (=). 9, (I-10a) 


where u(0)=[a+0(u—a) | and 0<6<1. 


§ N.B. In this discussion we use 6 without subscript but imply 
the continuity properties of 5req. In actual calculations with the 
bound obtained, 5rea should be used. 





(I-10) 


PROJECTILES IN FREE FLIGHT 





The approximation to (I-3) may be written 


“iti 7 d§ 
(o/eo—1)e=-T _& -) deo wi)’, (I-11) 
and the precise value tie by 
N-1 “j+1 
(p:/po— 1)= ~— ie 
x[(S -) + (" -) (o~a) fate (I-12) 
u(6) 


if we use (I-10a) and for convenience set 
T'=2d*/2rK po. 


Then the error in the approximation to the ratio 
pi/ po is the difference of (I-12) and (I-11), thus 


Pi Pia N-1 “it 
(A) 


Po imi uj 





d’5 
x(—=) (v—a)d(v—u;)*. (I-13) 
du? u(6) 


We note from (I-7) that d°5/du? has a singularity at 
u=un. Multiplying the derivative by (uy—x)? will 
remove this; so, 


N-1 uj+1 
E<r> 


imi Hu; 


a’ 
(=) ov 
du? u(@) 


IT n-1 
E<— z. | Suu(aén—%)*| max(Uj41— Us) 


j=i 
uj+1 dv 
x 
uj (uy—v)8(v—u,)$ 


with the derivative written 5, for convenience. If we 
now regard each interval in r space as equal, we set 
rj;=jw, where w is the zone width and 7 the zone 
number. Thus, 


—uj;=w(2j+1)<w?(2N— 
With inequality (I-13c) 


— 7 o— us), 


(uy—v) 


(I-13a) 





and 





(I-13b) 


1)<w’2N. (I-13c) 





uN dv 
ESTNw*|Bsu(y—w)'|max f . 
ui (uy—v)*(v—u;)3 
(I-14) 


wherein the integral is readily recognizable by com- 
parison with (I-3c). We have with w=ry/N 


< aT | Suu(un— u)} | max?'N* 


N 





(I-15) 
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Elastic Constants of Beta-Brass Single Crystals* 
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Measurements of Young’s modulus and the rigidity modulus for a set of beta-brass single crystals of 55 
atomic percent copper and for single crystals of beta-brass near the zinc-rich phase boundary reveal a 
dependence of the elastic constants upon composition. Comparison is made with previous results, whereby it 
is found that the moduli of beta-brass for different compositions may be obtained by the use of a linear inter- 
polation in terms of the atomic ratio of copper to zinc. Derived quantities are generally related in this manner 
also. The value of 2,1; (Poisson’s ratio) is shown to be a positive quantity, in contrast to that derivable from 


previous results. 


Results of bending-torsion measurements are presented. The agreement between measured values and 
those calculated from the principal elastic constants provides assurance for the consistency of the measure- 


ments. 





INTRODUCTION 


HE beta-phase of the copper zinc system is the one 
which results from approximately equi-atomic 
mixtures of the two elements. Its crystal structure is 
body-centered-cubic with the consequence that its 
elastic behavior is specified in terms of three constants.! 
At room temperature the structure possesses a. high 
degree of order. 

During the past decade there have been several 
studies made of the elastic properties of beta-brass.?-* 
Among this group of studies, however, the agreement in 
the values of the elastic coefficients has not been too 
good, and supposedly could be due to differences in 
composition. In only one of these investigations, that by 
Lazarus, was the same set of crystals used to obtain all 
three elastic coefficients, and the compositions of the 
finished crystals known. In other investigations, the 
compositions stated were those of the stock material. 
Inasmuch as Lazarus’ results pertained to crystals near 
the zinc-rich edge of the phase and a composition de- 
pendence of the elastic coefficients was suspected, it was 
felt worthwhile to investigate the coefficients at the 
copper-rich side of the phase and even slightly into the 
adjacent alpha- plus beta-phase. In doing so, cognizance 
was to be taken of the fact that the crystals used in such 
an investigation should not differ in composition from 
each other. 

The elastic coefficients are conveniently obtained 
from the results of two independent measurements; one, 
a determination of Young’s modulus and the other, a 

* A preliminary report of these results appears in a Letter to the 
Editor, J. Appl. Phys. 22, 358 (1951). 

t The material on Young’s moduli is based on the first sections 
of a thesis submitted in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy in the Graduate College of the 
State University of Iowa, June, 1951. Now at Evansville College, 
Evansville, Indiana. 

t First Lieutenant, U. S. A. F. 

1R. F. S. Hearmon, Revs. Modern Phys. 18, 409 (1946). 

2? Wayne Webb, Phys. Rev. 55, 297 (1939). 

me Rinehart, Phys. Rev. 58, 365 (1940); Phys. Rev. 59, 308 
OW. A. Good, Phys. Rev. 60, 605 (1941). 


( 5D. A. Lazarus, Phys. Rev. 74, 1726 (1948) ; Phys. Rev. 76, 545 
1949). 


determination of rigidity modulus of a suitable set of 
crystals of the same composition. It must be observed, 
however, that when a rigidity modulus measurement js 
attempted by observing the twist of a crystal rod under 
axial torque, one of two, or neither of the rigidity moduli 
may be obtained unless certain precautions are taken.! 
To assure the measurement of the free modulus, the 
apparatus must be so constructed that no external 
bending moments are applied to the crystal, ie., the 
crystal must be free to bend, as it does in general under 
an axial torque. An experimental arrangement was 
therefore devised which provided assurance that this 
condition was met. 

It seemed interesting moreover to add to the appa- 
ratus a means for measuring the bending which occurred 
as a result of applied axial torque and check this result 
with that predicted by theory.® 


EXPERIMENTAL PROCEDURE 
I. Preparation of Crystals 


Single crystals of beta-brass reported upon in this and 
the following paper were grown by the Bridgman 
method. The stock material was a piece of rolled and an- 
nealed beta-brass given to this laboratory by the Amer- 
ican Brass Company Geometrically, the crystals were 
cylindrical rods, 0.635 cm in diameter, and variable in 
length from 7 to 11 cm. The growth time of the crystals 
was carefully controlled, inasmuch as it was found that 
this factor was important in obtaining crystals of the 
same composition. After normal growth the crystals 
invariably differed in composition from the stock ma- 
terial in that they were more copper-rich. A few crystals 
near the zinc-rich phase boundary (less copper-rich than 
the stock) were prepared by placing calculated amounts 
of spectroscopically pure zinc and pieces of stock beta- 
brass in the mold. These components were then fused in 
the furnace. The resulting brass rod was then inverted in 
the mold and a crystal grown. This procedure was 


* EF. Goens, Ann. Physik. 15, 455 (1932); Ann. Physik. 16, 793 


(1933). 
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followed as it seemed likely to help produce crystals 
homogeneous in composition. 

Subsequent to growth the crystals were etched, 
quantitatively analyzed, and examined metallographi- 
cally. The orientation of each crystal’s symmetry axis 
with respect to the crystallographic axes was determined 
by means of back-reflection Laue diagrams. Generally, 
six such diagrams were used per crystal, taken mostly on 
the ends of the crystals and the results averaged. These 
yarious tests showed whether or not the crystals were 
single, gave their compositions and orientations, and 
indicated the amounts of alpha-brass precipitated into 
the beta-brass crystal. The alpha-phase shows up as 
bronze-colored needles or ferns in the yellow background 
of beta-brass. 


II. Methods of Measurement 


The Young’s modulus measurements were made by 


- the familiar composite piezoelectric oscillator method.’ 


The rigidity modulus measurements were made using 
a refined torsion lathe. A crystal specimen is mounted 
horizontally, held rigidly at one end by a collet. To the 
free end is attached a torsion wheel. Above and to one 
side of the torsion wheel a lever bar is supported by a 
knife edge bearing at its center, so that one end of the 
lever arm is at a transverse distance equal to the radius 
of the torsion wheel away from the axis of the crystal. A 
connecting cable is then placed between the torsion 
wheel and the end of the lever arm just above. Dia- 
metrically opposed to this cable is tied another con- 
necting cable which supports one end of another lever 
arm directly below. The remaining ends of the two 
levers are also tied together by a connecting cable. 
Axial torque is then applied to the crystal by a weight 
suspended from the center of the lower lever arm, the 
weight consisting of a cylindrical vessel containing about 
10 kg of lead floating in a tank of water. To increase the 
torque water is allowed to flow from the tank, thus 
decreasing the buoyant force. 

The “twist” and “bend” measurements are made by 
means of optical levers, using a mirror arrangement on 
the crystal as shown in Fig. 1. Two rings are affixed to 
the crystal by means of set screws and to each ring a pair 
of mirrors is attached. The mirrors on each ring are 
located 90° apart. Relative twists or bends are then 
measured by observing the relative deflection of the 
images of a cross-hair from the appropriate pair of 
mirrors. 

It should be pointed out that these observations give 
only the component of bending in a plane defined by the 
axis of the crystal and the axis of the small round rods 
by which the mirrors are held to the ring. It is necessary 
in this experiment, in order to obtain the other bending 
component, to rotate the ring on the crystal by 90° and 
repeat the observations. Incidentally, another measure- 
ment of the rigidity modulus is obtained in this pro- 


9a) T. Cooke and W. F. Brown, Phys. Rev. 50, 1158, 1165 
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Fic. 1. Arrangement of mirrors on crystal specimen; b.m. 
mirrors used to observe bending; t.m. mirrors used to observe 
torsion. 


—— 


TOP VIEW 














cedure. Also, it is worthwhile noting that by proper 
orientation of the mirrors and images of the cross hairs 
upon them, the bending and torsion measurements are 
entirely unaffected by each other. 

According to theory® a crystal with a (111) orientation 
should show no bending when a pure axial torque is 
applied. A crystal having this orientation was investi- 
gated, with the result that absolutely no bending was 
observed. This negative result provides an adequate 
test of the apparatus, for if any bending had been ob- 
served with this specimen, it would have been due to an 
external bending moment produced by the apparatus. It 
may be noted that pieces of rolled stock brass rods 
showed slight bendings in this appdratus, indicating 
that they were not completely isotropic as might be 
supposed. 


EXPERIMENTAL RESULTS 
I. Young’s Modulus and Rigidity Modulus 


Young’s modulus (Z) is computed from experi- 
mentally obtained data by the equation 


E= (2/n)*posLos"(Los/Lr) fL1+%An?ad?/Loe*), (1) 


in which pe, and Les are the density and length, re- 
spectively, of the beta-brass crystal at 25°C, Lr the 
length of the crystal at the temperature of measurement 
(presently Lr=L5), 2 the average Poisson’s ratio, 
the number of half-waves in the crystal, A its cross- 
sectional area, and fg the resonant frequency of the 
beta-brass crystal. In the case that Lr was different 
from L25 (following paper), Zr values were obtained 
from [25 values using the thermal expansion coefficients 
of polycrystalline beta-brass as determined by Merica 
and Schad.® 

The free rigidity modulus (G) is computed from the 
data by the familiar equation for the isotropic modulus 


1/G= 1d‘ ¢/32I1N, (2) 


in which d is the diameter of the specimen, / the length 
of crystal between the two mirror rings, ¢ the relative 
angular twist in radians, and, N the applied axial 
torque. 


8 P. Merica and L. Schad, Bull. Bur. Standards 14, 571 (1918). 
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by the equations: copr 
1/E=S,,—2SF Fig. 
/ (7) (3) we 
1/G=Su4+4SF(y) (4) crys 
where valu 
S=S11—S12— 3S 44. (5) Stra 
. , nd 
The function F(y) is defined by f I 
F(y)=yPy2+yere+yeye, (6) = 
in which the y’s are the direction cosines of the crystal’s fat 
axis with respect to the crystallographic axes, and are fron 
obtained from the Laue diagrams. afte! 
The elastic parameters Cy, Cio, and C4, are related to the : 
It 
Taste I. Orientation function, composition, reciprocal moduli, and od 
measurements of the crystals.® = 
mod 
Atomi M men 
Crystal saneunt 1/E 1/G aa ne 
number F(y) copper cm?/dyne cm?/dyne observations a ry 
rigic 
A a 3 FO) 7 0.310 55.50 0.785X10-% 7.95xX10-" A, B,C, (P) 
: , . 8 0.133 54.96 2.690 4.13 A, B,C, (P) 
Fic. 2. The reciprocal of Young’s modulus vs orientation func- 9 0.154 54.45 2.454 B,C, D 
tion. Circles (©) designate crystals of nearly the same composition 10-L 0.149 55.86 2.497 4.625 A, B,C, (P) =— 
(55.12 atomic percent copper, set A of Table I). X’s are for 10-U 0.149 55.23 2.610 4.48 A 
crystals of different composition. Curve A is drawn through the 12 0.325 56.72 0.6005 E 
circle points, while curves R and L represent the previous data of 0.6222 cos 
Rinehart and Lazarus, respectively. 14 0.070 54.85 3.287 2.85 A, B,C pane 
15 0.230 54.12 1.572 D VeM 
The principal elastic coefficients S11, S12, and S44 are 7 oi a = 3.17 4 V/s 
related to Young’s modulus and to the rigidity modulus 4g 972 5257 1.090 6.41 D a 
—Si 
G * Index to Table I. Crystal No. 10 was long enough to permit two 
100— samples: 10-L is the lower section and 10-U is the upper section. = 
A Room temperature elastic coefficients. a 
B Room temperature internal friction. . 
C Temperature variation of Young's modulus and internal friction and sa 
90- the effect of precipitation of the alpha-phase on these quantities. Those has. 
' crystals designated by (P) showed no alpha-phase after growth, but direc 
did show a small amount after several cycles of heating and cooling difes 
through the order-disorder transition. ( 
8.0- D Composition dependence of the room temperature elastic coefficients. centr 
E Young’s modulus, internal friction, and their temperature variations 
for a crystal in the alpha- plus beta-phase. Initially the alpha-phase was 
4 not completely precipitated. 1/E was 0.6005 107? before heat treat- 
70 ment, and 0.6222 X10-"? following heat treatment. 
F Room temperature Young's modulus for an alpha-brass crystal. 
* Classifications A, D, and F are of interest in the present paper. I 
Classifications B, C, and E are of interest in the following paper (R. 
60- Artman, J. Appl. Phys. 23, 475 (1952). the 
, coe 
50- the elastic coefficients in the following manner: for 
dat 
ao~ Cu= (Siurt+S12)/(Su- S12) (Sir4+2512), (7) 
Cr= — $32/(Su—S1) (Sii+2S12), (8) 
sil whe 
30 Cu= 1/S44. (9) 6, t 
20- It is clear from Eqs. (3) and (4) that plots of 1/EZ and ang 
1/G vs F(y) yield the coefficients $1; and S44 as intercepts tes 
and have slopes proportional to the combination S. anc 
10-4 - « . ; 
From this information Sj is calculated. : 
. The orientation functions, compositions, 1/Z, and 
° ° ‘elo «CO }tié 20 oso CO! 1/G values for the various crystals are given in Table I. 
. , adie :; ; In accordance with the supposition that the elastic in | 
Fic. 3. The reciprocal of the rigidity modulus vs orientation ‘ ‘tion d d f tals ? 
function. Circles (©) designate crystals of nearly the same Oefficients are composition epen ent, a set of crysta ‘ 
composition (55.12 atomic percent copper, set A of Table I). of very nearly the same composition was chosen from all tw 


Filled circles (@) are for crystals of different composition. Curve L 
represents the data of Lazarus. The ordinate is 1/GX10*" 
cm*/dyne. 


crystals grown. These are labeled A in Table I. The int 
average composition of the set is 55.12 atomic percent obt 








ire 


two 


and 
hose 
but 
ling 
ions 
was 
eat- 


and 
el. 
stic 
tals 
: all 
The 
ent 





ELASTIC CONSTANTS OF BETA-BRASS SINGLE CRYSTALS 473 


copper. The values of 1/E for these crystals are shown in 
Fig. 2 by circles and the 1/£ values for crystals of a less 
copper-rich composition by ’s. In Fig. 3 1/G values for 
crystals of set A are shown by open circles, and 1/G 
yalues for two less copper-rich crystals by closed circles. 
Straight lines representing the 1/E values of Rinehart® 
and Lazarus’ are included in Fig. 2, and the 1/G values 
of Lazarus’ are included in Fig. 3. These lines are 
marked R and JL, respectively. 

The values of the elastic coefficients obtained from set 
Aare given in Table II, along with the values resulting 
from previous investigations. S,; and S44 were obtained 
after fitting the 1/E and 1/G curves simultaneously to 
the same value of S by the method of least squares. 

It should be noted that, although the Young’s 
modulus measurements are adiabatic and the rigidity 
modulus measurements are isothermal in these experi- 
ments, no correction of the rigidity modulus is neces- 
sary. This is so because the adiabatic and isothermal 
rigidity moduli are the same. 


TABLE II. Adiabatic elastic coefficients of beta-brass.* 











Ratio, 
present 
Rinehart Lazarus> Present Lazarus 
Atomic percent copper 52.47 51.74 55.12 « 
1/E1oo =Si1 (cm2/dyne) 3.881 X107!2 3.517 10-12 4.105 1072 1.17 
1/Gioo =Saa 1.213 1.344 1.11 
1/Ein 0.475 0.499 0.551 1.10 
1/Gin 7.249 8.452 1.17 
s 5.109 4.527 5.331 1.18 
—Siz 1.616 1.898 1.18 


Average 1.15 








* Good's values (see reference 4) are not included in the above table 
since it now seems certain that his value of Su is too low. 

>In transforming Lazarus’ results to values of the S's (from C’s) his 
directly measured value of (C11 —Ci2), has been used rather than taking the 
difference in C11 and Ci2 as given in his paper. 

¢ (55.12/44.88) /(51.74/48.26) =1.146, the ratio of relative atomic con- 
centration. 


II. Bending-Torsion Effect 


If bending and torsion measurements are made over 
the same length of crystal, then an invariant elastic 
coefficient (534’)4 in the laboratory coordinate system 
for a cylindrical specimen may be computed from the 
data by the equation: 


(S34') v= 1/G(62/ er+ 0.7/ ¢2 ji, (10) 


where G is the measured rigidity modulus of the crystal, 
9, the angular curvature of bending associated with the 
angular torsion ¢;, and 62, g: the corresponding quanti- 
ties measured in a plane perpendicular to that of 6 
and ¢. 


According to crystal elasticity theory, 
(Ssa!)w= 2SLF(y)—4F*(y)+3yry2ve}}, (11) 


in which the quantities have all been defined previously. 
A comparison of values of (S34’)4, obtained from these 
two equations thus provides a good check as to the 
internal consistency of the measurements, for (.5'34’)~ as 
obtained from (10) depends upon the rigidity modulus 








Fic. 4. Polar plot for crystal No. 10 of bending-torsion effect. 
Diameter of circle is the calculated value of (.S34’)a,=2.91 107" 
cm?/dyne. 


result for the individual specimen and the bending- 
torsion angular ratios, whereas the value of (S34) as 
obtained from (11) depends upon the slope value S of 
the whole set of crystals and the direction cosines found 
for the individual crystal. 

Data obtained on crystals 8, 10 (average of both 
sections), and 14 are shown in Table III. 

In Figs. 4 and 5, are the polar plots of these results. 
The diameter of the circle is the value of (S34’) from 
(11). Upon this circle are plotted two points whose 
radii vectores have magnitudes of (1/G)(@:/¢1) and 
(1/G)(62/ y2). The check upon results is then imposed by 
measuring the angle between the radii vectores. This 
angle should be 90°. In all cases the measured angle lies 
well within the experimental error. 


DISCUSSION OF RESULTS 


The difference between the results of these experi- 
ments and those of Lazarus, is believed to be due 
entirely to a composition difference. Measurements 
given in Table I of other crystals which had composi- 
tions intermediate between the extreme concentration 
of Lazarus and the set A, show intermediate values of 
1/E and 1/G. It was suspected, therefore, that such 
values might agree with some form of linear interpola- 
tion since the concentration range is narrow. It will be 
noted in Table II that the ratios of the values of the 
coefficients (S ;,) obtained in the present experiments to 
those obtained by Lazarus are very similar, the average 
value being 1.15. This is to be compared to the value of 
the ratio of the relative atomic concentration, Ccu/Czn, 
of the writers to the same quantity for Lazarus’ alloy. It 








Fic. 5. Polar plot for crystal No. 14 of bending-torsion effect. 
Diameter of circle is the calculated value of (S34’)ay=2.48X 107" 
cm?*/dyne. 
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TABLE III. Bending-torsion results. 











Crystal 
No. (Sa’) ay (Eq. 10) (Sa’) ay (Eq. 11) 
8 2.897 X 10-" cm*/dyne 2.915 10-" cm?/dyne 
10 2.880 2.890 
14 2.473 2.479 








is 1.146 and, therefore, suggests the use of linear 
interpolation in terms of the atomic ratio of copper to 
zinc. 

Table IV lists the relative atomic concentrations and 
reciprocal moduli of the crystals mentioned above. The 
values obtained by interpolation, marked computed, are 
in the main in satisfactory agreement with the experi- 
mentally observed values. 

The fairly close agreement of ratios of reciprocal 
moduli to ratios of relative concentrations, as shown in 
Table IV, makes it appear as if, within the 6-range, 
these various reciprocal moduli are directly proportional 
to the relative atomic concentration (Ccu/Czn). It is 
not, however, to be assumed that this relation should be 
used in an attempt to predict the behavior of 6-brass 
if it could be maintained outside of its normal region. 
Almost any linear interpolation, such as one based on 
copper (or zinc) concentration alone will work about as 
well, simply because of the narrowness of the range, but 
would when extrapolated lead to very different pre- 
dictions. 

It will be noted that the values of 1/E obtained by 
Rinehart lie nearer the present data than to Lazarus’ 
curve, even though the composition quoted by Rinehart 
is nearer to that of Lazarus. This is easily explained, 
however, for the compositions quoted by Rinehart are 
those of the stock material and not those of the crystals. 
A small loss of zinc during growth would completely 
account for the observed relation of his results to the 
other sets of data. Application of the above-named 
correction factor places the composition of Rinehart’s 
crystals at 53.5 atomic-percent copper.’ 


Tas_e IV. Comparison of computed and observed values 
for the moduli. 








C 





Crystal os 1/E (comp.) 1/E (exp.) 1/G(comp.)  1/G (exp.) 
No. Czn cm?/dyne cm?/dyne cm?/dyne cm?/dyne 
9 1.20 2.4010" 2.45x10-" 
15 1.18 1.60 1.57 
16 1.08 2.65 2.69 3.02X10-" 3.17xX10-" 
18 1.11 1.09 1.09 6.38 6.41 








* A recent analysis by Dr. Rinehart of two of his crystals shows 
53.4 atomic percent copper, J. Appl. Phys. 22, 1089 (1951). 


Table V lists interesting quantities which may he 
studied as a function of composition. In this table C’ jg 
the shear modulus (Cj:—C12)/2, K is the bulk modulus 
A is the anisotropy ratio defined as Cy/C’, Zn is 
“Poisson’s ratio” for a specimen subjected to a tensile 
stress along the (100) axis and 211: is the corresponding 
quantity for the (111) axis. 

Perhaps the most significant quantity in Table V js 
C’, a quantity whose value decreases with increasin 
copper concentration. This is consistent with theory, for 
as pointed out by Zener," in a body-centered cubic 
copper lattice the contribution of the exchange inter. 
action between conduction electrons and ions while 
positive is independent of the ion structure. Substitution 
of copper atoms for zinc would decrease the value of (’, 
The ratio of the two values of C’ is nearly the same as 
the reciprocal of the previously mentioned interpolation 
ratio, 0.86 compared to 0.87. Furthermore, a smaller 
value of C’ for copper-rich compositions means de- 
creasing mechanical stability for the crystal structure as 


TABLE V. Composition dependence of derived elastic constants, 











dynes dynes 
c’——- X10"? K——- X10" 
cm? cm? A 2100 tin 
Present 0.0833 1.079 8.933 0.462 0.220 
Lazarus 0.0974 1.162 8.465 0.459 0.213 








might be expected for compositions nearer the alpha- 
plus beta-phase boundary.§ 

It is worth pointing out that either value of the 
anisotropy ratio A is considerably lower than that 
derivable from previous results, and puts beta-brass in 
a class with Na and K in this respect. Also, either value 
of 2 11 is positive, whereas its value derivable from 
previous results‘ was negative and was the only ex- 
ception in metals to positive values for this quantity. 

The results of the bending-torsion measurements 
provide a test of internal consistency for the experi- 
ments, and confirm the previous statement that only a 
pure axial torque was applied to the crystals in meas- 
uring the rigidity moduli. If this were not the case, the 
agreement between the (S34) values, if present at all, 
would be scattered. 

The authors wish to express their indebtedness to 
Professor E. P. T. Tyndall for his suggestions and 
guidance throughout the course of the work. 

10 C, Zener, Phys. Rev. 71, 846 (1947). 

§ Note added in proof: In a Letter to the Editor to be published 
shortly, H. Jones shows that there are serious difficulties with the 
interpretation that the non-Coulombic ion-ion interaction which 
would result from the substitution of copper ions for zinc would 


cause the reduction of C’. The qualitative reason for the reduction 
of C’ given in this paper should be disregarded. 
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The temperature variation of Young’s modulus of beta-brass single crystals of 55 atomic percent copper 
has been determined. Comparison is made with previously reported results. 

Internal friction has been measured at 21 and 42 kilocycles per second at room temperature and as a func- 
tion of temperature to slightly above the complete disappearance of order. The room temperature decrement 
is for all crystals of the order of 10~* and mainly independent of amplitude of oscillation. The decrement as a 
function of temperature shows a “relaxation peak.” Zener’s theory for alpha-brass is found to apply and the 
source of the relaxation is preferential orientation of pair axes of solute atoms in adjacent cells. The heat of 
activation is about 20X10* calories per mole. The relaxation peak is shown to be characteristic of the 
disordered state. There seems to be no relaxation phenomenon present in the ordered state. 

The effect of precipitation of the alpha-phase on Young’s modulus and the internal friction has been found 
negligible unless a large amount of precipitation occurs. 





INTRODUCTION 


HE present investigation started with several ob- 

jects in view. The first of these consisted in 
determining the temperature variation of Young’s 
modulus for a set of single crystals the composition of 
which was near the copper-rich edge of the phase 
boundary. This appeared worthwhile, in view of the 
variation of the room temperature elastic constants 
with composition reported in the previous paper. These 
results could then be compared with those reported by 
Rinehart.! The second object was to determine the 
temperature variation of the internal friction to and 
above the critical temperature of order-disorder. In 
addition, it was known that precipitation of inclusions 
of the alpha-phase might occur as a result of the heat 
treatment. The effect of the inclusions on Young’s 
modulus and internal friction appeared to be a fruitful 
source of investigation. 


EXPERIMENTAL PROCEDURE 


The apparatus and methods of measurement were the 
same as those used by Swift and Richardson,’ and Wert.* 
A quartz crystal is cemented to the brass specimen to 
form a composite piezoelectric oscillator. The method is 
such that Young’s modulus may be obtained from the 
data necessary to determine the internal friction. The 
composite piezoelectric oscillator was supported on 
filaments of glass placed at displacement nodes, the 
quartz crystal being placed between two parallel brass 
plates which served as electrodes. These brass plates 
were mounted on a piece of transite, and the assembly 
was placed in the middle of a long glass tube. Electric 
connections were made by running leads through rubber 

* Based on the last sections of a thesis submitted in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy, in the Department of Physics in the Graduate College of 
the State University of Iowa, June, 1951. 

t Now at Evansville College, Evansville, Indiana. 

‘J. S. Rinehart, Phys. Rev. 58, 365 (1940) ; and 59, 308 (1941). 


* I. H. Swift and J. E. Richardson, J. Appl. Phys. 18, 417 (1947). 
°C. A. Wert, J. Appl. Phys. 20, 29 (1949). 


stoppers in the ends of the tube. The side of the tube 
contained a lead to a vacuum pump, as all measure- 
ments were made at a pressure of 0.1 mm of Hg or less to 
prevent air damping. The assembly was heated by 
means of an electric furnace which surrounded the glass 
tube. Temperatures were measured with Chromel- 
Alumel thermocouples. Two materials were used to 
cement the quartz crystal to the brass specimen: phenyl 
salicylate for room temperature measurements and 
Insalute for temperature variation measurements. 

One quartz crystal square in cross section with an 
area of 0.292 cm? was used in the composite piezoelectric 
oscillator throughout the course of the investigation. 
The crystal was used at both its fundamental frequency, 
21 kilocycles per second, and its first harmonic. The 
measurement of the decrement{ of a specimen depends 
on a prior knowledge of the electromechanical constant, 
K, and the decrement, A, of the quartz. The decrement 
of the quartz was determined by measuring the change 
in frequency, (Af) when the bridge was balanced at a 
resistance twice that at resonance. The decrement is 
then given simply by 


A=2n(Af)/f. 
The electromechanical constant, K, in henries/gram 
can then be determined by 


K=R/4n(Af)m, 


where R is the resistance of the composite oscillator at 
resonance, m= the mass of the quartz crystal, and (Af) 
the change in frequency defined above. 

Since it was desired to make measurements on the 
brass crystals at elevated temperatures, the quartz 
crystal had to be calibrated over the whole temperature 
range. This was done by making measurements of K 
and A both during the temperature rise and fall of the 
quartz between room temperature and 470°C. Measure- 
ments were made in approximately 25°C intervals, the 

t The decrement, a measure of the internal friction, is the ratio 


of the energy dissipated per cycle to twice the total vibrational 
energy. It is related to Q by the relation A= x/Q. 
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Fic. 1. Decrement of the quartz crystal vs temperature. The 
lower curve is the decrement of the quartz crystal at 42 kilocycles 
per second. The vertical scale is at the right of the figure. Data 
indicated by circles were obtained when the temperature was 
varied about 25°C over a period of several hours. Data indicated 
by crosses were obtained when the temperature was held constant 
for periods of time of the order of twelve hours. The upper curve is 
the decrement of the same crystal at 21 kilocycles per second. The 
vertical scale is on the left. Circles indicate data obtained by 
varying the temperature about 25°C over a period of several hours. 
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temperature changing through this increment over a 
period of several hours in most cases. The average value 
of three measurements taken at each temperature was 
used. The temperature gradient along the quartz in- 
creased from 0.5°C/cm at 200°C to 2°C/cm at 470°C. 
The rate of rise of temperature and gradient duplicated 
the same quantities in the runs taken with the composite 
oscillator. This was necessary for the calibration to be 
valid, as will appear later. The variation of the quartz 
decrement with temperature was particularly interesting 
and is described and discussed below. 


EXPERIMENTAL RESULTS 
Quartz 


The results of the measurements of A and K are 
shown in Figs. 1 and 2, respectively. The lower curve is 
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the decrement of the quartz at 42 kilocycles per secong, 
The vertical scale is at the right of the figure. Dat, 
indicated by circles were taken with the calibration 
procedure just described. Crosses indicate data taken 
with temperature kept constant for periods of 12 hours 
The significance of the generally low values thus ob. 
tained will be discussed later. The upper curve is the 
decrement of the same crystal at 21 kilocycles per 
second. The vertical scale is on the left. Circles have the 
same significance as for the lower curve. 


Young’s Modulus§ 


Crystals classified as C in Table I in the preceding 
paper were used in the determination of the temperature 
variation of Young’s modulus. A plot of observed 


TABLE I. Temperature variation of Young’s modulus in the 
principal directions.* 














T(°C) 1/E100 1/Eno 1/Ein 
25 4.080 1.429 0.546 
50 4.064 1.429 0.550 
75 4.054 1.429 0.554 

100 4.045 1.428 0.556 
125 4.035 1.427 0.558 
150 4.027 1.427 0.561 
175 4.020 1.429 0.566 
200 4.017 1.433 0.571 
225 4.019 1.438 0.577 
250 4.026 1.446 0.586 
275 4.046 1.456 0.593 
300 4.073 1.469 0.601 
325 4.116 1.490 0.615 
350 4.186 1.518 0.628 
375 4.284 1.554 0.644 
400 4.413 1.600 0.662 
425 4.606 1.669 0.690 
440 4.807 1.724 0.697 
445 4.884 1.748 0.702 
450 4.975 1.775 0.708 
455 5.107 1.814 0.717 
460 5.167 1.832 0.721 
465 5.197 1.842 0.723 
470 5.221 1.850 0.726 
475 5.247 1.857 0.727 
480 5.270 1.864 0.729 








® The reciprocal moduli are X107!2 cm?/dyne. 
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Fic. 2. Electromechanical constant K vs temperature. The 
circles (vertical scale at the left) represent data taken at 21 
kilocycles per second. The X’s (vertical scale at the right) repre- 
sent data taken at 42 kilocycles per second. 


Young’s modulus against temperature was made for 
each run for each of the crystals observed, and a smooth 
curve drawn through the points. Values of the modulus 
at 25°C intervals up to 425°C and in 5°C intervals from 
440° to 480°C were read from these curves, approxi- 
mately the same temperature intervals actually ob- 
served. Measurements were made at least twice on each 
crystal. From these values a line was fitted by the 
method of least squares at each temperature, and the 
values of 1/Ejo0, 1/Ei10, and 1/E£,; calculated. Plots of 
the relative variation of these results are shown in 
Fig. 3, and the values as calculated are shown in Tablel. 
Relative variation is found by dividing the 1/£ value at 

§ The index of Table I of the preceding paper [Artman and 


Thompson, J. Appl. Phys. 23, 470 (1952) ] applicable to this paper 
are as follows: B, C, E. 
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yalue. 

It will be noted that a large change in the slope of the 

Jots is observed at the critical temperature. ‘The value 
of the critical temperature determined in this manner is 
457°C. The results reported by Sykes and Wilkinson‘ for 
the transition temperature for the composition of this 
set of crystals is 457.5°C. The two sets of data appear to 
be in excellent agreement. Due to a difference in compo- 
sition, Rinehart! observed a critical temperature of 
468°C for his crystals. The results of the temperature 
variation of 1/Eyo0, 1/E110, and 1/Ey: are in essential 
agreement with those of Rinehart. His results are, how- 
ever, smaller in magnitude than those reported here. 
Tabulation of Rinehart’s room temperature and critical 
temperature values and their relative variation together 
with those obtained as a result of this work are given in 
Table I. 

Rinehart’s observations led him to conclude that 
there was no temperature hysteresis in Young’s modulus 
of beta-brass. In the present work no temperature 
hysteresis was observed for three crystals, a slight 
amount for two others, and a permanent change in 


TABLE II. Relative variation of reciprocal moduli in the 
principal directions.* 











Rinehart> Present 
Relative Relative 
Temp. 22°C Te variation 25°C Te variation 
1/Exo0 3.881 4.970 1.281 4.080 5.145 1.261 
1/Euo 1.326 1.680 1.267 1.429 1.826 1.278 
i/Eu 0475 0.583 1.227 0.546 0.719 1.318 








* The reciprocal moduli are X107!2 cm?2/dyne. 

> See reference 1. 
modulus after the first heating for crystal No. 12. This 
latter seems to be associated with the precipitation of 
alpha-brass in this crystal. 


Internal Friction 


In determining internal friction, plots were made of 
the temperature variation of the resistance of the 
composite oscillator at resonance. Smooth curves were 
drawn through the points, and resistance values read 
from these curves were used to obtain the internal 
friction. The decrement of four crystals (crystals No. 8, 
9, 10-L, and 14) at 21 kilocycles per second are shown in 
Fig. 4, and for two others (crystals No. 7 and 12) at 42 
kilocycles per second in Fig. 5. 

Inspection of the results of the temperature variation 
of the decrement of beta-brass shows: 

1. A pronounced peak at 315°C. 

2. Relaxation strength, which is proportional to 
Ansx, is independent of orientation function as shown by 
the close agreement of points for the four crystals in 
Fig. 4. 

3. A lack of a discontinuity at the order-disorder 
critical temperature. 





*C. Sykes and H. Wilkinson, J. Inst. Metals 61, 223 (1937). 


TEMPERATURE DEPENDENCE OF YOUNG'S MODULUS 
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Fic. 3. Relative variation of reciprocal Young’s moduli in the 
principal directions vs temperature. Each curve starts at a value 
of 1.000 at 25°C. The actual values of the reciprocal moduli are 
contained in Table I. 














4. A shift of the peak to higher temperature for larger 
copper concentrations shown by comparing the results 
for crystals No. 7 and 12 in Fig. 5. 

5. A lack of temperature hysteresis. 
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Fic. 4. Decrement of beta-brass at 21 kilocycles per second vs 
temperature. The symbols O, (J, +, and X represent data for 
crystals No. 8, 9, 10-L, and 14, respectively. 
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Fic. 5. Decrement of beta-brass at 42 kilocycles per second vs 
temperature. The symbols © and [J represent data for crystals 
No. 7 and 12, respectively. 





The strain which may occur because of the differential 
expansion across the quartz-specimen interface is always 
a disturbing element in experiments of this kind. Effects 
of it seemed to appear here only on the first 1un of most 
of the crystals. The internal friction would increase 
rapidly and in a more or less erratic fashion from room 
temperature up to about 200°C. From this point on, 
however, consistent results were obtained. Furthermore, 
after the first run, the erratic behavior during the first 
200°C was eliminated, and for temperature above 
200°C, the measurements could be repeated upon subse- 
quent runs to within five percent. Each of the specimens 
was vibrated in its fundamental mode. Since the 
crystals differed rather markedly in their lengths, the 
effect of a strain would have been more marked in the 
case of the shorter specimens. This was not observed. 
Moreover, heating the specimen would reduce any 
strains which might have been present. It is, therefore, 
concluded that the differential expansion at the quartz- 
specimen interface was not affecting the measurements 
above 200°C. 

The decrement measurements were taken at as low a 
stress amplitude as was consistent with accurate ob- 
servation. In all cases this was at a stress amplitude of 
the order of 1 to 2 g/mm*. No attempt was made to 
make the measurements at constant stress amplitude. 
Instead, the amplitude dependence was checked at 
various points throughout a given run at stress ampli- 
tudes well above and below that used in the actual 
measurement with, in all cases, no change in the internal 
friction. This result was also obtained when decrement 
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was systematically investigated as a function of streg 
amplitude at room temperature. The general effect was 
that the decrement curves were flat up to the lar 
stress amplitude used (in one case 380 g/mm?*). This was 
true for all twelve cases taken at 21 kilocycles per seconq 
and for seven out of eleven cases at 42 kilocycles pe, 
second for the crystals designated by B in Table I of the 
preceding paper. No explanation is known as yet for the 
four exceptional cases of rising decrement at 42 kilo. 
cycles per second. 

The temperature variation of the internal friction of 
beta-brass is significant when it is compared with the 
decrement measurements at room temperature. At a 
stress amplitude of 25 g/mm’, the average value of 1? 
runs the decrement at room temperature for all the 
crystals was 5.9X10-° at 21 kilocycles per second and 
11.3 10-* for 11 runs at 42 kilocycles per second. These 
values are approximately an order of magnitude less 
than the average results at 250°C. Furthermore, the 
decrement of the quartz crystal was 0.7210- and 
showed no frequency effect and no stress amplitude 
effect when run alone. It appears that the frequency 
effect for the brass at room temperature though small is 
genuine. 


Precipitation of the Alpha-Phase 


Metallographic examination of the crystals after 
growth and before subsequent heat treatment showed 
no alpha-inclusions with the exceptions of crystals No. 
12 and 17. Crystal No. 12 was in the alpha- plus beta- 
phase with the alpha-phase initially incompletely pre- 
cipitated, while crystal No. 17 was completely in the 
alpha-phase. In each case where the temperature varia- 
tion of Young’s modulus and internal friction was 
determined, a section for metallographic comparison cut 
from the original crystal adjacent to the specimen sec- 
tion was placed in the furnace along with the specimen. 
After heat treatment comparison specimens from crys- 
tals No. 7, 8, and 10-L showed precipitation of a small 








Fic. 6. Crystal No. 12 (480) after heat treatment. 
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TEMPERATURE DEPENDENCE OF YOUNG'S 


,mount of alpha-brass, crystals No. 9 and 14 no pre- 
cipitation, and crystal No. 12 complete precipitation of 
the alpha-phase. 

A study was made by metallographic and x-ray 
methods, which need not be given in detail, of the shape 
and orientation of the precipitated alpha-brass in rela- 
tion to the beta-matrix. When incompletely precipitated, 
the alpha-brass appeared as fine ferns, while complete 
precipitation resulted in structures similar to that 
shown in Fig. 6 (crystal No. 12 after heat treatment). 
The alpha-brass inclusions were found to be rods or 
needles with the long dimension usually parallel, or 
neatly so, to either the (111) or (110) direction of the 
beta-lattice. Mehl and Marzke® have previously re- 
ported the (111) direction. 

Only in crystal No. 12, which was definitely within 
the alpha- plus beta-region, did the further precipitation 
of alpha-brass which occurred during the first tempera- 
ture run produce any appreciable (>1 in 1000) change 
in the room temperature in Young’s modulus. The value 
of 1/E increased by 3.6 percent. The change is in a 
direction which would occur if the alpha-orientation 
function were smaller than that of the beta-matrix. 
Other explanations are, however, possible. 

The decrement also showed no essential change due to 
small precipitation, but again showed a large effect for 
crystal No. 12. The decrement declined from 60X 10~° 
(at 25 g/mm? stress amplitude) to 10X10 after the 
first temperature run. It seems likely that the decrease 
in decrement is due to the reduction of internal strains 
present in the crystal directly after growth and before 
the attainment of equilibrium in the structure. 


DISCUSSION 


A theory has been advanced by Zener® to explain the 
anomalous behavior of Young’s modulus of beta-brass 
from — 200°C to 200°C. The anomaly lies in 1/ E499 and 
1/Euo decreasing with temperature up to 200°C. 
Young’s modulus in the three principal directions may 
be expressed as 


1/Eiu= 1/9K+S4/3, 1/E:0= 1/9K+S44/4+ 1/12C’, 
1/E.o0= 1/9K+1/3C’, 


where K is the bulk modulus and C’ is the shear 
modulus. It is noted that 1/E;; follows the normal be- 
havior for its temperature variation, and from this is 
drawn the conclusion that K and $4, behave normally. 
Good’s’ data supports this conclusion. The anomalous 
behavior of 1/Eioo is then attributed to the abnormal 
temperature variation of C’. Further, Zener® calculated 
an estimated temperature variation for C’ based on the 
work of Fuchs, and it is found to be in good qualitative 
agreement with the temperature variation of 1/Eyo0. 
Rinehart observed a decrease of 0.07110-” in 1/Eyjoo 


*R. F. Mehl and C. T. Marzke, Trans. Am. Inst. Mining Met. 
Engr. p. 123 (1931). 

*C. Zener, Phys. Rev. 71, 846 (1947). 

’W. A. Good, Phys. Rev. 60, 605 (1941). 
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Fic. 7. “Contribution-of-disorder” vs temperature. The A’s and 
©’s are data for 1/Ejoo and 1/E., respectively, from present 
work, and the +’s and X’s are data for the same quantities 
respectively from Rinehart’s work. 


from room temperature up to 200°C, whereas the de- 
crease for the corresponding quantity in present data is 
0.063 10-". At room temperature the contribution of 
1/(3C’) to 1/E,o0 is approximately forty times greater 
than that due to 1/(9K). The variation of 1/E,o9 with 
temperature is then, mainly, that due to C’. Comparison 
of the data on 1/Ejo9 for the two compositions would 
seem to indicate that the change of 1/C’ with tempera- 
ture is smaller for higher copper concentrations. 

Above 200°C a study of the temperature variation of 
reciprocal moduli is complicated by the onset of 
disordering, the variation indicating the effects of 
changing degree of order superimposed on the tempera- 
ture variation of the ordered structure. One may, 
however, make comparisons of Rinehart’s and present 
data above 200°C by noting that the relative variation 
of all principal reciprocal moduli are approximately 
linear from room temperatures up to 175°C. A straight 
line may be fitted to each of these curves over this 
temperature range. If one assumes that the straight line 
represents normal variation with temperature, then the 
difference of the values obtained from the fitted straight 
line and the actual relative variation curve represents 
the change in relative variation due to changing degree 
of order. For convenience, this difference will be called 
the contribution-of-disorder to the relative variations. 
Contribution-of-disorder curves were calculated for 
1/E,o0 and 1/E,1, for both Rinehart’s and present data. 
The curves are shown in Fig. 7. 

Comparison of the contribution-of-disorder curves for 
1/E oo shows very close agreement between Rinehart’s 
and present data, with Rinehart’s curve being slightly 
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Fic. 8. “Corrected” values of the decrement of beta-brass at 21 
kilocycles per second vs temperature. The points were calculated 
from the average curve in Fig. 4. 














higher. At room temperature, the contribution. of 
1/(3C’) to the value of 1/Ejo0 is approximately forty 
times greater than that due to 1/(9K). If one assumes 
the ratio of these quantities remains approximately the 
same as the temperature is varied, then the contribu- 
tion-of-disorder curve represents essentially the contri- 
bution-of-disorder of 1/(3C’). The smaller change of 
1/C’ with higher copper concentrations for temperatures 
up to 200°C discussed earlier, leads to a smaller contri- 
bution-of-disorder curve at the higher temperatures. 
This may be noted in the curves in Fig. 7 where triangles 
(A) represent data for present 1/Ejo0 and plusses (+) 
that of Rinehart. The general conclusion can be drawn 
that the temperature variation of C’ is only slightly 
sensitive to the copper concentration over the entire 
range of temperatures, provided the assumption that 
the ratio of K to C’ does not change markedly with 
temperature is justified. 

Comparison of the contribution-of-disorder curves for 
1/Ey1. shows poor agreement between Rinehart and 
present data. The contribution of S44/3 to.1/Ein is ap 
proximately four times as great as the contribution of 
1/(9K) at room temperature. Assuming now that the 
ratio of S44, to K remains essentially unaltered as the 
temperature is varied, the 1/£,:: contribution-of-dis- 
order curve represents essentially the contribution of 
disorder of S44. Comparison of the two curves would lead 
one to conclude that the temperature variation of S44 is 
highly sensitive to composition. However, Good’ has 
measured the temperature variation of S44 directly. If 
one assumes that Good’s measurements show the proper 
relative variation with temperature (even though the 
magnitudes may be incorrect), one may calculate the 
contribution-of-disorder of S44 for the relative variation 
curve. When this is done, it is found that this contribu- 
tion-of-disorder curve follows closely, but is slightly 
higher than the 1/EZi1 curve of present data (repre- 
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sented by circles (O) in Fig. 7), and does not follow 
Rinehart’s data in spite of the fact that both Good’s and 
Rinehart’s crystals had the same composition as indj. 
cated by critical temperatures. The most reasonable 
conclusion that can be drawn from comparisons of ql] 
data on 1/£,1 is that the temperature variation of S,,is 
not highly sensitive to composition, and that Rinehart’s 
variation of 1/E,1: with temperature has an unexplained 
anomaly. 


INTERNAL FRICTION 


The results of the decrement of quartz as a function of 
temperature shown in Fig. 1 seem to support a theory 
outlined by Zener® in which the time of relaxation, r, js 
assumed to vary with temperature through a heat of 
activation type of relation, i.e., 


T= 7 explH/(RT) }. 


The decrement as a function of temperature has then 
two limiting solutions, the one for large temperatures 
being proportional to e”/#? and that for small tempera- 
tures being proportional to e~”/*7, Hence, if the 
logarithm of the decrement is plotted against 1/7, the 
limiting solutions will give two straight lines whose 
slopes have a magnitude of H/R. 

The measurements on quartz at both 21 kilocycles per 
second and 42 kilocycles per second fall reasonably well 
onto straight lines in the semilog plots. The slopes on the 
low temperature side of both the 21 and 42 kilocycles per 
second curves and on the high temperature side of the 21 
kilocycles per second curve give a heat of activation of 
10,400 cal/mole, while the slope of the high temperature 
side at 42 kilocycles per second gives a heat of activation 
of 8300 cal/mole. It appears that a reasonably accurate 
estimate of the heat of activation of the mechanism 
producing this phenomenon in the quartz may be placed 
at 10,000 cal/mole. 

This relaxation peak, as mentioned above, did not 
appear stable|| since the decrement declined when the 
temperature was held constant for periods of 12 hours as 
shown in Fig. 1 by the points plotted as x’s. Since the 
data on quartz were obtained primarily as a calibration 
for the subsequent runs with quartz and brass together, 
the quartz data corresponding to the straight lines in 
Fig. 1 were used since these corresponded to. the condi- 
tions under which the composite runs were taken. 

The data for beta-brass shown in Figs. 4 and 5 indi- 
cate the presence of a relaxation peak. An attempt to 
calculate the heat of activation associated with the 
temperature dependence of the internal friction of beta- 
brass is complicated by the changing degree of order 


8C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, Illinois, 1948). 

|| The nature of this peak is being investigated further at the 
State University of Iowa by Mr. George Alers. He has found that 
prolonged heating in a vacuum of the quartz crystal used by the 
writer will obliterate the peak completely. It seems that the peak 
may be due to absorption of water by the quartz. In this connec- 
tion see Van Dyke and Palmer, Phys. Rev. 85, 745(A) (1952). 
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TEMPERATURE DEPENDENCE OF YOUNG'S MODULUS 


over the temperature range for which the peak occurs. 
4 semilog plot of the data can be fitted fairly well with a 
sraight line on either side of the peak. However, when 
this is done it is found that the slopes are quite different. 
since this ignores the changing degree of order, a 
method was sought for injecting this fact into an 
interpretation of the data. The most successful method 
of accomplishing this was to assume that the decrement 
of the ordered phase was a slowly rising function of 
temperature without a peak as has been observed by 
Ké? for single crystals of pure aluminum, and that the 

k was associated with the disordered phase. The 
assumption is then made that the internal friction of the 
disordered phase is proportional to the product of the 
measured decrement and the reciprocal of the degree of 
disorder. This has the effect of saying that if, at a given 
temperature, the degree of disorder is 0.20 that the 
observed result shows the effect of having the specimen 
oly } disordered at this temperature, and that the 
measurement for complete disorder at this temperature 
would then be proportional to five times that observed. 
This also has the effect of ignoring the temperature de- 
pendence of the ordered phase, but as the degree or 
order decreases with rising temperature, this contri- 
bution would become less important at the higher 
temperatures, even though the decrement for a com- 
pletely ordered specimen would be rising. For the sake 
of definiteness, values calculated on this assumption will 
be called “‘corrected”’ values. 

The results of applying the above analysis to the data 
are shown in Figs. 8 and 9. Order was calculated as a 
function of temperature, using the equation proposed by 
Cowley.!° The curve at 21 kilocycles per second (Fig. 8) 
represents the values calculated from the average curve 
of Fig. 4, while in Fig. 9 circles (©) represent the data 
for crystal No. 7 and squares ((_]) the data for crystal 
No. 12, both at 42 kilocycles per second. 

The curve in Fig. 8 is a typical symmetrical curve 
found wherever a single relaxation phenomenon is being 
dealt with. Since points on the low temperature side 
depend on rather large corrections for disorder, the 
agreement of the experiment with the assumption that 
the relaxation phenomenon is characteristic of the 
disordered structure seems well substantiated. The heat 
of activation is 19,500 cal/mole from the slope of either 
straight line. The results in Fig. 9 are not as gratifying. 
The two crystals agree on the high temperature side, 
where the disorder correction is small, but the heat of 
activation from the high temperature slope is only 
13,700 cal/mole instead of 19,500 previously found. 
Perhaps this difference is no more than is to be expected 
on account of the neglect of the contribution of the 
ordered phase and its temperature variation, both of 
which may be different at 21 and 42 kilocycles per 
second. The curve for crystal No. 7 is somewhat 
asymmetric and, probably by accident, the slope of the 


*T. S. Ké, Phys. Rev. 71, 533 (1947). 
"J. M. Cowley, Phys. Rev. 77, 669 (1950). 
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_Fic. 9. “Corrected” values of the decrement of beta-brass at 42 
kilocycles per second vs temperature. Circles (©) represent data 


for crystal No. 7, while squares ((]) represent data for crystal 
No. 12. 


low temperature side yields a value of H almost in exact 
agreement with the 19,500 cal/mol value obtained from 
Fig. 8. In crystal No. 12 the asymmetry is marked and 
the head of activation obtained from the low tempera- 
ture side is only 3320 cal/mole. It must be remembered, 
however, that this crystal had considerable alpha-brass 
present which may complicate matters so much that the 
simple theory is inapplicable. It is quite possible that 
this variation is related to the precipitation of the alpha- 
brass. If order-disorder is the primary cause, it is rather 
difficult to explain why such complications are effective 
at lower temperatures and more order, and have little 
effect at higher temperatures and decreased order. 
Zener" has developed a theory to explain a peak in the 
internal friction of an alpha-brass single crystal (of 30 
percent zinc composition) which appears to be directly 
applicable to the disordered state of beta-brass. In this 
theory, the source of the internal friction is believed to 
be due to the relaxation of stress induced by preferential 
orientation of pairs of adjacent solute atoms. The beta- 
brass when disordered, may be thought of as a solution 
of copper in zinc (or zinc in copper) with, on the average, 
very nearly equal numbers of copper and zinc atoms per 
unit cell. In any individual cell, however, substitution of 
zinc for copper and copper for zinc will keep occuring on 
account of thermal agitation and diffusion. Replacing a 
zinc atom with a copper gives rise to an elastic distortion 
of the lattice, because copper atoms are smaller than 
zinc. If two adjacent cells contain substitution of copper 
for zinc, the distortion in the lattice will not have cubic 
symmetry. When a stress is applied to a crystal, the 
equilibrium distribution of the pair axes is not random. 
Thus, if a tensile stress is applied, the pairs will tend to 
be oriented preferentially along those permissible axes 


"C. Zener, Phys. Rev. 71, 34 (1947). 








which make the greatest angle with the tensile axis. This 
preferential distribution of pair axes will, however, re- 
quire some time to be established, and consequently 
strain lags behind stress, resulting in internal friction. 

In spite of the fact that there is a large difference in 
composition between Zener’s alpha-brass crystal and the 
present crystals (30 atomic percent zinc compared to 45 
atomic percent zinc), and that there is a change in 
structure from face-centered cubic to body-centered 
cubic, there are good reasons for believing that Zener’s" 
theory is applicable to the present case. First, for the 
ordered state the only pair axes present would be those 
associated with the excess copper atoms. Since this 
number is small, the effect of pair axes in the ordered 
state will be small. Also, one would expect that the 
completely ordered structure will behave like a pure 
metal, and should show no peak in the internal friction 
vs temperature curve. Secondly, the “corrected” internal 
friction curves (Figs. 8 and 9) follow the theory well 
where the rate of change of order with temperature is 
large. It would be expected that if the theory were to 
break down, it would do so at the point where the 
correction factor undergoes a large rate of change with 
temperature. Instead, the agreement with theory seems 
best at this point. Thirdly, the relaxation strength of 
both the alpha-brass and the beta-brass are about the 
same order of magnitude. (Relaxation strength is defined 
as 2Amax/m.) Zener reports a relaxation strength of 0.024 
for alpha-brass whereas present data give a relaxation 
strength of 0.0076 at 21 kilocycles per second, and 
0.0044 for the average relaxation strength at 42 kilo- 
cycles per second. Finally, the heat of activation ob- 
tained (19,500 cal/mole) is consistent with the heat of 
activation for the diffusion of zinc in copper and for the 
heat of activation found by Zener" for an alpha-brass 
crystal, namely 33,000 cal/mole. Moreover, Rhines and 
Meh!” found a decrease from 40,000 to 31,000 cal/mole 
for the heat of activation of diffusion as the zinc 
concentration increased from 10 to greater than 16 
percent. 

A further clue to the sources of the internal friction 
may be obtained from the observation that relaxation 
strength is independent of orientation function. On the 
assumption that no relaxation will be induced by pure 
hydrostatic pressure, Zener" has developed the orienta- 


% F. N. Rhines and R. H. Mehl, Trans. Am. Inst. Mining Met. 
Engr. 128, 185 (1938). 
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tion dependence of relaxation strength. His result js 
_ 2/3)(Su~Si2)8’— 20 (Su S12) 8’— Sa5F(y) 
Su—[2(Su—S12)— Sa ]F(y) 





E 


where 


Pl Lndllaad nail 7 - OU Sa (Su-Sys)y 


Susu (Su—Sy)y 


The subscript U refers to the unrelaxed and R to the 
relaxed parameter, and F(y) is the crystal orientation 
function. He further shows that in a body-centered 
cubic crystal 6’ is identically zero if the source of the 
relaxation of 6’ is nearest neighbors, i.e., atoms lying in 
the (111) direction. 

The observed results are that at 21 kilocycles per 
second the relaxation strength is independent of orienta- 
tion from F(y)=0.07 to F(y)=0.154. If &’=0, calcula- 
tion will show that the ratio of the relaxation strengths 
for F(y)=0.154 to that for F(y)=0.07 should be 2.85. 
Since this is well outside the experimental error, it is 
believed that 6’~0. Also, from an inspection of the 
equation giving the orientation dependence of relaxation 
strength it is obvious that if the relaxation strengths are 
equal for two orientations, they are equal for all orienta- 
tions, and furthermore that 6’0. Since experimentally 
the relaxation strengths at one frequency was found to 
be orientation independent in four cases, the evidence 
that 6’0 is quite strong. 

Since 6’#0, the relaxation source is not due to nearest 





neighbor exchanges. However, this does not exclude ‘ 


copper-zinc interchanges since next neighbors are not 
necessarily the other kind of atom. The reason that 
nearest neighbors do not exchange is probably that 
there is a good deal of short-range order preserved at 
and somewhat above the critical temperature. A zinc 
atom has a high probability of having copper atoms for 
its nearest neighbors (i.e., in the (111) direction). To 
exchange a zinc atom for the copper atom destroys the 
short-range order and is unlikely to happen. The next to 
nearest neighbor relation contributes less to short-range 
order and this relationship need not be preserved. 
Consequently copper-copper and copper-zinc_inter- 
changes may continue to take place and pairs of 
neighboring distorted cells with pair axes may occur 
quite frequently. This then, is believed to be the source 
of the internal friction associated with the disordered 
phase of beta-brass. 

In conclusion, the writer wishes to express his 
indebtedness to Professor E. P. T. Tyndall for his 
guidance and help during the progress of this work. 
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Rigorous formulas have been derived for the field from a square, helical antenna with a uniformly pro- 
gressing current wave of constant amplitude. These formulas that have the advantage of great simplicity are 
of direct use for helical antennas in the meter band, where for practical reasons only square helices are used. 
Further, in connection with corresponding rigorous formulas for the field from a circular, helical antenna 
with a uniformly progressing current wave of constant amplitude the present formulas may be used for an 
investigation of the magnitude of the error introduced in Kraus’ approximate calculation of the field from a 
circular, helical antenna by replacing this antenna with an “equivalent” square helix. This investigation is 
carried out by means of a numerical example. The investigation shows that Kraus’ approximate method of 
calculation yields results in fair agreement with the results obtained from the rigorous formulas. A statement 
to the contrary made recently in the literature is shown to rest on a trivial error. 





INTRODUCTION 


N 1947 Kraus! described a helical antenna with such 

dimensions that the field radiated from this antenna 
has a sharp maximum in the direction of the axis of the 
helix and is circularly polarized in this direction. As yet 
no complete theory of the field radiated from this 
antenna has been given. However, by measurements 
Kraus?* has found that the current distribution on a 
helical antenna with several turns with good approxi- 
mation may be described as a uniformly progressing 
current wave with a constant amplitude. The problem 
of finding the field radiated by a helical antenna with 
this current distribution is mathematically well defined. 
Kraus?* has given an approximate solution of this 
problem for a circular, helical antenna by first replacing 
the circular helix with an equivalent square helix and 
then making further mathematical approximations. The 
problem of the circular helix was solved rigorously by 
the author* and was later solved independently by 
Kornhauser.® In applying the rigorous formulas to a 
numerical example Kornhauser obtains a result which 
according to his statement differs considerably from the 
corresponding result obtained by using Kraus’ approxi- 
mate solution. However, it will be shown in this paper 
that there is a fair agreement between the results ob- 
tained by using Kraus’ approximate formulas and by 
using the rigorous formulas. Kornhauser’s erroneous 
statement rests on a trivial error that is pointed out in 
the following. 

In the present paper rigorous expressions for the field 
from a square, helical antenna with a uniformly pro- 
gressing current wave with constant amplitude will be 
derived. This work is essentially based on the last half of 
the author’s aforementioned paper on circular and 


1J. D. Kraus, Electronics 20, 109-111 (1947). 
ust Kraus and J. C. Williamson, J. Appl. Phys. 19, 87-96 
*J. D. Kraus, Proc. Inst. Radio Engrs. 37, 263-272 (1949). 
‘H. Lottrup Knudsen, The Field Radiated by Circular and 
Square, Helical Beam Antennas (Trans. Danish Acad. Tech. Sci., 
1950), No. 8, 55 pp. 
*E. T. Kornhauser, J. Appl. Phys. 22, 887-891 (1951). 


square helical antennas.‘ The obtained result will be of 
direct use for helical antennas in the meter band, helical 
antennas for this wavelength region being constructed 
as square helices. Further, in connection with the 
rigorous formulas for a circular, helical antenna, a 
knowledge of the rigorous formulas for a square, helical 
antenna will make possible an investigation of the 
magnitude of the error introduced in the calculation of 
the field from a circular helix by replacing this with an 
“equivalent” square helix as is done by Kraus** in his 
approximate method of calculation. This investigation 
will be carried out by applying the rigorous formulas for 
square and for circular helical antennas to a numerical 
example. 


FORMULATION OF THE PROBLEM 


Whereas a circular helix may be produced by folding 
a plane with a straight line on it into a circular cylinder, 
a “square” helix may be produced by folding a plane 
with a straight line on it onto a cylinder with a square 
cross section. In the present paper we set us the problem 
to calculate the field from a square helical antenna with 
a uniformly progressing current wave. For the sake of 
simplicity we confine ourselves to considering helical 
antennas with an integral number of turns. As shown by 
Kraus? a helical antenna with a progressing current 
wave may be considered an array of single turns. The 
array characteristic may be calculated by using well- 
known formulas; the problem therefore reduces to that 
of investigating the field from a single turn of the helical 
antenna. 

A single turn of a square helix is shown in Fig. 1. A 
rectangular coordinate system (x, y, z) is introduced as 
shown in Fig. 1 and more clearly in Fig. 2, where the 
antenna is shown in two perpendicular projections. The 
antenna is made up of four pieces of straight wire con- 
necting the points (—b, 0, —2/), (0, —b, —J), (6,0, 0), 
(0, 5,2), and (—6,0,2/). The length of each of the 
straight pieces of line of which the antenna is composed 
is called c, the total length of a single turn L, and the 
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Fic. 1. Square, helical antenna with one turn. 
pitch S. With these symbols we have 
l/S=c/L=1/4, (1) 
c= (P+26*)!. (2) 


Denoting the arc length of the antenna measured from 
the midpoint, C, of the wire and positive for z>0, by s, 
the current distribution on the antenna may be ex- 
pressed by 


T= Ie; (3)* 


the parameter 6 denotes the transmission coefficient for 
the current wave. Introducing a terminology used by 
Kraus** we set 8=k/p, where k is the intrinsic transmis- 
sion coefficient of the medium surrounding the antenna. 


CALCULATION OF THE RADIATION FIELD 


We consider a current distribution in space with the 
density J(#). Supposing that the current density differs 
from zero only in a finite domain we introduce a 
rectangular coordinate system (x, y, z) with its origo in 
or near this domain and a spherical coordinate system 
(r, 8, ¢) oriented in the usual way with respect to the 
first-mentioned system. Letting ¢=7-' denote the 
intrinsic impedance of space, r the distance from origo 
0 to a point P in the far zone, pa unit vector pointing in 
the direction from 0 to P, and @ and ¢ the pole distance 
and the azimuth of P, we may express the electric field 
strength E and the magnetic field strength H at the 
point P in the following way:*'* 


E(r, 0, ¢)=T(r)F(, ¢), (4) 
A(r, 6, ¢)="pXE(r, 4, ¢), (5) 

with 
T = Kiwe'**/r. (6) 


In these equations K denotes an arbitrary constant of 
which we shall despose later, whereas the spherical 


* Time factor: e~ *. 


®S. A. Schelkunoff, Electromagnetic Waves (D. van Nostrand 
Company, Inc., New York, 1943), pp. 331-336. 





H. LOTTRUP KNUDSEN 


coordinates of the vector F are expressed by 
F,=0, (7a) 
F,=F, cos cosy+F, cosé sing—F, sind, (7b) 
F,=—F,sing+F, cosg. (7c) 


The rectangular coordinates of F are defined by 


1 pu 
ee f J’) exp(— iki’ -B)dv! 
K4r 


bu 
=—— | J.(x, y, 2) expl—ik(x sind cosy 
K 4r ee 
+y sin@ sing+z cos6) Jdxdydz, (8) 


and similar equations for F, and F,. In the first one of 
the above integrals 7 denotes the position vector of the 
point at which the current element J ,(7’)dv’ is situated. 
In the last integral the suffix has been dropped as no 
misunderstanding seems to be possible. 


2 
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Fic. 2. Perpendicular projections of square, helical antenna 
with one turn. 
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It follows from (4) that the electric field strength FE 
may be obtained from the vector F, by multiplying P 
with a complex scalar JT depending on r, but bein 
independent of 6 and ¢. For this reason we shall call - 
the normalized, electric field strength and T the normal- 
ation constant. The problem of finding the far zone 
field from a given current distribution will be completely 
solved when we have found the normalization constant 
T and the normalized, electric field strength F. 

In the present case of a single turn of a square helical 
antenna with the dimensions shown in Figs. 1 and 2 we 
find it convenient to choose 


K=yplob/4r. (9) 
The normalization constant then becomes 


ikb¢Tye*** 
T=———_.. (10) 


4ar 


Further, numbering the four straight pieces of wire, of 
which the antenna is composed, from 1 to 4 as shown in 
Fig. 2, we express the normalized, electric field strength 
as a sum of four parts 


4 
F=> Ps, (11) 
p=l 
where the wth part arises from the current in the uth 
wire of the antenna. We proceed to calculate the 
contribution to the normalized field strength coming 
from the first wire. 
The straight piece of wire, 1, may be expressed by the 
following parametric equations 





~ te) 
x= ——+bt 
2 
b 
y= —-—bt ¢-—45t5}. (12) 
2 
31 
z= ——+l 
2 


A line element d§ of the antenna is then expressed by 
dx dy dz ee 
d= [4574 F— lar [1b—jb+kl]dt, (13) 
dt dt dt 
where 7, j, and & are unit vectors pointing in the x, y, 


and zg directions. The arc length s introduced above is 
expressed by the parameter ¢ in the following way, 


s=—$c+dl. (14) 


For the current in conductor 1 we therefore have the 
following expression: 


k 
T=] exp] -(— ita) (15) 
p 


The components of F! may now be calculated by using 
the general formulas for F;, etc., previously given in (8). 
Introducing the value of K given in (9) we find 


i 1 
F=f exp| itl (Ae) 
-4 p 
b 
- (-;+) sin8 cose 


b 
~ ( -s ut) sin sin g— (— $/+-/t) cos a, (16a) 


F)=—F,, (16b) 


F = SF ,1/4b. (16c) 
In analogy with what has been done in the case of a 


circular helixt we define the following secondary 
parameters: 


z=kb siné, (17) 
kL ipl 

u-—|——s cost |= |-—s cost | (18) 
2m p AL p 


By using these parameters we may express the above 
integral in the following way: 





F,}=exp 


1 3r 
‘| - H--+ 2(cosy+sin | 


1 
sin] H+ 2(—cosg+sin | 
x . (19) 
lf «x 
{a+ 2(—cosg+sin | 





The components of the normalized, electric field 
strength of the field emitted by each of the remaining 
three conductors may be calculated by using similar 
procedures. For conductor 2 we obtain FZ=F, 
=4bF 2/S, where 


1 7 
Pmexp|i-| — "+ 2(—cosetsing) | | 


lf 
sin] H+ z(—cosg—sin | 
x . (20) 
lf -z 
| #2-++(—cose—sine) 
2L 2 
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For conductor 3 we find FJ=—F,3=—4bF 3/S, 
where 


1 
FJi= exp| i + (cose sing) | 


if x 
sin] x(cose—sing) | 
x . (21) 
lf 
3| #5-+2(cose—sing) | 
2L 2 





For conductor 4 is obtained FA=F = —4bF A/S, 
where 


lp 3x 
F,4=exp i a +2(cos¢— sin | 


1 
sin-| + 2(cosy+sin | 
x . (22) 
if 
| a=+ 2(cosg+ sing) | 





Expressions for the vectors F* having been obtained, 
the normalized, electric field strength F is calculated 
from (11). It is convenient to introduce the parameters 
1, ***, ¥¢ through the equations 





























lf 7 

n=3| 1+s(cose+sing) (23) 
2. 2 
1 WF 

wre H-+s(—cose+-sing) | (24) 
lf 

v3=-| H-+2(cosg— sing) (25) 
2L 2 
lf 

%™=- H-+-+(—cosesing) | (26) 
2L 2 
lf 3x 

V=- H—+2(—cose—sing) | (27) 
= 2 
lp 3x 

Ue=— H—+2(cose—sine) | (28) 
_— = 

By using these parameters we get 
sinv2 sind, sinv3 
F (0, ¢)=cosvs +cosv; —COSU, 
Ve U4 V3 
sind; sinv, sind, 
— COSY, + | — sinvs — sinv; 
v1 Ve %4 
sinv; sin?, 
—sinr,s —sinvs | (29a) 
V3 v1 
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sinv, sinv; 
+ cosv3——++ Cosv4 
V2 4 V3 


sinv2 
F,(6, ¢) = —cosvs 








_ sind, 
— sinvgy—— 
V2 U4 


sin?2 


+ i sinn 


sin? 








— COSU¢ 
v1 


sins sinv, 








— sind 
V3 v1 


+sinv, 


| om 


sinv; 
+cosv3 + cosv, 
V2 V4 V3 


sinv2 sind, 


S 
F (6, g)= —| COSU5 
4b 











sin? sinvs sind, 











—sinv; 
V2 U4 


+ cosvg 


+i —sinvs 


v1 


sinv3 





sinv, 
+sinv, +sinvg ~  (29¢) 


V3 V1 


The components in the spherical coordinate system of 
the normalized, electric field strength F is obtained by 
substituting into (7) the above expressions for its 
components in the corresponding rectangular coordinate 
system. 


SQUARE HELICAL ANTENNA WITH H=1 


In the case of a single turn of a circular helical 
antenna with a uniformly progressing current wave the 
radiated field will be circularly polarized in the positive 
direction of the axis if the secondary parameter H, 


H=1/d{(L/p)—S cos6], (30) 


where the symbols A, p, L, and S have a meaning 
corresponding to the one attached to them in the case of 
the square helical antenna, is equal to 1 for @=0.' In the 
present section we shall investigate the polarization in 
the positive direction of the axis of the field radiated 
from a single turn of a square helical antenna with a 
progressing current wave and with H=1 for 6=0. For 
H=1 and 0=0 we have z=0, from which it follows that 
11=V2=03=%= 7/2 and v5=16=37/4. Inserting these 
values in (29) we hereby find for a square helix with a 
single turn, 


F (0, ¢) - —i8/m, (31a) 
F,(0, ¢)=8/n, (31b) 
F (0, ¢)=0. (31c) 


Substituting in the expression (7b) and (7c) for the ¢- 
and g-components of the normalized electric field 
strength F’ we find 


8 ° 
F,(0, ¢g)= —t-e, 


T 


(32a) 


8 . 
F,(0, ¢)=—e**. 


T 


(32b) 
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The field in the positive direction of the axis for a square 
helix with a single turn and with H=1 for @=0 is thus 
seen to be circularly polarized. As in the case of a 
circular helix we conclude here that the field from a 
square helix with H=1 for @=0 and with an integral, 
but otherwise arbitrary number of turns, is circularly 
polarized in the direction 6=0 and that the field in this 
direction from a square helix with H=1 for @=0 and 
with a large but not necessarily integral number of 
turns is approximately circularly polarized.*4 


SPECIAL CASES OF A SQUARE HELICAL ANTENNA 


The square helical antenna treated above involves as 
special cases a rectilinear wire with a progressing current 
wave and a small square loop carrying a constant 
current. As a controlling measure and in order to 
demonstrate the use of the formulas for a square helical 
antenna of arbitrary dimensions as developed above, 
these formulas will be applied to the two special cases 
mentioned here. 


Rectilinear Antenna 


A rectilinear antenna with the length L placed so as to 
coincide with the part of the z axis between z= — (1/2) 
and z=(./2) and carrying a current wave progressing 
in the positive z direction, =, exp[i(kz/p) ], may be 
obtained from a square helical antenna with one turn, 
with the length Z and with b=0, where 26 denotes the 
diameter of the square cross section of the cylinder on 
which the helix is situated. With the notation introduced 
above we have for such a helical antenna that b=0, 
S=L, and z=0, from which it follows that 2;=v2=v, 
=4=0=H(m/4) and v5=16=3v. The components F, 
and F, give no contributions to the field components, as 
they are finite, and as they are to be multiplied by the 
normalization constant T containing b', which is zero. 
The component F, contains b~', and therefore, when 
multiplied by 7, gives a finite contribution to the field 
components. We find 








L 2sinv S sin4v 
F ,=— ——(cos3v-+ cosv) = — ; (33) 
4b v b 40 
Substituting this expression in (7) we get 
F4=—L sin4v sin@/b42, (34a) 
F,=0, (34b) 
from which we obtain by using (4) 
E,=E,=0, (35a) 
i¢Toe**" sin(kS/2)[(1/p)—cos6) | 
—_— —, (Gs) 
2ar (1/p)—cos8 


This is just the well-known expression for the field in 
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the far zone from a vertical antenna with a progressing 
current wave.’ 


Small Square Loop with Constant Current 


A square loop with the diameter 26) placed in the 
(x,y) plane with its center at origo and carrying a 
constant current J) may be obtained from a square 
helical antenna with one turn, with the height S equal to 
zero, and with the transmission coefficient 6 equal to 
zero. For such a helical antenna we have, with the nota- 
tion introduced above, that S=0, z=kb sin@é<1, and 
H=0, from which it follows that 1)= —24= —v5= (2/2) 
X(cosg+sing)K1 and 2=—v13= —16¢=(2/2)(—cose 
+sin¢)<1. From this we find the following expressions 
for the rectangular components of the normalized, 
electric field strength, 


..s 
F ,=12 sinv, sino| —+ —| 


V1 V2 
~i2[ 1+ v2]=i22 sing, (36a) 
i 1 
F,=i2 sinry, sin ———| 
V1 Ve 
~i2[ —v+02]=—iz2 cosy, (36b) 
F,=0. (36c) 


After substituting in Eq. (7) we find Fg=0 and 





F = —122= —12kb sind. (37) 
Using (4) we finally obtain E,= Es=0 and 
R?AgT e**" 
E,=———— sin, (38) 
dar 


where A = 26? is the area of the square loop. This is the 
well-known expression for the far zone field radiated by 
a constant current in a plane loop with the area A and 
with a diameter that is small compared to the wave- 
length.’ 


SQUARE, NUMERICAL EXAMPLE OF A 
HELICAL ANTENNA 


The application of the above derived formulas will be 
demonstrated by a numerical example. The field will be 
calculated for a single turn of a helix with the same data 
as one of the helices used by Kraus.?* Using the above 
introduced notation we may describe this helix by the 
following data, denoting by N the number of turns: 
S=15.025 cm, L=72.26 cm, \=66.67 cm, and N=7. 
From these values of S and L we find b= 12.456 cm and 
/=3.756 cm. For the parameter p, defined as the 


7J. D. Kraus, Antennas (McGraw-Hill Book Company, Inc., 
New York, 1950), pp. 148-153. 
8 See reference 7, pp. 155-157. 
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quotient between the specific transmission coefficient of 
the medium surrounding the antenna and the transmis- 
sion coefficient of the current wave, Kraus*® gives the 
following semi-empirical formula occurring in Hansen 
and Woodyard’s® theory of a homogeneous, linear array 


L/» 
Pe S/N +14(1/2N) 





(39) 


For a helical antenna with the above given data 
we find p=0.8358. From the primary constants of 
the helical antenna in question we calculate the follow- 
ing secondary constants z=67°259 sin@ and H= 1.2968 
— 0.2254 cosé. 

By using the above given parameters we first calcu- 
late the x, y, and z components of the normalized, 
electric field strength F and then the 6- and g-com- 
ponents of F. The normalization constant being given 
by (10), the electric field strength E is then completely 
determined. In the following section we shall compare 
the field radiated from the square helical antenna 
considered in this section with the field radiated from an 
equivalent circular helical antenna having the same 
length and the same pitch and also the same current 
distribution along the wire as the square helix in 
question. In order to be able to compare the fields 
radiated from the two antennas we shall use the same 
normalization constant in both cases, viz., 


T =ika¢Ie**"/4ar, (40) 
where a denotes the radius of the cylinder on which the 
circular helix is situated. The normalized, electric field 
strength F* corresponding to the normalization con- 
stant (40) is determined by F*=)F/a. Through a 
simple calculation we find b/a= 1.1107. 

Calculations of F,* and F,* are made for g=0°, 90°, 
180°, and 270°. For each of these cases the real and 
imaginary parts of F,* and F,* are calculated and 
plotted for 0°<6@< 180°. In Fig. 3f are plotted the real 
and the imaginary parts of F,* as functions of @ for 
g=0° and g=180°. In Fig. 4 are plotted the same 
functions for e=90° and g= 270°; for these values of » 
the imaginary part of F,* is zero. The real and the 
imaginary parts of F,* are plotted in Fig. 5 as functions 
of 6 for ¢=0° and g=180°. In Fig. 6 are plotted the 
same functions for g=90° and g=270°; for these 
values of ¢ the real part of F,* is zero. 

Kraus has used a simplified theory to calculate the 
field from a single turn of a helical antenna* which has— 
as far as the author can find out—the same data as the 
helix in the present numerical example, except that 
Kraus’ antenna is a left-handed screw, whereas the 


°W. W. Hansen and J. R. Woodyard, Proc. Inst. Radio Engrs. 
26, 333-345 (1938). 

Tt In Fig. 15 of the author’s 1950 paper (reference 4), which 
corresponds to Fig. 3 of this paper, “Re” and “Im” should be 
interchanged. This error was kindly pointed out to the author by 
Professor J. D. Kraus. 
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present one is right-handed. In the notation of the 
present paper, Kraus has calculated and plotted the 
field components Es and E,} for the azimuthal angles 
g=90° and g=270°. The reflected image in the axis 
6=0 of the curves obtained by Kraus are shown in 
Figs. 7 and 8. The reflection takes care of the opposite 
winding directions of the two helices. Except for the 
scale factor the curves in Figs. 4 and 7 showing the 
6-component of the field should be identical, and go 
should the curves in Figs. 6 and 8 showing the ¢-com- 
ponent. As may be seen from the figures there is not only 
a qualitative, but even a fair quantitative agreement 
between Kraus’ approximate expression for the field 
from a square helix with a uniformly progressing current 
wave and the exact expression for the field given in this 
paper. No great error seems therefore to be committed 
in applying Kraus’ approximate method of calculation 
for a rough estimation of the field from a single turn of a 
square helix. However, besides being more exact the 
present method has the advantage of greate’ clearness 
and simplicity and should therefore be preferred even 
for rough calculations. As Kraus’ points out, for a helical 
antenna with several turns the effect upon the total field 
of the field from a single turn is overshadowed by the 
influence of the array characteristic. However, the 
polarization of the field from a helical antenna is exactly 
the same as the polarization of the field from a single 
turn of the antenna. In investigations of helical antennas 
it is therefore important that reliable formulas for the 
field from a single turn are available. 

Kraus’ approximate method? of calculating the field 
from a circular helical antenna involves two steps: 
(1) the circular helix is replaced by an equivalent square 
helix, (2) various mathematical approximations are in- 
troduced in the calculation of the field from the square, 
helical antenna. The legitimacy of the last step was 
discussed above. In the next section we shall investigate 
whether the first step is justified or not, by plotting 
curves of the field components of a circular, helical 
antenna equivalent to the square, helical antenna con- 
sidered in the above numerical example, and comparing 
the curves calculated in this way with the curves 
obtained for the square helix. 


THE FIELD RADIATED BY AN EQUIVALENT 
CIRCULAR HELICAL ANTENNA 


Using the definition of equivalence of a square anda 
circular helical antenna given by Kraus? we investigate 
in this section the field from a circular helical wire with 
the same length, the same pitch, and the same current 
distribution as the square helix in the example given 
above. For this purpose we use the exact formulas for 


t In Fig. 9 of Kraus’ 1949 paper (reference 3) it seems that the 
symbols Egr and Egr should be interchanged. The mistake 
probably has its origin in the circumstance that the curves in the 
aforementioned paper were calculated on the basis of the method 
of calculation given in Kraus’ 1948 paper (reference 2), where the 
helix had an orientation different from the one occurring in the 
first-mentioned paper. 
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Fic. 3. 7 *e real and the imaginary part of the 6-component, F4*, 
of the normalized, electric field strength of the field from the 
square helical antenna, plotted as functions of @ for g¢=0° and 
180°. The curves were calculated according to the rigorous 
formulas of this paper. 


the field radiated by a circular helix with a progressing 
current wave, developed by the author‘ and inde- 
pendently by Kornhauser.’ With the normalization 
constant T given by (40) calculations of the 6- and 
g-components of the normalized, electric field strength 
F are made for g=0°, 90°, 180°, and 270°. For each of 
these cases the real and imaginary parts of Fs and F, are 
calculated and plotted for 0°<0@<180° in Figs. 9-12. 
There is a one to one correspondence between these four 
figures and the Figs. 3-6 in the mentioned order. A 
comparison between the plotted field components for 





Fic. 4. The real part of the 6-component F¢* of the normalized, 
electric field strength of the field from the square helical antenna, 
plotted as a function of @ for g=90° and 270°; the imaginary part 
of F é* is zero for these values of y. The curve was calculated ac- 
cording to the rigorous formulas of this paper. 
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Fic. 5. The real and the imaginary part of the g-component 
F,* of the normalized, electric field strength of the field from the 
square helical antenna, plotted as functions of @ for ¢=0° and 
180°. The curves were calculated according to the rigorous 
formulas of this paper. 


the square and for the circular helical antenna show 
that there is a good qualitative and a fair quantitative 
agreement between the fields from the two equivalent 
antennas. It seems therefore that also the first step in 
Kraus’ approximate calculation of the field radiated by 
a circular helical antenna is justified. However, as was 
pointed out by the author‘ and also by Kornhauser,® the 
exact formulas are clearer and simpler than Kraus’ 
approximate formulas. 

By considering the Figs. 9-12 we are now able to 
state the reason why Kornhauser® finds a considerable 


30° Y=270° 








Fic. 6. The imaginary part of the gcomponent, F,* of the 
normalized, electric field strength of the field from the square 
helical antenna, plot ted as a function of 6 for e=90° and 270°; the 
real part of F,* is zero for these values of y. The curve was 
calculated according to the rigorous formulas of this paper. 
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CONCLUSION 


For mechanical reasons a helical beam antenna fo, 
use in the meter-band is constructed as a square helix of 
wire. As shown by Kraus the current distribution on g 
helical antenna may approximately be described as a 
uniformly progressing current wave with a constant 
amplitude. In the present paper rigorous formulas are 
derived for the components of the field radiated by q 
square helical antenna with a current distribution of 


o° 
_—— 16 











Fic. 7. The @-component £¢ of the electric field strength of the (itt) TTC 
field from the circular helical antenna, plotted as a function of 6 rrr 
for g=90° and 270°. The curve was calculated according to | \ 4 
Kraus’ approximate formulas. 
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Fic. 9. The real and the imaginary part of the @-component Fy 
of the normalized, electric field strength of the field from the 
circular helical antenna, plotted as functions of @ for g=0° and 
180°. The curves were calculated according to the rigorous formv- 
las derived in a previous paper by the author. 
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Fic. 8. The g-component E, of the electric field strength of the 
field from the circular helical antenna plotted as a function of ¢ 
for ¢=90° and 270°. The curve was calculated according to Kraus’ 
approximate formulas. 


disagreement between the curves showing the field 
components calculated by using the exact formulas and 
the curves showing the field components calculated by 
using Kraus’ approximate method. In the notation used 
in this paper Kornhauser compares in Fig. 4 of his paper 
the field components in the plane g=0° and g=180° 
calculated by the exact method with the field compo- 
nents in the plane g=90° and g=270° calculated by 
Kraus’ method. The two sets of curves do not agree, and 
they should not. 





Fic. 10. The real part of the 6-component F¢ of the normalized, 
electric field strength of the field from the circular helical antenna, ‘ 
plotted as a function of @ for g=90° and 270°; the imaginary part 
of F¢9 is zero for these values of y. The curve was calculated 
according to the rigorous formulas derived in a previous paper by 
the author. 
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Fic. 11. The real and imaginary parts of the g-component Fy, 
of the normalized, electric field strength of the field from the 
circular helical antenna, plotted as functions of @ for g=0° and 
180°. The curves were calculated according to the rigorous formu- 
las derived in a previous paper by the author. 


this type. These rigorous formulas turn out to be simpler 
than the approximate formulas derived by Kraus. Used 
on a numerical example the two sets of formulas show 
good agreement with each other. 

In Kraus’ approximate theory of the field from a 
circular helical antenna he first replaces the circular 
helix with an equivalent square helix having the same 
length, pitch, and current distribution. Using formulas 
derived in a previous paper by the author and inde- 
pendently by Kornhauser, the field radiated by a 
circular helical antenna equivalent to the square, helical 
antenna occurring in the above-mentioned, numerical 
example, was calculated. There is a good agreement, 
qualitatively as well as quantitatively, between the 
curves showing the components of the field from the 
equivalent, circular helix and from the original, square 
helical antenna. This points to the legitimacy of the 
first step in Kraus’ approximate method of calculation. 

By using the exact formulas for the field radiated by a 
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Fic. 12. The imaginary part of the g-component Fy, of the 
normalized, electric field strength of the field from the circular 
helical antenna, plotted as a function of @ for g¢=90° and 270°; the 
real part of Fy, is zero for these values of ¢. The curve was calcu- 
lated according to the rigorous formulas derived in a previous 
paper by the author. 


circular helical antenna, Kornhauser comes to a result 
in apparent conflict with the corresponding result ob- 
tained by Kraus’ approximate method. It is shown in 
the present paper that probably this disagreement is 
because of the fact that Kornhauser compares the field 
components in one plane, calculated according to the 
rigorous method, with the field components in a plane 
perpendicular to the first plane, calculated by using 
Kraus’ approximate method. 
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A Steady-State Heat Flow Problem for a Quarter Infinite Solid 
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The steady-state temperature field T(x, y) in a homogeneous solid x>0, y>0, z arbitrary is studied when 
the flow out the face y=0 is a prescribed function g(x). Along the face x=0 either the condition T=0 or 
k(8T /dx)=hT is assumed. Of especial interest is the temperature at the face y=0 and the flow at the face 
x=0; particular attention is paid to the case g(x) =0 for x>a>0. The results have application to situations in 


which heat is being drawn off at the corner of a solid. 





INTRODUCTION 


HE purpose of this paper is to discuss a two- 
dimensional heat flow problem which arose in 
connection with certain applications but which may 
have some general interest. The problem concerns the 
steady-state harmonic temperature T7(x,y) in the 
quarter-infinite region x>0, y>O resulting when a 
specified flow g(x) of heat per unit length is drawn off 
(or put in) along the edge y=0 (see Fig. 1). Along the 
edge x= 0 we suppose either (1) a constant temperature 
T=0 or, (2) a radiative flow AT with constant heat 
transfer coefficient 4. Problems (1) and (2) will be 
treated separately although (1) may be regarded as the 
limit of (2) as h->. Our main concern is the character 
of the temperature along y=0 and the heat flow along 
x=0 with particular interest in flow distributions g(x) 
which vanish for x>a>0. The above problem relates of 
course to a solid which is supposed to extend to infinity 
in both directions along the axis perpendicular to the 
xy-plane. 


FIRST PROBLEM 
Temperature 0 along One Face 


In this problem we seek the solution T(x, y) of the 
harmonic equation, 


VT=0, 
which satisfies the boundary conditions, 
T=0 for x=0, y>0 (1) 


and 
kdT/dy=g(x) for x>0. (2) 


Here & is the thermal conductivity of the solid. We wish 
a solution which tends to 0 for large y. A function which 


y=0, 


vy 


Tso 
or SOLID 


flow . hT Fic. 1. 





om 





flow = g(x) 


satisfies all our conditions but (2) is 
T(x, y= f f(a) sinaxe~*"da, (3) 
. 0 


where f is arbitrary. To determine / we substitute into 
(2) obtaining 


-ef af(a) sinaxda= g(x) 


which by Fourier’s integral theorem yields the solution 


x 


2 
f(a)=-— g(t) sinaddt. (4) 


TRA “6 


We wish now to examine the temperature T(x) along 
the edge y=0. To this end we substitute (4) into (3), 
set y=0, and interchange the order of integration. 
Using the standard result 














” sinax sinal t+<x 
rn 
ny a t—x 
we obtain 
1 t+x 
T(x)=-—-— f g(t) In| ——| dd. (5) 
wk 0 t—x 
To proceed further we suppose that 
g(x)=0 for x>a, (6) 


ie., that the surface is insulated beyond x=<a, and seek 
the average T of T(x) over the interval 0<x<a. From 
the known integral 




















e |x+t a+t a—lt 
f In| ——|dx= (a+#) In|} + 2¢ In| — 
0 x—t a—t t 
we obtain 
1 a 
T=—-— | g(t[(a+#) In(a+4) 
Tra 0 


—(a—?) In(a—t)—2t Int jdt. (7) 
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STEADY-STATE HEAT 


Next we consider the flow, 
F(y)=—kdT/dx, 


into the edge x=0, still assuming (6). From (3) and (4), 
and using the veut 


“— t 
f e~*” sinatda= 
0 y+t 


2 ¢* ég(t) 
F(y)=- f dt. (8) 
To y+ L 





we obtain 





To obtain some information about the quantities (5), 
(7), and (8) we consider two special, simple forms 
for g(x), 

(a) g(x)=G, O<x<a, (0) 
(b) g(x)=Ax, OSx<a, 
where G and A are constants and (6) is assumed to hold. 


Denoting cases (a) and (b) by the subscripts C and L, 
respectively, we find 








a+x ja—a| 
Te(x) = -— [iets In —-+ 2x In 
o x| x 
= Ga 
T c= —2 In2— 
wk 





G a*+ y? 
Fely)=— in ) 
T y? 








mkt 2 |a—x 
2 
(4+1n2)— 
2A a 
Fi(y)= —|.- y tan" 
7 y 


© 


To see how sensitive T is to the exact form of g(x) we 
compare 7’¢ and 7’; for flows in which the same total 
quantity of heat /o* g(x)dx is drawn off, i.e., distribu- 


tions (a) and (b) for which Aa=2G. We ‘find that 
T,/Tc=1.15. 


SECOND PROBLEM 
Flow hT at One Face 


Here we seek a harmonic function T(x, y) which 
satisfies the conditions of the first problem except that 
the boundary condition (1) is replaced by 


oT 
k—=hT for x=0, y>0. 


(10) 
Ox 
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We take the solution in the form, 
» k 

T(x, d= f f(a)(sinax+ ap cosax)e—*"da, a“ (11) 
0 


this harmonic function satisfying (10). The unknown 
function f is again determined by (2), which leads to 
the integral equation. 


-f af(a)(sinax+ ap cosax)da=g(x). (12) 


This equation will be solved in the next section; for the 
moment we use the result obtained there, which yields, 
by Eq. (14), the solution 


fla)=— 





g(t)(sinat+apcosat)dt. (13) 


2 « 
mka(1+ pa?) J 


We again consider the two cases (9). It is possible to 
express the surface temperatures T¢(x) and T ,(x) at 
y=0 in terms of elementary and tabulated functions, 
but we omit the result because of its complexity. For the 
average temperatures we obtain 


2Ga 1\? 
-—| (1+-) In2 
k q 
1 
+—[2ersi(—q)—e*6i(—29)—Ing], 
q 


2 2Aa*jfi 1 1 > 
P= —-—| (-+-+—) in-—+— 
wk 3 q ¢ 6 29 





1 1 44° 
+—Lersi(—q)—e*8i(—-29)]--((1+-) In2 
q 4 q 


1 
+—[2ersi(—q)~e%+8i(—24)—Iny]) ; 
q 


where! 


ah 


© g—t 
q=—, Iny=0.5772, -8i(-9)= f an 
k - 


It may be verified that the average temperatures of the 
preceding section are obtained by letting gq. Again, 
to see how sensitive T is to the precise distribution of the 
withdrawn heat g(x) we compare 7'¢ and 7’; for the 
same total heat flow through the face y=0. The result is 
that T,/Tc—1 as q—0, while from the preceding section 
we have this ratio 1.15 as gq. For q less than 1 the 
ratio does not deviate from 1 by more than 2 percent. 


1 For properties and tabulated values of the function &i see 
Jahnke and Emde, Tables of Functions (Dover Publications, New 
York, 1943), p. 1. 
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We turn now to the flow F(y) = —hT into the surface 
«=0. It appears that this function cannot be expressed 
in terms of known tabulated functions, but we can 
obtain some information about its maximum. For a 
general g(x), we have from (11) and (13), 





2f* oe - 
F(y)=- f daf g(t)(sinat+ ap cosat)dt. 
T#o 1+ p?a? 0 


From the known integrals 








p'a x p a 
-{ e~"'? sinatdt, -{ e~—!? cosatdt, 
I+a*p? J, It+a%p? Jy 
we obtain for y>0, 
2 « 4) x 
F(y)=— f gtbde f e~ “du f sina(t+ u)e-*"da 
Tp /o 0 0 


2 - ” (ut+t)e—*! du 
=— g(bde f 
Tp +o 0 y'+(u+2)? 


2 7% * (pu+tyje “du 
-- f gibt f —., 
wr Jo 0 y+(pu+t)? 


Hence, 














dF 4y 7” * (put+tye “du 
—=-— g(bde f 
0 0 [y+ (pu+t)?} 


dy T 


Thus, if g is non-negative, then dF/dy is negative for 
y>0 and F is decreasing. It follows that the maximum 
of F is given by 


2 ¢* *e “du 
maxF =limF=-— i) g(bat f ee, 
vo ody 0 putt 
If we apply this result to the two cases (9) we obtain 


2G 
maxFe=—{Inyq—e*6&i(—q) ], 
ug 


us 


2Aa 1 
maxFi=——1 —ex8i(—9)—-(lnrq—er6i(—9))| 
q 


A comparison of these two maxima for the same total 
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flow shows maxF¢/maxF,=1.35, 1.32, 1.26 for 


; g, 
0.6, 0.3. The ratio tends to 1 as g tends to 0. : 


Inversion Formula 


From Eq. (12) we are led to the integral equation 
f S(a)(a sinax+ ba cosax)da= R(x), 
0 


where a, 6 are positive constants, R(x) is a given func. 
tion, and S(qa) is to be solved for. Let 


we)= f S(a) sinaxda. 
0 


The integral equation becomes 


dw 
—— R(x), W(0)=0, 
By 


whose solution is 


1 z 
We)=aee f R(t)e*"! dt. 
b 0 
Using the Fourier integral theorem, 


2 « 
S(a)=- f W (x) sinaxdx 


Tv 


= wx 


- 


=_— sinae-*!hdx f R(t)e*"! dt 
0 


—@ 0 


2 x «“ 
-—f{ Ripert f sinaxe~ 2! ody, 
rh 0 t 


x 


2 ; a sinat+ ba cosat 
S(a)=- f R(2) 
0 a*+ b?q? 


T 


Thus 





dt. (14) 


This is the desired solution.? For a=1, 6=0 we obtain 
the usual sine transform; for a=0, b=1, the cosine 
transform. 


? The referee was kind enough to point out that formula (14) 
appears on p. 210 of R. V. Churchill, Modern Operational Mathe- 
matics in Engineering, (McGraw-Hill Book Company, Inc., New 
York, 1944). The derivation given there is different from the one 
presented here and makes use of the Laplace transform. 
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Oxygen-Free Single Crystals of Lead Telluride, Selenide, and Sulfide 


W. D. Lawson 
Telecommunications Research Establishment, Ministry of Supply, Malvern, England 


(Received December 3, 1951) 


Anomalies in the type of conductivity of artificially prepared crystals of lead selenide and lead telluride 
have been found to be the result of the presence of oxygen. A method has been developed for eliminating 
oxygen from the specimens by melting the elements into the crucible in an atmosphere of hydrogen. It has 
also been found possible to grow single crystals of lead sulfide when oxygen is eliminated from the specimen 


in this way. 





INTRODUCTION 


RECENT paper’ has described a method of 

growing single crystals of lead telluride and lead 
selenide. A number of crystals were grown in which the 
composition of the original mixture of the elements 
varied gradually from 2 percent excess lead to 2 per- 
cent excess tellurium or selenium. These were grown for 
the purpose of testing the effect of these stoichiometric 
variations on conductivity and Hall constant. It had 
been expected that crystals with excess Pb would be 
V-type, i.e., conduct electricity mainly by electrons, and 
those with a deficit of Pb would be P-type, i.e., positive 
hole conductors. 

This was found to be so for lead selenide crystals but 
the lead telluride crystals, surprisingly, were found to 
be all P-type with nearly the same conductivity, and it 
did not seem possible to grow V-type crystals of PbTe 
by this method even when as much as 5 percent excess 
lead was introduced. 

A review of the stages leading up to the production of 
the final crystal, i.e., purity of initial materials, prepara- 
tion of specimens and crucibles, growing and cooling 
conditions, revealed no difference capable of accounting 
for the discrepancy between selenide and telluride or for 
the failure to grow .V-type PbTe. It did reveal however 
that the main impurity in both types of crystal was 
likely to be oxygen from residual and adsorbed air left 
in the crucible, in spite of lengthy pumping out. Ac- 
cordingly an apparatus was constructed which would 
ensure the elimination of oxygen from the crucible and 
contents, by outgassing the crucible and melting in the 
elements in an atmosphere of hydrogen. It is shown in 
Fig. 1. The arms of the Y-tube are of Pyrex glass and 
the silica crucible is sealed to the bottom via a graded 
seal. 


PREPARATION OF SPECIMEN 


The apparatus, with weighed quantities of lead and 
tellurium or selenium inserted and held in position in 
separate arms of the Y by dimples in the glass, is con- 
nected to the pumping system and to a supply of dry 
oxygen-free hydrogen. The air is pumped out of the 
Y-tube and crucible, with the hydrogen inlet tap shut, 





'W. D. Lawson, J. Appl. Phys. 22, 1444 (1951). 


and then the glass work is flushed several times with 
hydrogen. 

The hydrogen is then turned on and lit at the burner. 
While hydrogen is flowing through the apparatus the 
crucible is first heated to red heat to expel adsorbed 
oxygen by combination, and then the lead is melted 
into it. The lead is also heated to red heat to insure 
complete reduction of any oxide. At this stage the 
hydrogen stream is turned off and the apparatus con- 
nected to the pumping system while the lead is still 
molten. This removes dissolved hydrogen from the 
lead. The tellurium or selenium is then melted into the 
crucible on top of the lead with the hydrogen flowing 
again. A small quantity—about 0.25 percent—is lost 
by evaporation. The final stage consists of pumping out 
the hydrogen and sealing off the crucible. This should 
be done rapidly before there is appreciable diffusion of 
air from the pumping system back into the crucible. 

It is now essential to mix the elements thoroughly 
before growing a crystal; otherwise the crystal will not 
be homogeneous. This is achieved by heating the lead- 
selenium mixture to a temperature of about 350-400°C 
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Fic. 1. Apparatus for preparing specimens in an 
atmosphere of hydrogen. 
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for about two days with the crucible horizontal. At this 
temperature lead selenide forms slowly and the molten 
elements mix with each other if the furnace is rocked. 
It is important to have complete combination into 
PbSe before further heating in the crystal growing 
furnace. The reason for this is that free selenium boils 
at 688°C. If an attempt is made to reach the melting 
point of lead selenide (1065°C) with any appreciable 
quantity of free selenium present the crucible will 
explode. This precaution is not necessary in the lead- 
tellurium mixture as the boiling point of free tellurium 
is 1390°C whereas PbTe melts at 904°C. The PbTe 
mixture is therefore heated at about 950°C for about 
two days to insure complete combination. 

The specimens are now ready for crystal growing in 
the usual way. 

It has been found possible to grow N-type crystals of 
lead telluride by preparing specimens with excess lead 
in this way. Specimens with excess tellurium come out 
P-type as expected. The lead selenide crystals prepared 
in this way also come out as expected. 

It appears that the difference between the selenide 
and telluride lies in the fact that the telluride crystal 
absorbs oxygen as an impurity much more readily than 
the selenide crystal. Thus in the original experiments the 
presence of residual oxygen was making practically no 
difference to the selenide crystals, whereas it was being 
absorbed by the telluride lattice to an extent sufficient 
to mask the effect of excess lead. Some confirmation of 
this conclusion is available from other evidence. Ex- 
periments on the rectifying properties of these crystals 
have revealed that an oxide film forms easily on the 
telluride crystal, even at room temperature, whereas 


the selenide crystal has to be heated to about 609°¢ 
before an appreciable oxide layer forms. 


LEAD SULFIDE CRYSTALS 


Attempts to grow lead sulfide crystals from a melt 
in the manner described for lead telluride in reference | 
had been unsuccessful. When the sulfide was heated in a 
sealed crucible the crucible invariably exploded at o, 
near the melting point, and when it was melted in ap 
open crucible in an atmosphere of H2S the result; 
crystals were invariably full of blowholes. It wa; 
thought that these explosions and blowholes were 
caused by the release of free sulfur by dissociation at 
the melting point of PbS, 1114°C. At this temperature 
free sulfur must be a gas since its critical temperature 
is 1040°C. 

An experiment in which the specimen was prepared 
by the hydrogen process just described revealed that jt 
is possible to grow single crystals of lead sulfide provided 
the mixture is free from oxygen. A number of crystals 
have been grown in this way and here again excess 
lead gives N-type and excess sulfur P-type crystals, 
It is necessary here, as with selenide, to insure that all 
the sulfur is combined before heating above the boiling 
point of sulfur. 

It is likely that the formation of SOz was causing 
explosions and blowholes in previous experiments. 
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The Separation of Cold-Work Distortion and 
Particle Size Broadening in X-Ray Patterns* 
B. E. WARREN AND B. L. AVERBACH 


Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received January 28, 1952) 


OR a cubic crystal it is always possible to choose orthogonal 

axes so as to make any reflection have the indices (00/). It 

has been shown,' that for either distortion broadening or particle 

size broadening, the shape of the diffraction peak can be repre- 
sented by a Fourier series. 


+00 
Psg=K 2, A,x(l) cos2anhs, (1) 


where h3= 2a; sin@/d 
for distortion A ,?(l) =(cos2mlZn) ay, 


Z G—Iel)u:. 


i=|n|+1 


1 

for particle size A,” == 

If both types of broadening are present, the measured coefficient 
is the product of the coefficients for each effect.? 

A,(l) =AnP An (I). (2) 


If measurements are made for several orders of (00/), the two 
eflects can be separated, since the distortion coefficient A,?(/) 
depends upon the order, while the particle size coefficient A,” is 
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Fic. 1. Plot of InAn(lo) vs lo? for first five orders of (111), measured on a 
single crystal of Cu—2 percent Si which has been rolled to 50 percent re- 
duction. Jo? =h? +k2+/2 and » is expressed in terms of L =na3. 
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Fic. 2. Plot of An” vs L for single crystal of Cu —2 percent Si rolled to 
sO percent reduction. The slope gives an average particle dimension 
L =1000A. 


independent of /. For small /, and small values of where Z,, is 
also small, (cos2#/Z,,) can be approximated by an exponential. 


A ,?(1l) = (cos2alZ »)w—exp[ — 2x77(Z,7) a J. 
Writing (2) in logarithmic form 
InA ,(1) =1nA ,? —2wP(Z,?) ny. (3) 


For several orders of a particular set of planes, a plot of InA,(/) vs F 
gives a curve which is a straight line for the small values of /. The 
intercept on the axis of ordinates gives InA,?”, and the slope gives 
— 2x*(Z,.*)m from which the mean square strain can be computed. 
This method of separating the two effects is completely general in 
that it does not involve any assumption about the shape of the 
peaks. For orders of the general plane (Ak!) of a cubic crystal, it is 
convenient to express A,?(l) as exp[—2x*/,*(AL*)/a*], where © 
=/?+k+P, L=na; and AL=a;Z,. 

Figure 1 is a plot of InA ,(/o) vs /o? for the first five orders of (111), 
measured on a single crystal of Cu—2 percent Si which has been 
rolled on the 110 plane in the 112 direction to 50 percent reduction. 
The fact that the curves do not extrapolate to InA,(/o)=0.0, 
indicates that a small part of the broadening is due to particle size. 
The values of A,,” obtained from the intercepts are plotted against 
L=na; in Fig. 2. The negative slope of this line is the reciprocal of 
the average particle dimension perpendicular to the reflecting 
planes. The value obtained, L=1000A, indicates that in the 
deforming of the crystal by rolling, the major part of the broaden- 
ing is due to distortion, and the broadening by particle size is 
small but not small enough to neglect. 

be Seek sponsored by the AEC under Contracts AT(30-1)-858 and 
ah ¥ 1)100: 


E. lll and B. L. Averbach, J. Appl. Pays. 21, 595 (1950). 


2 This fact has been pointed out independently by A. J. C. Wilson and 
kK. W. Hart. 





Current-Carrying Wire Loops in a Simple 
Inhomogeneous Region 
James R. Warit* 


Newmont Exploration Limited, Jerome, Arizona 
(Received January 17, 1952) 


HE electromagnetic fields of a small current-carrying insu- 
lated wire loop situated in the plane of separation between 
two dissipative media will be calculated. The loop will be situated 
at the origin of cylindrical coordinates (p, ¢, z) with the axis of the 
loop oriented in the z direction. The plane of separation is at z=0. 
The formal solution for this problem has been given by 
Sommerfeld! for the case of a harmonically time-varying current. 
His result can be conveniently written in terms of electric vector 
potentials F; and F2, as defined by Schelkunoff,? with a z com- 
ponent only, for the upper and lower regions, respectively. The 
upper and lower media are characterized by electrical constants 
1, €1, wo ANd a2, €2, wo, respectively. The time factor exp(iw#) is to 
be employed throughout. The mks system of units is used. The 
potentials are 





F,= T5Atipow - AJ o(Ap) exp(— 22) 5. 


(1) 
Uy+Ue 


and 
_ 16: ee » pe Net Ap) exp(— m2) 
s Uy+Ue 





dd (2) 
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where 
w=(N+717)4, ue=(2+72")!, 
P= io pow — €1pow* 
and 
2? = to2pow — €2pow*. 
The current in the loop of area 5A is given by J. The fields are then 
related to the potentials F; by the following: 


oF spelt (142 
Eo ap » tpowH = vi +s F;, 
F; 
Opdz’ 


The subscript i here takes the value 1 or 2 to pertain to the upper 
or lower region, respectively. 

The integral involved in the expressions for F; and F2 will be 
evaluated for the case when z=0. The common vector potential is 
now designated by F, 


TéAipow ATo(Ap) | 
Fa i, =e. (4) 


On multiplying the numerator and denominator by (u;— 12) the 
expression for F becomes 


_fnelt4/ Au J o(Ap)dr 

2x o (vt—7#) 40 (y?—v7?) 
The numerator and denominator of the first expression is multi- 
plied by A+, and in the second expression by \+-uz2. The result is 


ipowl 5A ° [ afrJo(rp)Adra sy Zdnoyna) ; 
, Soe ee ae a 6 
2x(yi?— y2*) vw, A+uy vf. A+u2 (0) 
These integrals have been evaluated by Foster*® and are of the 
following type, 

Jo(Ap) Add 1 sa o" 

———————— =—_[1-(1+ 7: ver’). ( 
J. aap Oi] 7) 


Finally, the expression for F can be written, 


iuqwH = and H,=E,=E,=0. (3) 








F 


Aud o( Ap) dr » 
2 (5) 


ipuqwl 5A 
F = L(+ ype“ —(1+-y2p)e-"]. (8) 
2x(y1?— 72") ep" 





The electric field component £g in the plane of separation (i.e., 
s=0) is then, 

OF  _ipowlbA 
¥" ap 2x(yi2?—72)p" 


. 





[(3+3y2p+-2%p*)e~ 7” 


—(3+3yiptyire*)e—""]. (9) 
An expression for the vertical magnetic field component at the 
plane of separation can also be found. The field H, is given 
everywhere by 


OF; 
ipowH == — y2F i +>. (10) 


Now F;, satisfies the inhomogeneous wave equation in all the 
source free regions, that is 


1a/ dF; OF; 
-—( p—)-1#F:+— =0 11 
oie p ap ve?Fit Oat (11) 
for axial symmetry. The field H, can then be written 
, 1a ( af!) 
H = —--—i p— }. 12 
_— pdp\ dap (12) 


The differentiations of F can now be carried out to yield 
IéA 


,=—————— 
2x(vi?— 2") p* 


[99+9vip +4720? + vi5p%)e— 7” 


—(94+-9y2p +472? +72'p*)e— 7"). (13) 


The open-circuit voltage induced in a similar single-turn loop of 
area 5B whose plane is also in the plane of separation is given by 


= —ipwdBH ,. 
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The mutual impedance between the loops is then given by 
Z=ze/I. 


An expression is thus available which enables one to calculate 
the steady-state mutual impedance of two small wire loops con. 
tained in the plane of separation between two generally dissipative 
media. Such a physical situation could be represented by the 
earth’s surface where the upper medium becomes nondissipatiye 
Another situation might arise when the loops were lying on the 
floor of the ocean. Both media can then be highly dissipative, 

The author appreciates the permission granted by Dr. A, A 
Brant of Newmont Exploration Limited to publish this note. _ 

* Research Engineer. 

1A. Sommerfeld, Ann. Physik 81, 1135 (1926). 

2S. A. Schelkunoff, Electromagnetic Waves (D. Van Nostrand Company, 


Inc.. New York, 1943), p. 128. 
*R. M. Foster, Bell System Tech. J. 10, No. 3, 408 (1931). 





A Study of Oxide-Coated Cathode by X-Ray 
Diffraction Method 


E1so YAMAKA 
The Electrical Communication Laboratory, Tokyo, Japan 
(Received October 29, 1951) 


N a preceding letter,! measurements of the crystal growth of 
(BaSr)O (Ba 50 percent, Sr 50 percent) through heat treatment 
by the x-ray diffraction method were reported.? Recently, by the 
same method, we have measured the crystal growth of BaO and 
(BaSrCa)O (Ba 47 percent, Sr 43 percent, Ca 10 percent). The 
results obtained are shown in Fig. 1. Each curve is a typical one of 
a few samples. In contrast with (BaSr)O, BaO grows quickly and 
above 1025°C, it reaches about one thousand angstroms. On the 
other hand, (BaSrCa)O grows slowly to about 1100°C; above 
1100°C the line breadth of the diffracted x-ray beam becomes 
broader because of the preferential evaporation of BaO from the 
surface of the cathode and the decomposition of the Debye- 
Sherrer line of (BaSrCa)O into the lines of SrO and (BaSrCa)O. 
The relation between the crystal size of BaO and its thermionic 
emission is shown in Fig. 2. To study the variation of emission due 
to the crystal growth only, pure electrolyt nickel sleeves were used. 
In this case heat activation will be dominant and impurity 
activation be small. Now, No, the number of activation centers, is 
given as follows in our case; 


No(T)=C exp(— E(L(T))/kT) =C exp(— E(T)/kT), 


where C is a constant and E is the activation energy of the im- 
purity center. Kawamura ef al.‘ concluded from their experiments 
that E is 4.4 ev for small crystals and 5.4 ev for large crystals. If 
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Fic. 1. Crystal size vs treatment-temperature in BaO, (BaSr)O(BaSrCa)O 
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Fic. 2. Theoretical and experimental curves. (a) Theoretical curve. 
(b) Experimental curves. 


we assume 4.4 ev for 200A and 5.4 ev for 1000A and moreover that 
E varies linearly with the crystal size, we obtain the calculated 
curve in Fig. 2. The experimental curve is derived from the 
Richardson curves taken in the temperature range where the work 
functions (this is not E(7T) above defined) are nearly the same, 
ie., 1.9 ev. The coincidence of maximum points in Fig. 2 indicates 
a large value of E and shows the decrease of No in the larger 
crystals. The relation between E and crystal size, however, cannot 
be deduced from the experimental curve, because the values of No 
estimated from Richardson curves are not sufficiently accurate. 
We are now measuring Np directly using the method proposed by 
Kawamura ef al.,3 and the result will be reported later. 

1E, Yamaka, J. Appl. Phys. 22, 1087 (1951). 

?E. Yamaka, J. Appl. Phys. 22, 1037 (1951). 

3H. Kawamura et al., Electron Emission and Semiconductor (1947) (in 


Japanese), p. 245. ; 
4H. Kawamura ef al., J. Phys. Soc. (Japan) 3, 301 (1948). 





Blue Glass Which Fades upon Nuclear Radiation 


K. O. OTLEY AND W. A. WEYL 
Department of Mineral Technology, The Pennsylvania State College, 
State College, Pennsylvania 


(Received January 21, 1952) 


URING a systematic study of the effect of high energy 

radiation upon the light absorption of glasses! a type was 
found which is sensitive to x- and gamma-rays. This blue glass 
owes its color to the presence of elemental sulfur, probably in the 
form of S2 molecules. Its absorption spectrum has a broad maxi- 
mum between 5000 and 6000 a.u. Upon irradiation with x-rays the 
intensity of this absorption band decreases, a change which can be 
observed either with a visual or a photoelectric photometer. 

Radiation sensitive glasses of this type can be obtained in 
various ways. It can be easily prepared on a borate basis by adding 
afew percent of elemental sulfur to fused sodium tetraborate. The 
resulting deep brown melt contains sodium polysulfides. The 
addition of increasing amounts of anhydrous boric oxide causes a 
change of its color from brown to gray, and finally, into a clear 
blue. The blue color center of this glass is assumed to be identical 
with that of the mineral lazurite or lapis lazuli or with that of 
artificial ultramarine. The color center probably? consists of S: 
molecules. 

High energy radiation such as x-rays or the radiation of a 
cobalt source destroys the color ceater. Probably the trapping of 
one or more electrons by the S2 molecule changes it into colorless 
sulfide ions. 

1K. O. Otley, Glass Ind. 33, No. 1, 24-27 (January, 1952). 


*W. A. Weyl, Coloured Glasses (The Society of Glass Technology, 
Sheffield, England, 1951), p. 257. 
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The Effects of Lattice Imperfections on X-Ray 
Line Broadening 


M. S. PATERSON 
The Institute for the Study of Metils, University of Chicago, 
Chicago, Illinois* 


(Received December 31, 1951) 


ARREN and Averbach' have shown that when x-ray 

powder pattern lines are broadened by lattice distortions 

or a small size effect in the crystals, the distribution of power in a 
line may be represented by 

P'(20)=KN 2 


n=—@ 


A, cos2rnh;, 


where K is a constant, N is the total number of unit cells in the 
sample, and /i; is the reciprocal lattice coordinate normal to the 
reflecting planes, which is proportional to sin@/A. For pure distor- 
tion broadening, they show that A,=(cos2a/Z,,)4,, where / is the 
value of /i3 at the intensity maximum and Z, is the difference in 
displacements normal to the reflecting planes of two unit cells 
spacings apart in this direction; for pure small-size broadening, A » 
is the fraction of unit cells for which the position m spacings in the 
direction normal to the reflecting planes lies within the crystal. For 
distinction, we shall replace A, by J, in the former case and by 
V, in the latter. 

Now it is easily shown that when the two effects are present 
simultaneously, 


P'(20)=KN Zn VanJn cos2anhs; 
then the integral breadth of the line is 
nN 1 
B= ——, 
a;cosd 2 VJ» 


or if the summation is approximated by an integral with continu- 
ous variable t= naz, 





r 1 
cosé [Viet 


This expression is identical with that derived by Stokes and 
Wilson?* if Vo and Jo are taken as unity. 

It will be seen more clearly that the quantity A, for distortion 
broadening is equivalent to Stokes and Wilson’s quantity J; if in 
Warren and Averbach’s calculation the effect of the displacement 
of a unit cell is expressed as a phase change in its F value, that is, 
we regard each unit cell as being situated at an undisturbed lattice 
site but having a phase factor in its F value which takes account of 
its actual displacement. Then, in terms of these F values, 

1 _— 
= Tepe ilies 
where F ; and F ;,,, refer to pairs of unit cells » spacings apart in the 
direction normal to the reflecting planes, and the product F ;F ;,,,* 
is averaged over all cells in the crystal. 

The function J; can be used to represent the line broadening 
effects of any type of imperfection in the lattice, including those 
involving more than one kind of atom (for example, imperfect 
ordering’). For example, in addition to the problem of internal 
strains, J, has also been calculated for the case of stacking faults in 
hexagonal cobalt‘ and in deformed face-centered cubic crystals.$ 
V, always expresses the effect of the finite extent of the crystals. 

If we write B= /e cos, in analogy with the small-size broaden- 
ing from crystals of thickness e, we have, in the absence of small- 
size effects, e= {J dt, called by Wilson the “apparent particle 
size” (but likely to be dependent on @ and A). J; is a correlation 
coefficient for the scattering by unit cells distant ¢ apart and e is 
thus the integral breadth of the curve of this correlation function; 
that is, J; is a measure of the degree of “coherence” or “‘correla- 
tion” in the lattice. In pure distortion broadening e« is the “‘aver- 
age” distance in the lattice over which there is appreciable 
correlation of the phases of scattering, that is, coherence. 


B= 





An 
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The use of quantities analogous to J, is found in other branches 
of physics. In the study of turbulence,* for example, the correlation 
of the velocities at different points in the fluid is considered ; in this 
case, the breadth of the correlation function is a measure of the 
average size of an eddy. More closely related to J, is the Patterson 
function in x-ray crystallography;’ this is a measure of the 
correlation of scattering at pairs of points a given distance apart 
within the individual unit cells, whereas J; is concerned with the 
scattering from pairs of unit cells throughout the crystal. 


* This work was done during leave of absence from Aeronautical Research 
Laboratories, Department of Supply, Melbourne, Australia. 

1 B. E. Warren and B. L. Averbach, J. Appl. Phys. 20, 885 (1949); 21, 595 
(1950). 

2A. J. C. Wilson, Proc. Roy. Soc. (London) A181, 360 (1943). 

4A. R. Stokes and A. J. C. Wilson, Proc. Phys. Soc. (London) 56, 174 
(1944). 

*A. J. C. Wilson, Proc. Roy. Soc. (London) A180, 277 (1942). 

5M. S. Paterson (to be published). 

*G. IL. Taylor, Proc. Roy. Soc. (London) A151, 421 (1935). 

7R. W. James, The Optical Principles of the Diffraction of X-Rays 
(London, 1948), p. 371. 





The Transmission of X-Rays at Settings Near the 
Bragg Angle 
G. N. RAMACHANDRAN 


(Department of Physics, Indian Institute of Science, Bangalore, India) 
(Received December 31, 1951) 


N a recent paper in this Journal, Campbell! has described some 

experiments illustrating how the intensity of the transmitted 
beam is increased at glancing angles of incidence (8) close to the 
Bragg angle (0). He concludes that the theory given by Laue? 
does not explain his results, “as his predicted intensity distribu- 
tions are not the same as observed in this work.’’ However, it must 
be noted that the curves shown in Laue’s paper (which are 
probably what Campbell refers to as “ predicted intensity distribu- 
tions”) relate to conditions which are very different from those 
involved in Campbell’s experiments. The quantity exp(—D/y), 
where yu is the linear absorption coefficient, D the thickness, and y 
the cosine of the angle made by the incident ray with the normal 
to the surface (which is the fraction of the incident intensity 





-f 7 
—» (©@-@,) in arbitrary uniés 





Fic. 1. Theoretical variation of intensity of (a) \ the reflected and (b) the 
transmitted beams for angles of incidence near the Bragg angle. Calcite 1011 
reflection with Cu Kq; thickness of crystal 0.4 mm. Note the relative dis- 
placement of the two maxima. 


normally transmitted by the crystal at angles far away from 63), 
has a value of about 0.1 in Laue’s calculations, while it is of the 
order of 10~* to 10-6 in these experiments, so that the two are not 
strictly comparable. Laue’s theory is, however, of more general 
validity and the present author has calculated, using it, the 
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transmission and the reflection from crystals of calcite cut in the 
orientations employed by Campbell. The values of the real and 
imaginary parts of the 1011 structure amplitude and other re} 

are taken from the calculations of Zachariasen.* The curves have 
been calculated for two thicknesses, Fig. 1 for 0.40 mm and Fig. 2 
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Fic. 2. Same as Fig. 1 for a crystal of thickness 1.0 mm. 


for 1.00 mm which correspond respectively to Fig. 6 and Fig. 2 of 
Campbell’s paper. The unit for the abscissa is the half-width of the 
reflection curve of a perfect nonabsorbing crystal, which is’72 
seconds of arc. The ordinate is the intensity expressed as the 
fraction of the incident intensity. It would be noticed that the 
theory predicts sharp maxima both in the reflected and the 
transmitted beams near the Bragg angle as actually found by 
Campbell. However, the agreement between theory and experi- 
ment is not exact, because Figs. 1 and 2 only give the intensity 
distribution to be expected if the incident beam had an infinitely 
small divergence. In actual practice it would have a finite diver. 
gence (in the experiments mentioned above, about 15”) and the’ 
effect of this would be (a) to broaden the peak and (5) to depress 
the peak intensity. If this is taken into account, the agreement 
between theory and experiment must be considered good. 

It is interesting to note that, according to theory, the peaks in 
the reflected and the transmitted beams are not coincident and 
that the separation between them should be less, the thicker the 
crystal, provided it is perfect throughout its thickness. A small 
relative displacement of the peaks is found in the curves plotted by 
Campbell, but he states that it is the result of a “slight mis-) 
alignment of the crystal.”’ It is not quite clear how such a misalign- 
ment would lead to a shift when two Geiger counters are used 
simultaneously, but it would be interesting to make a careful 
study in order to verify whether there is such a shift between the 
two maxima, as predicted by theory. 

A more detailed discussion of the theory will be published 
elsewhere. It is found that the shape of the transmission curve! 
depends on the thickness and absorption coefficient of the singl 
crystal and that for a thin crystal the curve exhibits 
“Helldunkelstruktur” observed by Borrmann,‘ while as 
thickness increases, the bright peak becomes more and -mom 
prominent. For the crystals of quartz studied by Borrmann in his 
experiments, exp(— 4D) was about 0.05, so that it is not surprising 
that Laue’s curves fit his observations. 

1H. N. Campbell, J. Appl. Phys. 22, 1139 (1951). 


2M. Von Laue, Acta Cryst. 2, 106 (1949). 


3W. H. Zachariasen, The Theory of X-ray Diffraction in Crystals (1945), 
p. 144. 


4G. Borrmann, Physik. Z. 42, 157 (1941). 





